UNIVERSITY OF DELHI 



ARTS URRARY 


ARTS LIBRARY 

(DELHI UNIVERSITY LIBRARY SYSTEM) 

GLNo. Sr 

Ae. No. ^ VS y 

Thii book should be nturned on or before the date last stamped 
below. An overdue charge of Rupee one will be charged for each 
day the book is kept over tune. 

(Authority^: E.C. Res. 200 dated 27th August 1996). 




AN INTRODUCTION TO THE 

THEORY OF FUNCTIONS 

OP A 

COMPLEX VARIABLE 



List of Titles in the EJj.B.8. Series 

EiCBiiKtrs and ANnasaoN, Modem Aapeota of InorgaoiG Chemistry 12a 
Fikab, Organic Cheonistry 

Volume I 12« 

Volume II ‘L2« 

KiPPiiro and Kiffino, Organic Chemistry 

Parts I and II ds. 

Part III 9« 

BsaaNT and Rahsicy, A Treatise on Hydromechanics, Parts I and II 1 2« 
R&mbby, Dynamics 

Part I da 

Part U 9a 

STaBUNO, Electricity and Magnetism for Degree Students 12s. 

CoYBOK, An Introduction to the Theory Funotiona of a Complex Variable 

12« 

Hardy, A Course of Pure Mathematics 9« 

Litklbwood, a University Algebra 12s. 

Titcbmarsf, The Theory of Functions 12s 

WEA'mEBBTmir, A First Course m Mathematical Statistics 12s 

Baker, The Steel Skeleton 

Volume I 16s 

Volume II 15s 

Cattebmous, Transistor Circuits 16s 

Cotton, Electrical Technology 9s 

Cotton, The Transmission and Distribution of Eleotrical Energy 12s 
Gavin and Houddin, Prmciples of Electronics 13s 

Qoddino, Electnoal Measurements and Measuring Instruments l.>s. 
Keabton, Steam Turbme Theory and Practice 16s 

Mobdey, Theory of Structures 12s. 

Robe, Mathematics for Engmeers 

Part I 9s. 

Part II 9s 

Say, The Performance and Design of A C Machines l£s 

Wbanoham, The Theory and Practice of Heat Engmes 15e. 

Mabshaix, Prmciples of Economics 12s. 



AN 

INTRODUCTION TO THE 

THEORY OF FUNCTIONS 

OF A 

COMPLEX VARIABLE 


BY 

E. T. COPSON 

M A. (OXON ), D.Sc (EDIN ) 

REUIUa PBOFEfiSOB OF MATHEMATICS IN THE 
UNIVERSITY OP ST AVUREW8 



THE ENGLISH LANGUAGE BOOK SOCIETY 
and 

OXFORD UNIVERSITY PRESS 



Oa^ord UmwraUy Press, Amen House, London E.G.4 
oi^oow miw yoKK Toronto Melbourne mellinoton 
BOMBAY UALCDTTA MAI>RA^ KAKArjlI KUALA LVHPI'R 
CAPE TOWN IBAUAN NAIKOBt AUCRA 


TOST EomOM 1935 

REPRINTED UTHOaBAPIflOAIJ.Y IN GREAT BRITAIN 
BY LOWE it BRVPUNB, PBINTBE8, t^TD , LONDON 
IN 1944, 1946, 1948, 1950 FROM CORRECTED 

SHEETS OF THE FIRST EDITION, AND AT THE 
uniyersity press, osfurd, IN 1955, i 957 i 1960, 
1961 



PREFACE 


This book is baaed on courses of lectures given to undergraduates 
in the Universities of Edinburgh and St Andrews, and is in- 
tended to provide an easy introduction to the methods of the 
theory of functions of a complex variable The reader is assumed 
to have a knowledge of the elements of the theory of functions 
of a real variable, such as is contained, for example, in Hardy’s 
Course of Pure Mathematics , an acquaintance with the easier 
parts of Bromwich’s Infinite Series would prove advantageous, 
but IS not essential. 

The first six chapters contam an exposition, based on Cauchy’s 
Theorem, of the jiroperties of one-valued differentiable functions 
of a comjilex variable In the rest of the book the problem of 
conformal rejiresentation, the elements of the theory of integral 
functions and the behaviour of some of the special functions of 
analysis are discussed by the methods developed in the earlier 
part The liook concludes with the classical proof of Picard’s 
Theorem 

No attempt has been made to give the book an encyclof- 
paedic character My object has been to interest the reader 
and to encourage him to study further some of the more 
advanced jiarts of the subject, suggestions for furtluT reading 
lia\e been made at the end uf each chajiter 

1 am i-s|ieciall_> indebted to Mr W L Ferrar, who lead the 
mamiscrijit of the whole book in its original and revised forms, 
and .suggested iiumy inij Movements My grateful thanks are 
also due to Piofcssor E T Whittaker, P R S , for his kindly 
criticism during the early stages of the prejiaration of this work 
and for his cmistant encouragement 

Finally, 1 have to thank Dr H S Ruse and Professor J M. 
\\ hittakiM for their careful reading of the proof sheets and many 
valuable suggestions. 

ETC. 

OBEENWICII, 

July 1935 
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CHAPTER I 

COMPLEX NUMBERS 

1.1. The introduction of complex numbers into algebra 

In arithmetic, we understand by a real number a magmtude 
which can be expressed as a decimal fraction. If the decimal 
terminates or recurs, the real number is said to be rational, since 
it is then the ratio of two whole numbers But if the decimal 
does not terminate or recur, the number is not the ratio of two 
whole numbers and is said to be irrational. We shall assume 
that the reader is acquainted with Dedekind’s method of found- 
ing the theory of rational and irrational numbers on a sound 
logical basis I 

Elementary algebra is concerned with the appheation of the 
operations of arith m etic to symbols representing real numbers. 
The result of any sequence of such operations is always a real 
number. 

A difficulty, however, soon arises in the theory of equa- 
tions If a, b, and c are real numbers, the quadratic equation 
= 0 has two distinct roots if 6^ > ca and two equal 
roots when 6* = ca. But if b^ < co, there is no real number x 
which satisfies the equation, since the square of every real 
number is positive. It is customary to introduce a new symbol 

— 1), whose square is defined to be — 1, and then to show 
that the equation is formally satisfied by taking 

ax — —b±yj{ac—b^)^{—l), 

when b- < ca. 

When this new symbol has been added to the algebra of real 
numbers, every quadratic equation is formally satisfied by two 
expressions of the form 1), where a and jS are real 

numbers. Such expressions are called complex numbers. 

If we suppose that the symbol obeys all the laws of 

algebra, save that its square is — 1, we can develop a consistent 
algebra of complex numbers which includes the algebra of real 
numbers as a particular case and which also possesses a charac- 
ter of completeness which is lacking in the simpler theory. This 

t See, for example. Chapter I of Hardy’s Pure MathemaHea (1946). 

41U n 
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completeness is well illustrated by the theorem which, states 
that every equation of degree n has precisely n roots — a result 
which is true in the algebra of complex numbers but is false in 
the algebra of real numbers. 

The present book is concerned essentially with the application 
of the methods of the differential and integral calculus to com- 
plex numbers. 

1.2. An algebra of ordered pairs of real numbers 

Before we proceed to elaborate the algebra of complex num- 
bers, it is very desirable that we should provide a definition of 
such numbers which depends only on real numbers, instead 
of the formal introduction of the symbol V(~l) of elementary 
algebra. Such a definition is suggested by the following geo- 
metrical considerations 

In the analytical geometry of the Euclidean plane, the equa- 
tions! x' = ax, y' = ay define a transformation of any con- 
figuration of points into a new configuration which is obtained 
by a very simple geometrical construction When o is positive, 
the transformation magnifies all distances from the origin in the 
ratio o • 1, whilst when a is negative, there is a magnification in 
the ratio — o,l together vith a rotation about the origin 
through two right angles. 

If we write the equations of transformation in the form 
(a:',y') = (x,y)a, we see that a real number is the symbol of 
a certain geometrical transformation 

These transformations are, however, merely particular cases 
of the more general transformation x' — ax— by, y' = bx-\-ay, 
depending on two real parameters a and b This transformation 
magmfies all distances from the origin in the ratio -ij{a^+b^) • 1 
and rotates all rays from the origin through an angle tan-i(6/o). 
The two equations defining the transformation may be com- 
bined by writing! 

= g-. 

t The axes of coordinates are supposed to be at right angles 

} The notation is that of the algebra of matnces. The reader is warned 

against confusmg the matrix the determinant *j. A 

matdlt has no numerical value, but is merely an array of numbera. 
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here the multipliers for x’ occur in the first column of the two* 
rowed symbol, those for y' in the second. We shall now con- 
struct an algebra of these two-rowed symbols and shall show 
that this provides the desired definition of a complex number. 

In the first place, we say that two symbols are equal if the 
corresponding transformations are the same; thus 

/ a, b\_l a’, 6'\ 

\-b, aj-\-b\ a') 

holds if and only if a = a' and b = b' Secondly, we define 
the sum of the two symbols by the equation 

/ a, b\ I a', b'\l a+a', 

[-b, aj'^\-b', a'} [-b-b', a+aj- 

From the definition of adrhtion it follows that 

/ rt', b'\ ( a-a\ b-b'\_l a, b\ 

aV\-b^b\ a-a'I [-b, a)’ 
accordingly we define subtraction by 

/ a, b\( a', b'\_f a-a', b-b'\ 

\-6, a) \-6', a’) ~ \-6i-6', a—aj' 

The definition of the product of two symbols is not quite so 
obvious, but it IS suggested by analogy with the simpler case 
in which the transformation {x',y') = {x,y)ab is the result of 
applying successively the two transformations (a;', j/') = (x'’,y'')b 
and (z", y") — (r, y) a Accordingly, we define the product of the 
symbols , 

\- 6 , a)’ \— 6 ', a') 

to be the symbol of the transformation obtained by applying 
successively the transformations 

It follows thatf 

I a, 6\/ a', b'\ _ I aa'—bb', ab'-{-a'b\ 

\-6, al\~b’, aj~\-ab'-a'b, aa'-bbj' 

t It should be observed that tlie rule for multiplication is the same as that 
for multiplying two determinants, elements of a row of the drst symbol an 
multiplied by the corresponding elements of a column m the second symbol. 
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The eymbd. (J’ 

is called the zero symbol, for it plays the part of zero in this 
algebra, since the difference of two equal sjnnbols or the product 
of any symbol and the zero symbol is always the zero symbol. 
Similarly we call /j q 

\ 0 , 1 

which corresponds to the identical transformation 

= {x,y), 

the unit symbol, smce every symbol is unaltered by multiplica- 
tion by the unit symbol. 

Finall3', given any non-zero symbol 



we can deduce from the law of multiplication a unique 83Tnbol, 
namely /a/(a2-l-62), _ 6 /(a 2 + 62 )\ 

\b/{a^+b^), a/(a^+b^)j’ 

whose product with the given symbol is the unit symbol. The 
second symbol is said to be the reciprocal of the first. We now 
define division by a non-zero symbol to be multipbcation by 
its reciprocal. 

Having defined the operations of adcbtion and multiplication, 
together with the inverse operations of subtraction and division, 
we must next consider whether these operations obey the com- 
mutative, associative, and distributive laws of algebra. Tbe 
reader will easily verify that this is the case by showing that, 
if A, B, C denote any three of these two-rowed symbols, then 
A-\- B ^ B-j-Af 
AB = BA, 

(A-i-B)-i-C = A-j-(B-{-C), 

(AB)C = A(BC), 

A(B+C) = AB+AC. 

Moreover, if .d .8 is identical with the zero symbol, so also is at 
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‘C 


least one of A and B, It follows, therefore, that operaticHis in 
this algebra of two-rowed 63m3bols are carried out in precisely 
the same manner m in ordinary algebra. 


In particular, the algebra of symbols of the form 



identical with that of the real numbers a. Even though the 
two-rowed symbols of this type are logically distinct from the 
real numbers, no useful purpose is served by keeping a special 
notation for them f With this convention, we may write 


where 



0 ; I 

I 0 


We easily see, by means of the rule for multiplication, that 


1 - = 




1 ; 


in other words, i has all the properties formally assigned to 
^{— 1) in elementary algebra. 

We now define a complex number to be a two-rowed symbol 


of the form 



or a-\-%b, which obeys the laws of combina- 


tion prescribed above. It follows that ire can perform all the 
operations of algebra with complex numbers in exactly the same 
way as unth real numbers, provided that we treat the symbol t as 
a number and replace its square by — 1 whenever it occurs. 


1.3. The modulus and argument of a complex number 
The geometrical transformation 

‘) 

associated with the complex number a+ib magmfies all dis- 
tances from the origin in the ratio - 1 -^( 0 ® -f 6^) ; 1, and rotates 
all rays from the origin through a certain angle a. The magni- 

t It will be recalled that a similar point arises m connexion with Dedekuld’s 
theory of the real numbeis, where the real rational number z (defined byi a 
Dedekuid section of the rational numbers) is logically distinct fium the-eorre- 
sponding rational number. 
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fioation factor +^{a*-\-i^) is called mod/utua of the eosMj^tox: 

number a+i6 and is draoted by Jo+t6|. 

The number a wliiciris determined by the two equations 

a = |a+t6|cosa, 6 = |«+»6|shia, 

is called the argument'f of a-\-ib, and is written arg^a-j;^). If 
the m odulus of a co mple x number o+tfc is.not zero, it^ argu- 
ment has an infinite number of values; for if at is a value of 
arg(a-|-»6), so also is ot-^nir, n being any integer. The principal 
value of arg(o-fi6) is defined to be that which satisfies the 
iiKquriity ^ a,g(a+») < , 

If, however, |a-f-i6| is zero, then a and b are both zero, and 
the equations to determine <x are satisfied identically; the argu- 
ment of the complex number 0 is thus indeterminate. 

■ Let uft now suppose that the complex number A+iB is the 
product of a+ib and o'+ift'. Smce the geometrical transforma- 
tion corresponding to A-{-%B is the result of applymg succes- 
sively the transformations corresponding to a-\-ib and a'-\-ib', 
it follows at once that 

\A-\-tB\ = \a-\-ib\.\a' -\-ib'\, 

and also that a value of arg(.4-l-»£) is the sum of the principal 
values of the arguments of o+i6 and a'-f i6'. 

1 .31 . The real and imaginary parts of a complex number 

It is convenient to denote a complex number x-{-iy by a single 
letter, z say. If z = x-\-iy, where x and y are real, we call x and 
y the real and imagmary parts of z, and frequently write 

a: = Rlz, y = Imz. 

It is easily seen that 

— [zj < Rlz < |z|, — |z| ^ Imz < \z\. 

From the definition of the equahty of two of the symbols of 
§ 1.2, it follows that two complex numbers z and z' are equal 
if and only if Rlz = Rlz', Imz = Imz'. Again, from the rule 
for addition, we see that 

Rl(z-f-z') = Rlz -t- Rlz', Im(z-l-z') = Imz -f- Imz'. 

t Alternatively, the amplitude or phase of a+tb 
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1.32. Conjugate comply numbers 

If z = x+iy, where x and y are real, ^IMiumber x—iy is said 
to be conjugate to z and is denoted by z. * 6 b'viously, the*number 
conjugate to z is z itself. Moreover, the numbers conjugate to 
Z1+Z2 and Z1Z2 are evidently Z2+Z2 and Z1Z2 respectively. 

The proofs of many theorems regarding complex numbers can 
often be greatly simplified by the use of conjugate comple*x 
numbers, if we remember the easily-proved formulae 

\zf = zz, 2 Rlz = z-f-z, 2 ilmz = z— zy 

First of all, if z^ and Zj are any two complex numbers, we have 

1^1 * 2 !^ ~ ^ 1^2 ^1^2 ~ ^2^2 = |2i|®|S2l“> 

and so I21Z2I = l^il- 1*21. 

the positive square root being taken smce the modulus of a com- 
plex number is never negative. Therefore the modules of the 
product of two complex numbers (and hence, by induction, of any 
number of complex numbers) is equal to the product of their 
moduli t 
Again, we have 

I21+22I* = (Zi+Z 2 )( 2 i + Z 2 ) 

= Z^-j- Zi Z2-i-Zj^ Z2-i- Z 2 ^2 

= lZiP-f2Rl(ZiZ2)-t-|Z2|2 

< IZiP+SIZiZal-hlzgl® 

= (|2ll+|22l)% 

andsoj IZ1+Z2I < |2il+|z2l- 

Hence the modulus of the sum of tuv complex numbers (and so, 
by induction, of any number of complex numbers) cannot exceed 
the sum of their moduli 

On the other hand, we also have 

|Zi-Zgl 2 = lZiP- 2 Rl(ZiZ 2 )-J-lZ 2 l 2 
^ IZll^-SIZiZzl+lZgl^ 

= iM-W, 

t An alternative proof was given m § 1.3. 

{ It should be observed that the sign of equality occurs only when ZjZjlls 
real and positive, this is the case if and only if z, and Z| have the same 
argument. 
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so that 1 * 1 — 2al ^ I(l*il“|2*l)l« 

an important inequality of which frequent use will be made. 

Ol^xample. Show that ergz + argf = 2nir, where n is an integer or 
sero. 

1 .4. The geometrical representation of complex numbers 

’ The usual method of representing real numbers geometrically 
is by means of points on a line, the real number x corresponding 
to the point of abscissa x, according to some given scale, referred 
to a fixed origin on the line. In a similar way, we shall represent 
a complex number z by a point in a plane whose rectangular 
Cartesian coordinates are (Rlz, Imz); the complex number z is 
then called the affix of the point which represents it. The 
straight line whose equation is Imz = 0 is called the real axis, 
since the affix of each point on it is a real number; similarly we 
call the line Rlz = 0 the imaginary axis. 

This geometrical picture, which is often called the Argand 
diagram, enables us to describe properties of complex numbers 
by means of geometrical language, as all the operations of the 
algebra of complex numbers have simple geometrical interpreta- 
tions in this scheme. 

Example 1 . li P,Q,B are the points of affix z, s', s+s' respectively, 
show that OPRQ is a parallologram. 

Example 2. Prove that the polar coordinates of the point of affix z 
are (|2|,argi3), referred to the origin as polo and the real axis as initial 
line Deduce a geometrical construction for the point of affix zz'. 

Example 3. Prove that |a— 6|*-|- |a-l-6|' 2|o|*-t-2|6|’. Interpret 
this result geometrically. 

1 .41 . The point at infinity 

In the Euclidean geometry of the plane, ‘points at infinity’ 
do not occur; two straight lines intersect in a point except in 
the case when the lines are parallel. It is, however, usual to 
postulate, at a later stage, that there exists an infinite number 
of points at infinity, each being defined as the point of inter- 
section of a pencil of parallel lines. 

Now, if we take a pencil of curves through the point of affix 
c in the Argand plane, the transformation z' = 1/z turns them 
into a pencil of curves through the point of affix 1/c, provided 
that c is not zero. To avoid the difficulty of this exceptional 
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case, we now postulate that there is a single point at infinity in 
the Argand plane; this point at infinity is defined to be the prant 
corresponding to the origin in the transformation g' = l/g.*- 

The nature of the Argand plane at the point at infinity is 
made much clearer by the use of Riemann’s spherical repre- 
sentation of complex numbers, which dejiends on stereographic 
projection. 

In order to map a spherical surface stereographically on a 
plane, we take a point on the sphere as vertex of projection and 
its equatorial plane as jilane of projection Then to any point 
of the sphere save the vertex of projection, there corresponds 
a unique iioint of the plane; conversely, to each point of the 
plane, there corresponds a unique point of the sphere. 

If wo project tlie points on tlie sphere = 1 stereo- 

graphically on the plane ^ — 0, taking the point (0,0,1) as 
vertex of projection, we find that the point (a;, y, 0) of the plane 
corresponds to (^, rj, Q on the sphere if 


or. writing z for x-\-vj, 

Conversely, on the sphere eorresponds to the pomt of 

affix z in the plane if 




2z 

gg-fl’ 




22— 1 
ZZ+l' 


These equations provide a continuous one-to-one correspon- 
dence between the coinjilc-x numbers and points on a spherical 
surface 

Now if corresponds to the point of affix z, {^,q, — C) 

corresponds to z', where 

V = i-c _ I 

since $- + q- — 1— £“ But obviously arg 2 — argg' and 
\z\. [g'l = 1, so that 2 and z' are inverse points with respect to 
the umt circle with centre at the origin. Thus points of the 
Argand plane which are inverse with respect to the circle | 2 | - 1 
correspond to points of the Riemann spliere which are sym- 
metrical with respect to the plane C == 0- 
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In particnlar, when « = 0, s' is, by definitioa, the point at 
infinity, and so the point (0,0, 1) of the Riemann sphere corre- 
sponds to the point at infinity of the Aigand plane. We have 
thus set up a one-to-one correspondence between the points of 
the Aigand plane, completed by the addition of the point at 
infinity, and the points of the whole Riemann sphere. Any geo- 
metrical property involving the pomt at infinity in the Argand 
plane can thus be easily visualized by means of this spherical 
representation of complex numbers. 
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MISCELLANEOUS EXAMPLES 
1. Show that the equation of a straight lino in the Argand plane is 

bz+bz = c. 


where b and c are constants, c being real. Deduce the condition for the 
oollmeanty of three points. 

^rove also that z' is the reflection of z in this lino if bz+Lz' = c. 


2. Find the area of the triangle whose vertices are the points of affix 
^ *>• 

X. Show that the triangles whose vertices are z^, Zj, Zj and z(, z^, zj* 

are similar if i . i i 

-1 1 


*. 1 


= 0 . 


«. Prove that the equation of a circle in the Argand plane is 
ozz-t-6z-f-6z-)-c = 0, 

where a 0), 6 and c are constants, a and c being real. 

Show that§ z and z' ore inverse points with respect to this circle if 

az'z-i-bz-i-bz'+o = 0. 


t At the end of each chapter, references will be given to suggest further 
reading. 

} It 18 important to notice that, although Hardy’s definition of a complex 
number is quite different from that adopted here, both depend on constructing 
an algebra with certain symbols involvmg two real numbers arranged in a 
certain manner. As the laws of combination are the same for both sets of 
symbols, the two constructions lead to tbo same algebra of complex numbers. 

$ This implies that mvcrsion with rospoct to the degenerate circle 
OzZ-l-MW-fiz-hc = 0 is reflection m the line bi+bz+c = 0. 
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*6. Show that the equations 


8—0 
a— 6 


= A. 


arg 


z—b 


= <*. 


where A and oi are variable parameters, represent two orthogonal famihes 
of coaxal circles. 


6. Prove that the homographic transformation 

y»+S' 

where a, /3, y, 8 are complex constants, turns circles m the z-plane into 
circles in the E-plane, straight Imes Ijemg regarded as degenerate circles. 


7. Prove that a homographic transformation is a one-to-one trans- 
formation of the complete z-plane mto the complete E-plane, which 
leaves the angle between any two mtersecting curves imaltered. Show 
also that the cross-ratio of the affixes of four pomts 

(Si-2i)(*i-*4) 

IS mvoriant under a homographic transformation. 


8. Show that every homographic transformation may be generated 
by an even number of mversions with respect to circles or straight lines. 


9. Show that there are two pomts which are mvariant with respect 
to a homographic transformation Hence show that, if these mvariant 
points are distinct, the transformation is expressible m the form 


E— z, , z— z. 


where A; is a constant, and that, if the mvariant pomts are coincident, 

1 1 


the transformation is 

where b is a constant. 


E— Zi z— Zj 


+ b, 


10. Determine the regions of the z-plane specified by 
! z— a 


l—dz 


<1, =1, or > 1, 


where a is a constant of modulus less than unity. 

11. Find the regions of the z-plano for which 


=1- ”>i> 

jrhore the real part of a is positive. 

12. Show that the equation (az-f-fiz)* = 2{bz+bz)-\-c, where c is real, 
represents the most general parabola m the complex plane. 

13. Two pomts, whose affixes are Zx and z„ move independently round 
an ellipse with a focus at the origm. Show that the region in which the 
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point of a£Bx zjz^ bes is bounded by a curve whose polar equation is 
(l+r*)(l-«>)-2r(l-e*cos») = 0, 

where e is the eccentricity of the cUipse. Sketch this curve and ihdicate 
the region m which zjz^ must ho. What is the corresponding result for 
a parabola? [Oxford: Junior Scholarship, 1929.] 

* 14. Prove that, in stcrcographic projection, straight lines in the plane 
correspond to small circles on the sphere which pass through the Vertex 
of projection. 

Show also that the great circles through the ends of a fixed diameter 
of a sphere project into a family of coaxal circles with real common 
pomts, and that the small circles whoso planes are perpendicular to this 
diameter project mto the orthogonal system of coaxal circles. 

’‘IS. If da bo the clement of length of a curve on the sphere 
= 1 and dg the element of length of its stereograpliic pro- 
jection on the plane J = 0, pro\ c that 


Hence show that stereographic projection maps a sphere conformallyf 
on a plane. 


’‘IB. Show that the points 3|, s, are the stereographic projections of 
the ends of a diameter of the Kioraann sphere if Sj 2 , ^ — 1. 

If the Biemann sphere be rotated through an tuigle 0 about this 
diameter, prove that the correspondmg transformation of the Argand 
plane is given by 

g/ ^ ^ ,, if 

, = (cesd+ismS)" 

Z — 2 — 

*17. Prove that the necessary and sufficient condition that a trans- 
formation of the Argand plane correspond to a rotation of the Riemann 
sphere about a diameter is tliut it be of the form 

. vtz—6 
z = - , 
cr-f-a 


*18. A rotation of the Biemann sphere about a diameter tlirough the 
pomt of spherical polar coordinates (l, 09 ,<f>t) moves the pomt [},0,<^) 
to (\,0',<f>’), Provo thatj 


cot > — 


cot ^0 cosec a cot -ft 

cot Og cosec a + 1 cot ' 


Determme the relation between the angle of rotation and the para- 
meter (X. 


t A method of mapping is said to be conformal if it preserves the angle of 
intersection of every pair of intersecting curves. See Chapter VI. 

$ IB here used as a convenient abbseviation for cos ^ -f t sin f 3.S1. 



CHAPTER n 

THE CONVERGENCE OF INFINITE SERIES 


2.1. Sets of points in the Argand plane 

As we saw in the last chapter, we can describe properties of 
complex numbers in geometrical language by using the Argand 
diagram or the Riemann sphere. In the present chapter, we 
consider from this geometrical standpoint some of the properties 
of sets of complex numbers. 

By a neighbourhood of a point in the Argand plane we mean 
the set of all points 2 such that | 2 — ZqI < c; we call e the radius 
of this neighbourhood Under the transformation 2' = I/2, the 
neighbourhood of the origin of radius e becomes the set of all 
points 2 for which \z\ > 1 /e. Accordingly, we define a neigh- 
bourhood of the point at infinity to be the part of the 2-plane 
outside a circle |2| = iZ. It should be observed that the portion 
of the Riemann sphere which corresponds to this neighbourhood 
of the point at infinity is the interior of the small circle cut off 
by the plane I = 

A point Zg IS said to be a limUing point of a set of points S in 
the Argand plane if every neighbourhood of Zg contains a point 
of S distinct from Zg. For example, the points ±l-|-i are 
limiting points of the set of points of affix 

(_!)»+ („= 1 , 2 , 3 ,..), 


whilst the point at infinity is a limiting point of the set of points 
of affix n^+ 2 tn (to = 1 , 2 , 3 ,...). 

This definition implies that every neighbourhood of a limiting 
point Zg of a set of points S contains an infinite number of points 
of S. For the neighbourhood [2— Zgj < e contains a point 2^ of 
S distinct from Zg; next, the neighbourhood |2— Zgl < |2i— Zgl 
contains a point Zg of S distinct from Zg, and so on indefinitely. 


2.11. Clos ed and open sets of points 

The limiting points of a set are not necessarily points of 
the set. For example, the limiting points ±l-j-* of the set 
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of points of affix 

are certainly not members of the set. If, however, every limiting 
point of the set belongs to the set, we say that the set is closed. 

Limiting points are divided into two classes, interior points 
and boundary points. A limiting point Zg of a set /S is said to be 
an intenor point if there exists a neighbourhood of Zg which 
consists entirely of points of >5 f A limiting point which is not 
an interior point is called a boundary point. Thus, if S consists 
of all points for which |2! < 1. points on the circle |z| = 1 are 
boundary points, whilst each point of the set is an interior point. 

A set which consists entirely of interior points is said to be 
open It should be observed that sets exist which are neither 
open nor closed; a simple set of this type consists of the point 
z = 1 and all points for which \z\ < 1. 

Example. Show that, if a set S' consists of all the limiting points 
of a given act S, then a limiting point of S' necessarily belongs to S'. 

2.12. Jordan curves 

The equation z = x{t)-^iy[t). 

where x{t) and y{i) arc real continuous functions of the real 
variable t, defined in the range ^ T, determines a set of 

points in the Argand plane which we call a continuous arc . 
A point Zi IS said to be a multiple point of the arc if the equation 
Zi = x(t)-\-iy{t) IS satisfied by more than one value of t in the 
given range. 

A continuous arc without multiple point is called a Jordan 
arc. A simple example of a Jordan arc is the polygonal arc 
which consists of a finite chain of straight segments. 

A continuous arc which has but one multiple point, a double 
point Otnresponding to the terminal values fg, T of t, is called 
& simpie closed Jordan curve. For example, the arc 
z = cosf+tsinf, 

where 0 < t 2^, is a simple closed Jordan curve, the double 
point j; being 2 = 1, corresponding to i = 0 and t — 27r. 

t Thu, of course, implies that belongs to S. 

* i It should, however, be observed that it u not a double pomt in the sense 
jBlidanfo6d in the theory of higher plane curves. 
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2.13. Bounded sets 

A set of points is said to be bounded if there exists a positive 
number K with the property that the inequality |z| < is 
satisfied by the affix 2 of each point of the set. If there exists 
no such number K, the set is said to be unbounded. 

2.14. The definition of a domain 

A set of points in the Argand plane is said to be connex if 
every pair of its points can be joined by a polygonal arc 
which consists only of points of the set An open connex set 
of points is called a domain. If we add to a domain 
its limiting points, the resulting set is called a closed 
region. 

Two domains which have no point in common are said 
to be separated. Obviously every polygonal arc which joins 
a point of a domain to a point of another domain 
separated from the first must contain boundary points of the 
sets 

2.15. The Jordan curve theorem 

It IS easily shown that the circle I 2 ] — 1 divides the Argand 
plane into two separated domains, namely the sets defined 
by the inequalities |z| < 1 and |r| > 1, which have the circle 
as common boundary. This result is a particular case of the 
Jordan curve theorem, I which states that a simple closed Jordan 
curve divides the plane into tvo domains which have the curve 
as common boundary. One of these domains is bounded and is 
called the interior domain', the other is unbounded and is called 
the exterior domain. 

The two domains into which the plane is divided by a simple 
closed Jordan curve C are distinguished by a simple analytical 
property. If a is a point of the extenor domain, arg(z— a) 
returns to its original value when z goes once round C. On the 
other hand, if 6 is a point of the interior domain, arg(z— 6) 
increases by ±27r. If the increase is +27r, we say that z de- 
scribes C in the positive or counter-clockwise sense. 

Although the results we have just stated seem quite obvious, 

t Jordan’s original proof will be found in hia Cours d'Analyae, 3 (Pans, 
1887), 687. He assumed the truth of the theorem for a polygon. 
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their proof is extremely complicated and far too difficult to give 
here.t for the most part, we shall only use simple closed Jordan 
curves composed of straight lines and circular arcs, and we shall 
rely upon geometrical intuition, which does not, in fact, lead us 
astray. Actually the proofs of the theorem in these eleittifthtary 
cases are generally quite straightforward. 

2.2. Nests of Intervals and rectangles 

The set of all real numbers x such that a < x ^ 6 is called 
an interval. If we represent the real numbers by points on a 
straight line in the usual manner, this interval is represented 
by a segment of the line of length b—a, the end-points being 
included in the segment. It is convenient to use the same word, 
interval, for such a set of real numbers and for the corresponding 
segment on a line. 

A sequencej of mtervals is said to form a nest^ 

if each interval consists only of points of /„ and if the 
length of /„ tends to zero as n -> oo We shall now show that 
there is one and only one point u'htch belongs to all the intervals 
of a nest. 

For suppose that the interval /„ consists of all points x 
such that o„ < a: < 6„. Then, by the definition of a nest, 
< a„+i < for all values of n, and so the numbers a,^ form 
a non-decreasing bounded sequence. Hence, as n oo, a„ tends 
to a finite hmit Moreover, since a„ ^ for every positive 
integer p, we see, by making p -> co, that a„ < f Similarly we 
can show that 6„ tends to a limit and that b,^ ^ f ', for every 
finite value of n. 

But since b„—a^ tends to zero by hypothesis, o„ and must 
tend to the same limit We have thus shown that there exists 
a number | such that the inequality o„ holds for every 


t Soe P Dienes, The Tat/lor Senm (Oxford, 1U31), 177-97, O N Watson, 
Complex Integration and Cauclii/'n Theorem (Cambridge, 1914), 3-10, M. H. A. 
Newman, Topology of Plane Sets (Cambridge, 1939) 

t By a teguence we mean, throughout this book, a set of infinitely many 
objects which can be put into one-to-one correspondence with the set of 
positive integers. 

§ This term is suggested m R. C. Young’s translation of Knopp, Theory 
and Applteatton of Infimte Series (London, 1928). 
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finite value of n. In other words, the point of coordinate ^ lies 
in every interval of the nest.f 

A similar theorem is true of complex numbers; we state it in 
a geometrical form. A sequence of closed rectangles R^, R^,..., 
whose sides are parallel to the real and imaginary axes, 
is called a nest if each rectangle ii„+i consists only of points of 
and if also the lengths of the sides of R^ tend to zero as 
n -> 00 . Then, as we shall now show, there is one and only one 
point which lies in all the rectangles of the nest 

Let us suppose that the rectangle R^ consists of all points of 
affix z such that 

<i„ < Rlz < 6„, a; < Im z < 6;. 

Then, by definition, we have 

^ ®n-rl < ^n+1 ^ ^ ®n+l < ^n+1 ^ ^n> 

where 6„— and both tend to zero as » -> oo. 

These conditions, however, imply that the intervals 

o„<a:<6n (n = 1,2,3,...) 

form a nest. Hence there is exactly one point $ on the real axis 
such that the inequality o„ ^ | holds for all values of n. 
Similarly there is precisely one point itj on the imaginary axis 
such that 7j ^ b|^ for all positive integers n. It follows 
that the point of affix i+fq is the one and only point which 
lies in all the rectangles of the nest. 

'Example. B] is a triangle, which is divided into four congruent 
triangles by joining the mid-points of its sides. A, Bg Cg is one of these 
smaller triangles, chosen according to some defimte rule. AgB, Cg is 
obtamed from AgBgCg m the same manner, and so on iiidefimtely. 
Provo that there is one and only one pomt which lies withm or on all 
the triangles of this sequence. 

'2^1. The Bolzano -Weierstrass theorem 

The fundamental property of bounded sets of points is con- 
tained in the theorem of Bolzano and Weierstrass, which runs 

t It is necessary for the truth of the theorem that the end.points of an 
interval should belong to the interval. For example, if denotes the sot of 
points such that 0 < x < 1 /n, there is no pomt which belongs to all the sets 
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as follows. If a set S ia bounded and contains infinitely many 
points, then it possesses at least one limiting pomt.'\ 

By hypothesis, there exists a closed square with vertices 
:^K-^iK, to which every point of the set S belongs. The 
imaginary axis divides this square into two equal rectangles. 
One of these, regarded as a closed set, must contain an iniinite 
number of points of 8, if both do, we take the right-hand one. 
Again, the real axis divides the selected rectangle into two con- 
gruent squares. One of these squares, regarded as a closed set, 
contains an infinite number of points of S', if both do, we take 
the upper square. 

In this way we obtain a closed square B^, of side K, which 
is contained in and which contains an infinite number of 
points of 8. We now treat R-^ m the same way. We divide R^ 
into two congruent rectangles by a line parallel to the imaginary 
axis. One of these rectangles, regarded as a closed set, contains 
an infinite number of points of 8, if both do, we take the right- 
hand one. The selected rectangle is then divided into two equal 
squares by a hne parallel to the real axis. Again, one of these 
squares, regarded as a closed set, contains an infinite number 
of points of 8', if both do, we take the upper one We thus 
obtain a closed square R^ of side Kj'l, which is contained in 
R^ and which contains an infinite number of points of 8 The 
square R^ is then treated m the same manner, and so on in- 
definitely. The process never terminates since we never reach 
a square which contains only a fimte number of points of 8. 

Now the squares Bg, R^, , B„, ■ form a nest, since 
consists only of points of and the length of each side of 
is A/2“, which tends to zero as n oo. Accordingly there 
exists one and only one point ^ which lies in all the squares of 
the nest, we now show that ^ is a limitmg point of 8 For if 
e is any assigned positive number, we can choose an integer N 
such that the diagonal of the square R^ is less than e; then the 
neighbourhood of ^ of radius e contains the square R^ and hence 
contains an infinite number of points of 8. This proves the 
theorem. 

t Two proofs of this thoorom for the case when all the points ho on a straight 
line will he found in Hardy, Pure Mathematica { 1 946), 32, 138 Tho proof given 
here in the two-dimonsional case is similar to Hardy’s second proof 



19 


THE CONVERGENCE OP INPINITE SERIES 

ir^The convergence of complex sequences 

A sequence of complex numbers z^, z^,.. , is said to be 
convergent if the corresponding set of points in the Argand 
plane has one and only one limitmg point, whose affix z is finite; 
when this is the case, the number z is called the limit of the 
sequence. Wo denote this symbohcally by writing ‘z„ -> z as 
n oo’, or lim z„ = z. 

n^jj 

The definition implies that z is the limit of the sequence if 
and only if every neighbourhood of the point of affix z contains 
all but a finite number of jioints of affix z„ In other words, 
z IS the limit of the sequence Zj, Zj, , z„, if, given any positive 
number e, ice can find an integer N such that the inequality 
| 2 „— z| < e holds for all integers n^ N It follows that a con- 
vergent sequence is necessarily bounded. 

A sequence ivliieh is not convergent is said to be divergent 
A divergent sequence cither has more tlian one limiting point, 
in which case it is said to oscillate, or else has a single limiting 
point at infinity 

If the points of the sequence Zj, z_,. , z„, , having a single 
limiting point at infinity, he on a branch of a curve which has 
the line argz — a as asymptote, it is sometimes convenient to 
denote this iact by writmgf z„ -v to c*' Thus n-fijn -> +00, 
and 1 +n i -f- 1/n -s 1 -f TO 1 This convention does not violate the 
postulate that there is but one jiomt at infimty m the Argand 
jilanc, it IS merely a sim]ilc vay of specifying the manner in 
which the limiting point at infinity is apiiroached. 




1 . Cauchy 's principle of convergence 

It can be easily shown that a sequence of complex numbers 
Zj, Zo, , z„, IS convergent if and only if the two sequences 
of real numbers , and y^, , y„, ., ivhere 

- Klz,,, y„ - lniz„, are convergent, and so theorems con- 
eerning the convergence of complex setiuences can be deduced 
from the corre.spondmg theorems for real sequences It is, how - 
ever, usually much more convenient to make use of Cauchy’s 
lirinciple of convergence, which runs as follow’s The necessary 
and sufficient condition for the convergence of a comjdex sequence 
Zj, Zj,.. , z„, .. IS that, given any positive number e, there should 
t e“’ 18 used here to denote cos 01 -f- 1 sm a 
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exist an integer N, depending on e, such Huxt the vnequdlUy 
■< ® hMs for every positive integer p. 

The condition is necessary, for if z„ -> z, there exists an integer 
N, depending on the given number e, such that the inequality 
|z„— zl < holds when n"^ N. Hence, if p is any positive 
integer, we have 


l*JV+p~ 2 jvl ^ l^iV+p — ^l+IZjy — z| < 6 . 

The condition is also sufficient. For if it is satisfied, the given 
sequence is bounded, since all save a finite number of its points 
lie in the heighbourhood of z^. of radius e; hence, by the Bolzano- 
Weierstrass theorem, the sequence possesses at least one limiting 
point. Now if the sequence is not convergent, it must possess 
at least two fimte limiting points, z' and z", say. Accordingly, 
there exist integers q and r, depending on the given number e, 
such that < e, < e. 

With these values of N, q, r, we have 


Iz'-z'l = |(2'-2Ar-Hl) + (2iV+«-*A-)-(2.V+,-2A’)-(z'-2Ar+r)l 

< I 2 '— 2 jy+j 1 4- |2jv+a— 2jv I + \^N+r~^N I + I**— 2Ar+r I 

< 4€. 


This is, however, impossible, since z' and z" were supposed to 
be distinct hmiting points of the sequence, whilst e is quite 
arbitrary. Hence the sequence does not possess more than one 
limiting point; this completes the proof of the sufficiency of the 
condition. 


Example 1. Determine the limitmg points of the sequence of com- 
plex numbers , 


where a. is (1) real and rational, 

(11) real and irrational. 

Example 2. If ->■ 2 , *4 -> prove that -> z-f z', z„zi -> zz', 

and also that, if z' is not zero, zjzit -* zjz'. 


'2.32. The maximum and minimum limits of a sequence 
of real numbers 

We shall now show that a sequence of real numbers a^, *2,..., 
possesses a greatest and a least limiting point. In the cases 
when x^ -*x, x^-*- +00, x^ —00, the sequence has but one 
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li miting point and there is nothing to be proved. Accordingly, 
we may restrict our attention to oscillating sequences. 

Let us suppose, in the first place, that the sequence is bounded 
above, that is, there exists a real number K such that the 
inequality x^< K holds for all values of n. We now divide the 
real numbers into two classes L and R m the following manner. 
The number x belongs to .R if there are only a finite number of 
members of the sequence greater than x, and belongs to Zr in 
the contrary case. Evidently the class R exists, since every 
number greater than K belongs to it. 

Now if every real number belonged to the R class, all save 
a finite number of members of the sequence would be less than 
—x, no matter how large x was, but this would imply that 
a:„ — 00, which we are supposing is not the case. Hence the 
L class also exists. 

Moreover, this classification of the real numbers satisfies the 
conditions for a Bedekind section, namely, 

(i) every number belongs to Z or R, 

(ii) each class exists, 

(ill) any member of Z is less than any member of R. 

Hence, by Dedekind’s theorem,! there exists a real number f 
such that all numbers less than it belong to Z and all numbers 
greater than it to R. 

Now if € is any positive number, belongs to R, there 

are, therefore, only a finite number of members of the sequence 
greater than l+icj and so |-|-€ is certainly not a limiting point. 
Hence the sequence does not possess a limiting point greater 
than 

On the other hand, e belongs to Z, there are, therefore, 
an infinite number of members of the sequence between e 
And ^+e, and so ^ is a limiting point of the sequence. 

We have thus shown that a sequence of real numbers, 
bounded above, possesses a greatest hmiting point | We call 
^ the maximum limit of the sequence, and write 

^ = hma:„. 

If, however, the sequence is unbounded above, it is usual to 

llmx„ = +00. 

t Soe Hanly, Pure MaOtemahc» (1040), 30. 
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The Tn inimum limit of the sequence, which is denoted by 
lima:„, is defined by the equation 

Umx„ = — lim(— a;„). 

If linia:„ has a finite value is the least limiting point of 
the sequence; but if lima?„ = — oo, the sequence is unbounded 
below. 

Finally, it is evident that the equation 
hma;„ = hma;„ 

holds only in the cases when -> a;, a;„ +co or a:„ — oo. 

jIA. Infinite series 

The symbol . +o.+ . , 

which involves the addition of an infinite number of complex 
numbers, has, in itself, no moaning. In order to assign a mean- 
ing to the sum of such an infimte series, we consider the asso- 
ciated sequence of j)artial sums Sg, Sj, «2) >««>•> where 

~ Oo+®l+"2+’ +“«• 

If this sequence tends to a finite limit s, we say that the infinite 
senes is convergent and that its sum is s, in this case, we write 

00 

2 «« = «• 

n-=0 

But if the sequence of partial sums does not tend to a finite 
limit, we say that the infinite senes is divergent 

The necessary and sufficient condition for the convergence of 
an infinite senes is provided by Cauchy’s pnnciple of con- 
vergence. There are, however, numerous sufficient conditions 
which may be deduced from this general principle. 

An alternative procedure is to make the theory of the con- 
vergence of complex series depend on the corresponding theory 
for real senes, with which we shall assume the reader is ac- 
quainted t For the sequence of partial sums Sq, s^, s„,... 

t See, for example, Hardy, MatiieTnatica (1946), Bromwich, Theory of 
Infinite Series (1926) , Knopp, Theory and AppltccUron of Infinite Senes (1928) ; 
Ferrar, A Text-hook of Convergence (1938) 



THE CONVERGENCE OF INFINITE SERIES -23 

of a complex series is convergent if and only if Kl«„ and Im8„ 
tend to finite fimits, that is, if and only if the two real series 

fRla„, |;imo„ 

0 0 

are convergent. 

2.41. Absolutely convergent series 

00 

An infinite series 2 “n complex terms is said to be abso- 
0 

GO 

lutely convergent if the series 2 1®«I is convergent. We now 

0 

show that ahsolute convergence tmphea convergence, but not con- 


Let us suppose that the series 2 absolutely convergent, 

0 

and let us write 

= «0+®l+a2+.. +fl„. O’n = l«ol + l®ll+l®2l + ...+ |®nl> 
Then, given any positive number e, we can find an integer N, 
depending on e, such that the inequahty 


k.s+v— ® a 1 < « 
holds for every positive integer p. Now 

= l®\+i+o%+2+ +a,v+p| 

l®.v-4il + + 2 I +•••+ |a.v+j? I 


= ff 


A fp’ 


But, since cr,\+p— is positive, this gives 

k^+p— «^! kvf.p— t^.vl < c- 

Hence, by Cauchy’s pi’inciple of convergence, the absolutely 

on 

convergent senes 2 0,1 is convergent. 

0 

To complete the proof of the theorem, wo need only observe 
that the series . . 


is ^nvergent, but not absolutely convergent. 

tthe most important property of an absolutely convergent 
scries is that its sum is not altered by changing the order of its 
terms in any manner, a property which is not possessed by non- 
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absolutdy oonveigeat series. This foUovs from the correApond- 
iog well-known theorem concerning real series.t 

2.42. Sufficient conditions for absolute convergence 

We shall now prove that the series J ®n of complex terms is 
absciutdy convergent if lim < 1, bvt w divergent ^ 

lim > 1. This test, which is due to Cauchy, is of great 
importance in the theory of power series. 

For if Iim = 1— 2c, where 0 < c < then the in- 
equality < 1— c is true for all save a finite number of 
values of n. There exists, therefore, an integer M such that 
l®nl ^ (l—c)" when n^ M. 

If, now, denotes the nth partial sum of the series 2 l®nl« 
we have, when n > JH, 

^ (1— c)"+^— (1— c)'‘+f+l ^ (1— c)»+l 

^ <; , 

C C 

Since this last expression tends to zero as n -> oo, we may assign 
an arbitrary positive number c and then choose an integer 
N {> M) such that the inequahty kAr+p— < e is true for 
all positive integers p. Hence, by Cauchy’s principle of con- 
vergence, the series 2 l®nl “ convergent. 

On the other hand, if lim — l-j-2d, where d > 0, the 
inequahty ^ l-|-d is true for an infimte numberj of 

values of n. This, however, implies that |o„| ^ (1-f d)" for an 
infinite number of values of n, and so a„ does not tend to zero 
as n -> 00 . Hence the series ^ ®n i® divergent. 

Another test, which is somewhat easier to apply, is d’Alem- 
bert’s ratio-test, which states that the series 2 of complex 
terms is absolutely convergent if Urn |a„+i/a„| < I, but is divergent 
if lim lo„+i/a„l > 1. The proof of this is left to the reader. It 
should, however, be observed that d’Alembert’s ratio-test is 
definitely less powerful than Cauchy’s »th root test. For, 8inoe§ 

Sm K+JaJ > fim ^ to ^ to 

t See BromwicJi, loc. cit, 71, or Knopp, loc. eit. 13S-9. 

t But not neceaaarily for all sufficiently large vcJuea of n. 

$ For • proof of this inequality, see Bromwich, loc. cit 421-2 ; Knopp, loc. 
cat. 277-t. 
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a series ^ may be absolutely oonvergent-in virtue of the fact 
that lim < 1, even though lim |0„+i/a„| > 1; the series 
l+a+6*+o»+6«+-.., 


where 0 < |a| < |6| < 1, is a case in point. A similar remark 
a]^ies to the ratio-test for divergence. 

however, |o„+i/a„l tends to unity, d’Alembert’s ratio-test 
fails. We may then have recourse to Baabe’s test, which states 
that the series a„ is absolutely converged if 


limn 



< - 1 . 


For if the value of this maximum hmit is — 1— 2c, where c is 
positive, the inequality 



holds for all save a finite number of values of n, and so is cer- 
tainly true when n'^ N, say. If we write this inequality in 
the form 


CKI < (wi-l)|Oml-W»I«m+ll (»» = l,...,n) 

and add, we find that, when n'^N, 

l®Ar+ll+ •■+|®nl} ^ IN l)lfljvl~^i®n+ll 

But since (iV— l)(aj^| does not depend on n, the series ^ |a„| 
of positive terms has bounded partial sums and so is convergent. 
Hence J a„ is absolutely convergent. 


2.43. Tests for non-absolute convergence 

In this section we shall need the following lemma. 

If teuds to a finite limit as n tends to infinity, then, if 
one of the series 

CD OO 

1 0 

is convergent, so also is the other. 

The result follows at once from the identity 

N N-l 

^0Vo+ ^ 2 
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Dedeldnd’a Teat. The aeries convergent if 

(i) the series ^ a„ has bounded partial sums, 

(ii) the aeries J (v^—Vn+i) is absolvtdy convergent, and 

(iii) tends to zero as n-^co. 

If we write j 4„ = Oo+Oi+...+a„, then, by condition (i), there 
is a constant K such that |^„| < K for alJ n. Hence 

lAWnl < 

and so, by (hi), A,^ v^ tends to zero as » -> oo. 

and so, by (ii) and the comparison test for series of positive 
terms, the senes 2 absolutely convergent. 

OD 

Hence, by the lemma, the series Af^v^-{- '^{A^—An_^v„ is 

convergent, which was to be proved, 

du Bois- Raymond' 8 Teat. The series 2 O'n^n ** convergent if 

(i) the senes 2 convergent, and 

(ii) the senes 2 (^'n— *^«+i) absolutely convergent. 

Let us write . „ < 

An = an+l+«n+2 + - 

Since 2 >8 convergent, the series defining i4„ is convergent 

and A,^ tends to zero as ti ^ oo. Moreover, since 

Vn = Vf,-(Vo-Vi)-{Vi-V2)-...-(v,^_l~V„), 

we have 


l«„l < l«ol+ko-«il + K-Val + ...+ K-i-w„| 

< |Vol+ 2 l«r-»r+ll 
0 

so that ii„ is bounded, say |v„| < k. Hence < k\A„\, 

and so .i4„ i;„ tends to zero as n oo. 

It follows from the lemma that the series 


ao*’o+ 2 = «o»o- 2 (^»-^n-iK 

1 1 

is convergent if 2 ■^n(^r!~^n+i) convergent. The latter series 
is, in fact, absolutely convergent. For since tends to zero, 
there is a finite constant K such that |.^„| < K for all n; 
hence 1.4„(w„— »„+i)) < K\v^—v^+i\, and the convergence of 
2 i-4n(v„— ii„+i)| follows by (li) and the comparison test. 
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2.5. Double sequences 
A set of complex numbers where m and n take all positive 
integral values is called a double sequence. It is said to converge 
to the value s if, given any positive number e, we can find an 
integer N, depending on e, such that the inequality «1 < c 
holds whenever m and n exceed N. The finite number s is then 
called the limit of the double sequence and is denoted by 
lim A double sequence which does not converge is said 

to be divergent. 

The fundamental theorem in the theory of double sequences 
is Stolz’s principle of convergence, which may be stated as fol- 
lows The necessary and sufficient condition for the convergence of 
the double sequence s„ „ is that, given any positive number e, there 
should exist an integer M depending on e, such that the inequality 
„ I < £ holds whenever p > m > M and g > n > M. 
The condition is obviously necessary. To show that it is also 
sufficient, we observe that it implies that the simple sequence 
«i 4 , Sj j,.. , converges to a finite limit s, say. Accordingly, 
there exists an integer Ni such that j < when 

n > Ny But, by hypothesis, there also exists an integer 
such that «p,g| < ic when p > n > N^, q > n > N 2 . 

Hence, if N is the greater of and N^, we have |a— < e 
when p > N, q > N, and so Sp^ converges to the hmit s. 

It follows immediately from the definition that if s„ „ be a 
convergent double sequence for which both the repeated limits 

hm ( lim s„,X hm ( lim s„,A 

exist, each repeated limit is equal to the limit of the double sequence. 

For if 8 is the hmit of the double sequence „, the inequality 
l*m,n~*l < « holds when m and n exceed a certain integer M. 
But since lims„, „ exists, this gives 

I lira ^ e 

|n-^oo I 

when m > M. This, however, implies that 

lim (lim«„,„\ = s. 
m-*-* / 

A similar argument shows that the other repeated limit is also 
equal to s. 
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The existence and equality of the repeated limits of a double 
sequence do not imply that the sequence is convergent. For 
instance, if 

mn 

both repeated limits are equal; but since 

^n,n ~ 4> ^2n,n ~ !> 

the double sequence is not convergent. Again, the example 

\w nj 

shows that a double sequence may be convergent even though 
neither repeated limit exists. 


2.51 . Double series 

By a double series, we understand an array of complex num- 
bers of the form „ , _ , _ , 

® 0 . 0 +‘* 0 . 1 +® 0 , 2 +« • 

+®2.0 + ®i!.l+®2,2+"* 

. • • • ■ , 


there being ^an infinite number of rows, each containing an 
infinite number of terms. Associated with such an array is the 
double sequence of partial sums 




= i i 

TO=0 n=0 


a„ 


where p and q are positive integers. The double series is said 
to be convergent if the double sequence ^ converges to a finite 
limit s. We then call a the sum of the series and write 


QO 

«= 2 ®m.n' 

m ,»=0 


A double series which is not convergent is said to be divergent. 
If the repeated hmit 

lim(limapj= f ( f 

<n>-*cn ano • 




exists, its value is called the sum by rows of the double series. 
Similarly, if 

lim 
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exists, it is called the sum by columns. It follows from § 2.6 that 
if a double series is convergent and is summable by rows and by 
columns, all three sums are equal, (Pringsheim’s theorem.) 

Example. Prove that the sum of a convergent double series of 
positive terms can be obtamed by summing by rows or by columns. 


2.52. Absolutely convergent double series 

A double series J a,„, n of complex terms is said to be abso- 
lutely convergent if 2 |®m,n I convergent An absolutely con- 
vergent double series is convergent. 

For if we denote by the sum of the moduli of the terms 
which occur in then, by Stolz’s principle of convergence, 
if we are given a positive number c, we can find an integer N 
such that the inequabty 0 < „ < t holds when 

p>m>N, q>n>N. But since |s^, 3 -Vnl < 
this gives \8pg—8„„ I < e when p >m > N and q >n> N; 
hence the double senes converges. 

We shall now show that an absolutely convergent series may 
be summed by rows or by columns. For since 

i l«r,sl < i 

«=0 r ,«=0 

CD 

no matter how large n may be, the series 2 ®r,» converges abso- 
lutely; let us denote its sum by A^. Then 


2 Mrl < I 2 


r -0 


fa-0 6 = 0 


r,$\ 


<2 21 

r =0 


'TjBl 


no matter how large m may be. But this last expression is 
finite, since a convergent double series of positive terms can be 
summed by rows Hence 2 absolutely convergent, and so 
the sum by rows of 2 ®r,« exists, similarly the sum by columns 
also exists. The required result now follows by Prmgsheim’s 
theorem (§ 2.61). 


Example 1. The double series ^a,. , is absolutely convergent with 
sum 8. Show that, if 

~ 2 ® r .*» 

r +»<» 


then -»■ as n -> 00 . 
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* fic eo 

Example 2. Show that, if and ^ire two absolutely con* 

1 1 

veigent series with sums A, B respectively, then 

CO 

2(aife„+Oj6„_i+ •+o»_i6.+a»6i) 

1 

13 absolutely convergent and has sum AB. (Cauchy ) 
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MISCELLANEOUS EXAMPLES 

1. Show that the senes 2 converges absolutely when |s I < land 
also when [z] = 1 and Rip > 1, but that it diverges when [zj > 1. 

Prove also that if |z| = 1, zy^ 1, tlie series converges, but not 
absolutely, when 0 < Rip 1 , and that it diverges when Rip < 0. 

Finally show that, when z = 1, the series converges only if Rip > 1, 
when it IS absolutely convergent. 

2. Prove that, if a„ is never zero and 

“n+l _ 1 1 1 

o„ 

where ai„ is bounded, p > 1 , and p is a complex constant, then —y I 

(y^ 0) 03 n -> 00 

Hence show that the senes converges if and only if Rip <-l, 
and that it is then absolutely convergent. 

Provo that the binomial senes 

l+vz+v(v—lf— + v(v—l){v—2)~^ + ... 

converges absolutely when jzj < 1 and diverges when [z| "> 1. Show 
also that, on |z| = 1, the senes is absolutely convergent if Rlv > 0, 
convergent if — 1 < Rlv < 0 and z yt — 1, and divergent if Rlv < — L 
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4ti 8ho\7 that the hypergeometrio seriea 




•where («)„ = a(a+l)(a+2)...(a(+n— 1), converges absolutely when 
|z| < I and also when \z\ = 1 and Rl(y— a— /9) > 0, but that it diverges 
when \t\ > 1. Discuss also the convergence of the series on |z| == 1 
wh^ Rl(y— o£— /S) < 0. 

5. Provo that, if 2 n~'‘ is convergent and R1 z > R1 fi, then 2 ®n 

is also convergent Show by an example that the latter series is not 
necessarily convergent when Rlz = Rl/i 
6 Show that, if 

z(z-l)(z-2)..(z-n+l) 

/(z.n) = 


and z IS not zero or a positive integer, the series 2®n/(®«”) ““‘i 
2 “n( — ^ j"//!!"*"* are either both conv'ergent or both divergent. 

7. Prove that, if 

z(z+l){z+2)...{z+n) 

and z 18 not zero or a negative integer, the senes 2 ■F'(z, «) and 

2 o,^ are either both convergent or both divergent. 

Show that, if -> .4 as n -> 00 , then 


(4 1 + 4 j, + ... + 4„)/n -v 4. 

More generally, prove that, if A„ ->4, R„ -»■ B, then 

(■^1 ■®»+ 1 -^n-i + ••• + ■^n ■®i)/’^ 


The senes 2 2 convergent with sums 4 and B re- 

1 1 

spectively. Show that, if 

c„ = Oi6„+o,6„_i+...+o„_i6,+o„6i, 

and C„ = Ci+c,+...+c„ 

then liin (Oj*!- Cj-f***’*!* = 4R. 

n-*ai 


00 

Deduce that, if 2 >s convergent, its sum is 4B. (Abel’s theorem.) 

1 

10. Show that it is sufficient for the convergence of the senes 2 c„ of 
Ex. 9, that one of the senes 2 ®n» X absolutely convergent.t 
(Merten's theorem.) 


t Compare the result of § 2 62, Ex. 2. 



CHAPTER m 

FUNCTIONS OF A COMPLEX VARIABLE 


3.1. The definition of a function 

When we say that w is a function of the complex variable z, 
defined in a domain D of the Argand plane, we mean that we 
can calculate the value of w at each point 2 of X) by a given 
rule or set of rules. For example, the greatest integer less than 
\z\ is a function of the complex variable 2 m this general sense. 

This definition is, however, far too wide for our present pur- 
poses. For it implies that, if 2 = ar+iy. then to is of the form 
u{x,y)-\-iv{x,y), where v, and v are real functions of the real 
variables x and y of the most general possible type. In the 
present chapter we consider how this definition may be modified 
so that the methods of the differential calculus of functions of 
a single real variable may also be applicable, as far as possible, 
to functions of a complex variable 

3.2. Continuous functions 


A function /(z), defined in a bounded closed region D of the 
Argand plane, is said to tend to a limit 1 as z tends to a point 
2 o of D along any path in D, if, given any positive number e, no 
matter how small, we can find a number 8, depending on c and 
2 g, such that the inequality 

m-l\ < e 

holds for all points 2 of D, other than Zg, which belong to the 
region \z—Zq\ < 8 When this is the case, we write 

lim f{z) = 1. 


This definition says nothing whatever about the value of /(z) 
at Zg, and, in general, I need not be equal to/(Zg). But if/(Zg) = I, 
we say that the function is continuous at Zg In other words, 
the function f(z), defined in the hounded closed region D, is said 
to be continuous at a 'point Zg of D, if, given any positive number 
€, we can find a number 8, depending on e and Zg, such that the 


inequality 


l/(2)-/(Zo)l < f 


JuMs at all points z of D in the neighbourhood jz— Zgl <8 of Zg. 
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If a function is continuous at every point of a bounded closed 
region D, it is said to be continuous in D. 

It should be observed that a function of the complex variable 
z = x-\-iy, continuous in a region D, is necessarily a continuous 
function of x when y is constant and also a continuous function 
of y when x is constant. But continuity with respect to x and y 
separately does not imply contmmty with respect to z. An 
instance of this is provided by the function 

/(z) = xyl{x^+y*) (z # 0), 

= 0 (z = 0), 

which is a continuous function of x and y separately. But since 
/(z) = m/(14-wi*) on the line y = mx,f{z) is certainly not a con- 
tmuous function of z at the origin. 

Example 1 . Show that the function defined by the equations 

18 discontinuous at the origin. 

Example 2. Show that the function defined by the equations 
f(z) = **/(*’ +2/*)* (* ^ 0), /(O) = 0 

18 continuous at the origin. 

Example 3. The functions /(z) and g(z) are contmuous at Zg. Show 
that f{z)+g{z) and f(z)g{z) are also continuous there. Prove also that 
J(z)lg{z) IS continuous at Zg if g(zg) is> not zero. 

3.21. Uniform continuity 

We have seen that, if/(z) is continuous in the bounded closed 
region D, then, given any positive number e and any point z 
of D, we can find a positive number 8(e, z), depending on e and 
z, such that the inequahty 

\f{z')-m\ < € 

holds whenever z' is a point of D in the neighbourhood 
|z'— z| < 8(c,z) of the point z. In point of fact, there are an 
mfinite number of such numbers 8(e,z), for if the property holds 
with 8(e, z) = 8', say, it also holds when 8(6, z) < 8' Let us now 
denote by A(e, z) the largestf of the numbers 8(6, z) ; it is a positive 
function of the complex variable z defined at each point of D. 

t The existence of the largest of the numbers S(c, z) is readily proved by 
means of a Dedekmd section of the real numbers. 
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There are two possibilities regarding the behaviour of A(6,z) 
in the region D. Either there exists a positive number 
depending only on e, such that the inequality A(f,z) ^ "ri(e) 
holds at every point of D, or else there exist points of D at 
which A(e, z) takes values as small as we please. 

If the second alternative is true, we can find a sequence of 
points Zi, Zj,. , z„,... of D, for which A(e,z„) < {\Y-. Since D is 
bounded, this sequence possesses at least one limiting point 
by the Bolzano-Weierstrass theorem, moreover, since D is 
closed, ^ is a point of D. 

But since /(z) is continuous at there exists a positive number 
8 such that the inequality 

l/(2)-/(0l < h 

holds whenever z is a point of D in the region [z— ^ | < 2S Now 
let z be any point of D for which (z— ^ | < S. Then, for all points 
z' of D such that iz'— z| < 8, w’e have |z'— < 28, and so 

i/(2')-/(2)i < \f(z')-M)\+m)-m\ < e 

From this it follows that A(e,z) > 8, whenever z is a point of 
D in the neighbourhood Iz— < 8 of the limiting point [ But 
this is impossible, since there are points of the sequence Zj, 
in every neighbourhood of ^ The second alternative is thus 
untenable. 

We have thus shown that, i//(z) ts conttnuovs m the bounded 
closed region D, then given any positive number e, we can find 
a positive number 77(e), depending only on e, such that the inequality 
\nz')-f{z)\ < e holds for every pair of points z, z' of D for which 
|z— z'l < 77(c) In other words, we can choose the number S(c, z) 
so that it has the same value at each point of D Tins property 
is usually stated in the following form . a function which is con- 
tinuous in a bounded closed region is uniformly continuous 
there.f 

3.22. Bounded functions 

X function /(z), defined in a domain D, is said to be hounded 
in JD if there exists a positive constant K such that the inequality 
l/(s)l < holds at each point z of D. 

t For the equivalent theorem concerning functions of a real variable, see 
Hardy, Pure Mathemattce (1921), 189-00 (Theorem II). 
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If f(‘i) eontimums in a bounded dosed region D, it is bounded 
in D. For if not, we could find a sequence of points Zi, Zj,..., z„,... 
of D such that l/(z„) | ^ 2”, and this sequence would possess at 
least one limiting point C belonging to D. This is, however, 
impossible since /(z) tends to a finite limit as z Hence the 
result It should be observed that this result is not necessarily 
true if the region is not closed; for example, 1/(1— z) is con- 
tinuous when |zl < 1, but is not bounded there. 

3.23. The symbols 0 and o 

The notation f{z) = 0(1) as z -xx’ means that/(z) is bounded 
in a neighbourhood of the point a, more precisely, there exist 
positive numbers A and 8, independent of z, such that |/(z) | < A 
when |z — a] < 8. Similarly ‘/(z) = 0(1) as z -> oo’ means that 
/(z) IS bounded in a certain neighbourhood of the point at infinity. 

If /(z)/^(z) = 0(1) as z-^oL, we shall sometimes write 
f{z) = 0(|^(z)|) 

When, however, f{z)i^{z) tends to zero as z ->■ a, it is usual to 
write /(z) = o(|^(z)|). Thus z* = o(|z|) as z->- 0, but z = o(|zl*) 
as z -> 00 

3.3. Differentiability 

We shall now consider whether the definition of the derivative 
of a function of a single real variable is applicable in the theory 
of functions of a complex vanable. If f{z) is a one-valued func- 
tion, defined in a domain D of the Argand plane, we say that 
/(z) is differentiable at a point Zq of D if the increment-ratio 

/{z)-/(zo) 
z— Zo 

tends to a finite limit as z tends to Zq in any manner, provided 
that z always remains a point of D. 

More precisely, ve require that there should exist a number 
I with the following projierty given any positive number c, no 
matter how small, there must exist a positive number 8, de- 
pending on e and possibly on Zq, such that the inequality 

/(a)-/(2o)_^ 
z— Zo 

holds whenever z is a point of Z> m the neighbourhood |z— Z q | < 8 
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of the point Zg- When this Ib the case, we call I the derivative 

of/(«) at 2 g, and denote it by /'(Zg). 

In order that a function should be differentiable at a certain 
point, it must be continuous there, for otherwise the increment 
ratio would certainly not tend to a finite limit. On the other 
hand, continmty does not imply differentiability. A simple 
instance of this is provided by the continuous function |z|*, 
which is differentiable at the ongin, but nowhere else. For when 
z and Zg ^ 0, we have 

|2l2-i2g|2 _ Z2-ZgZg _ 2-2g 

— — — . 

2— 2o 2:— 2o 2— 2o 

= 2+2g(coB2a— tsm2a), 

where a. ~ argfz— Zg), and this expression does not tend to a 
umque limit as z ^ Zg in any manner; but when Zg is zero, the 
increment ratio is z, which tends to zero with z. 

Example. Show that |z| and argz are not differentiable anywhere. 

3.31. Th e defin ition of an analytic function 

If a function is one-valued and differentiable at every point 
of a domain D of the Argand plane, save possibly for a finite 
number of exceptional points, we say that it is analytic in the 
domain D. The exceptional points are called the singular poinig 
or singularities of the function. 

If, however, no point of Z) is a singularity of the analytic 
function, we then say that it is regular in D. 

When we are dealing with functions which are analytic or 
regular in a domain, we shall often find it more convenient to 
use the ordmary notation 

d/(z) 

dz 

for the derivative of /(z), instead of /'(z). 

Example 1 . Show that, if/(z) end g(z) are analytic functions, regular 
in a domain D, then f(z)-\-g(z) and J(z)g(z) are also regular in D, and 
that their derivatives may be calculated by the ordinary rules of the 
calculus. 

Prove also that f(z)lg{z) is regular in D, provided that g{z) does not 
vanish there 
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Example 2. Prove that, if to is a regular function of which is 
itself a regular function of z, then to is a regular function of 2 and 

dw _ dw d£ 
dz ~ d^ dz' 

3.32. Polynomials and rational functions 

One of the simplest analytic functions is 2", where » is a 
positive integer This function is regular in every bounded 
domain, and has derivative 712““^, for when 2 ^ 

^ a»-i-j_ 2 "-%+ . +22J-2+2S-1 712^-1 

2 2q 

as 2 -> 2o. Similarly, we can show that 2“”, where n is a positive 
integer, is analytic in every bounded domain and has but one 
singularity, the origin, its derivative is —712”""^ 

By using the result of § 3 31 , Ex 1 , we find that the function 
Oo-t-a^ 2+022* -f ..+a„2", where 71 is a positive integer and the 
coefficients o, are constants, is also an analytic function, regular 
in every bounded domain Such a function is called a poly- 
nomial in 2 of degree n. It will be shown in § 6-21 that this 
polynomial is expressible uniquely in the formf 

®«(z-2i)(2-22) (Z-2„), 

where the numbers z^, z^, , s„ are certam constants, depending 
only on the coefficients a. Since the polynomial vanishes when 
2 = 2„ we call 2^, z^,. , z„ the zeros of the polynomial 

The quotient of two polynomials is called a rational function. 
Such a function is also an analytic function, its only singularities 
being the zeros of the denominator 

3.33. Power series 

An infinite scries, proceeding in ascending integral powers of 
2, of the form 

Oo + ®lZ+«2Z-+ • + «„Z" + - •. 

where the coefficients Oq, Oj, a^,.. are all constant, is called 
a power acnca.J By Cauchy’s 71th root test (§ 2 42 ), this series 

t Seo also Hardy, Pure Mathematics (1946), 85, 492. 
t The conclusions of this section will also be true of power senes of tlie 
00 

form Y!i oi)", the obvious changes being made. 
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converges absolutely when lim < 1 and diverges when 

lim > 1. Hence, if 

Im 

the series is absolutely convergent when I*] < 5 and divergent 
when \z\ > It. The number It is called the radius of convergeMx 
of the power senes; the circle | 2 | = is its circh of convergence. 

There are three cases to be considered, viz. (i) iZ = 0, (ii) R 
finite, (iii) R infinite. The first case is quite trivial, since the 
series is then convergent only when 2 = 0. In the third case 
the series converges for every finite value of z. 

We shall now show that, if a power series has a non-zero radius 
of convergence, its sum is an analytic function regular within its 
circle of convergence. 

00 

Let f{z) be the sum of the power series 2 which has 

0 

a non-zero radius of convergence R Obviously /(z) is one-valued 
when |z| < iZ; we have to show that it is continuous and dif- 
ferentiable at every point of the domain \z \ ^ R^, where R^ is 
any fimte positive number definitely less than R. 

Now choose a number R^ such thatf 0 < R^< R^< R 
If \z\ < Rx and |i| < R^—Rx, we have |2-}-/'t| < Rz, and so 

/(z+*)-/(z) = lon*" 

From this, it follows that 

|/(2-f^)-/(z)I < |A| 

1 

But this series of positive terms is convergent, sincej 
lI5i{7iK|iZj-i}V» = :|<l. 

Hence l/(z+A)— /(z)i < 

where A is independent of z and h, and therefore /(z) is con- 
tinuous when |z| < TZ^. 

t If N IS mfinite, it is conventional to interpret the inequality as meaning 
that IS finite and greater than N]. 

J We use here the well-known result that hm = 1. 
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Now the increment ratio {/(z+A)— /(*)}/A tender formally to 

eo 

2 «o„z”“^ as A -> 0. Accordingly, we consider the expression 

where z and A satisfy the same conditions as before. By the 
use of the binomial theorem, we see that 


(a+A)"— z” 


and so 

|(2+A)»- 


— MZ"-1 


2 


0 

< M”-l)|h r2 n-zQ, Izr— *|A1» 

= H«-l)|Al{lzl+Jh|}«-* 

Hence |/1 < J1A| 2 

1 

say, where B is finite and independent of z and h, since the 
senes '^n(n—l)\a,^\B 2 ~’ is convergent. But this implies that 
I tends to zero with h We have thus shown that 


f'{z) = fna„z^-\ 

1 

provided that | 2 | < i?i, where J?i is any number less than the 
radius of convergence of the given power senes. This completes 
the proof of the theorem. 

Now, since lim \na„\-^”' = lim ^ 

the series 2 has the same radius of convergence R as 
the senes ^a^z^^ whose sum is /(z). Hence, if we apply the 
theorem to the derived series, we see that/'(z) is itself an analytic 
function, regular when \z\ < R, and that its' derivative is 
2 »(»— 1 )o„ 2 "- 2 ; and so on Thus the derivative of/(z) of any 
order p is regular w'hen lz| < ^, and is given by the formula 

X,,A2) " 2«(n-l)(n— 2)...(n-p+l)a„z»-P. 

tt«r' n-p 
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In other words, a power series can be differentiated term by term 

as often as we please at any point within its circle of convergence. 

The results of this section can be proved more quickly by 
using the properties of uniformly convergent series. See § 5.2 
and § 5.21. 

Example. Show that, if -> i2 aa n oo, then R is the radiua 

of convergence of the power series (This result often provides 

a simple method of calculatmg the radius of convergence of a power 
series.) 

3.4. The Cauchy-Riemann equations 

We have just seen that the sum of a power series with a non- 
zero radius of convergence is an analytic function, regular within 
its circle of convergence. The converse theorem, that an analytic 
function, regular in a neighbourhood of a point Zq, can be ex- 
pressed as a power series of the form 

1 a«(2-Zo)" 

0 

with non-zero radius of convergence, is also true, and will be 
proved m § 4,6 Thus the w'hole of the theory of analytic func- 
tions can be made to depend on power series. 

For some purposes it is, however, more convenient to make 
use of an alternative method of defining analytic functions 
which depends on the theory of continuous functions of two 
real variables. We shall suppose that the reader is acquainted 
with the elements of this theory. 

Let us suppose that, when z = x-^iy, the function f{z) is 
expressed in the form u{x,y)-\-tv{x,y), where u and v are real 
functions of the two real variables x and y. Now if f{z) is dif- 
/erentiable at a given point z, the increment ratio{/(z-f A) — / (z)} jh 
tends to the limit f'{z) as A -> 0. If we take A to bo real, this 
implies that the expression 

'u{x-]rh,y)—u{x,y) .v(x+h,y)—v{x,y) 



tends to /'(z) as A -> 0. Hence the two partial derivatives 
must exist at the point (*, y), and the derivative is then given by 

f'(z) = Ug(x,y)+iv^{x,y). 
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Similarly we find, by taking A to be purely imaginary, that 
Uy, Vy must exist at (a;,y) and that 

/'(z) = Vy{x,y)-iUy{x,y). 

The two expressions for /'(z) so obtained must, however, be 
identical. Equating real and imaginary parts, we find that 


= Vy, Uy = —Vj.. 

These two relations are called the Cauchy- R%emann differential 
equations. We have thus shown that /or the function f{z) = «+»w 
to be differentiable atz = x-\-iy, it is necessary that the four partial 
derivatives u^, v^, Uy, Vy should exist and satisfy the Cauchy- 
Riemann differential equations 

That the conditions of this theorem are not sufficient is shown 
by considering the functionf defined by the equations 


_ a:'>(l+i)-2/’(l-t) 


(2 ^ 0 ), 


m - 0 . 


This function is continuous at the origin, and the four partial 
derivatives exist there and have values^ 


«v=-l, t'x=^ Vy~l, 

satisfying the Cauchy-Riemann equations, yet, as the reader 
will easily verify, the derivative /'(O) does not exist. 


3.41. Sufficient conditions for a function to be regular 

Wo shall now show that the continuous one-valued function 
f(z) = u-\-iv- an analytic function of z — x-\-iy, regular in a 
domain D, if the four partial derivatives u^, v^, Uy, Vy exist, are 
continuous, and satisfy the Cauchy-Riemann equations at each 
point of D. 

Let z = x-\-iy and z' = x'-\-iy' be two points of D. Then, 
since Uy exist and arc continuous, we have, by the mean- 
value theorem for functions of two variables, 

,y')-'u{x,y) = {u^{x,y)-\-e}(x'—x)-\-{Uy{x,y)-\--q}(y'—y), 


t This example is clue to Pollard, Proc. London Math. Soe. (2) 28 (1928), 
169-60. 

t It should be remembered that Wf(0,0) is, by definition, equal to 

lim {u(i,0)— u(0,0)}/* = lim (as/a) = 1. 
ee 

Similarly for tlie other derivatives. 
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where e and 17 tend to zero as 2' -> z. Similarly, 
v(x',y')—v(x,y) = {v^(x,y)-\-e’}(x'—x) + {Vy{x,y)+7i'}{y'—y), 

where e' and 7 f' also tend to zero. Hence, by the Cauchy- 
Biemann equations, we obtain 

/( 2 ')-/( 2 ) = {Ua;{x,y)+ivj,{x,y)}{z'-z)+o>. 
where w = {e+u'){x'—x)+( 7 )+i 7 )')(y'—y), 

and so = «a;+Wx+ • 

Now 


z —z 


z —2 







\y'-y\ 

12'-Z| 


Hence 


^ l^l+l«'l+N+h'l- 

m-m 


z —z 




as 2' -> z. Thus f(z) is differentiable at each point of D, this 
completes the proof of the theorem. 

Example. The function /(z) is regular in a domain D, where its 
derivative is identically zero. Show tliat/(z) is constant m D 


3.5. The exponential function 

We now introduce the exponential, logarithmic, and trigono- 
metric functions of a complex variable by means of power senes 
We shall assume that the reader is well acquainted with the 
properties of the corresponding functions of a real vanable, and 
shall show how these projicrties can be extended into the com- 
plex domain, y 

The exponehtial function expz is defined by the power scries 
exp. = 1+ 2 Si- 

n=l 

By using the ratio-test (§ 3.33, Ex ), we find that the radius of 
convergence of this power series is infinite. Hence expz is an 
analytic function which has no singularities in any bounded 
domain in the z-plane 

When a: is a real number, exp a: is identical with the function 
e* of elementary algebra. We shall often find it convement to 
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write e* for expz, when z is complex, since exp 2 obeys the 
multiplication law 

exp 2 expz' = exp(z+z'), 

which is of the same form as the law of indices in algebra. 

To prove this, we observe that, if we differentiate term by 
term, we find that the denvative of expz is expz. Hence, if 
a be any finite constant, the derivative of the function 

/(z) = expz exp(a — 2) 

is identically zero, and so/(z) is a constant whose value, expo, 
is found by putting 2 = 0. We have thus shown that 
exp2exp(o— z) = expo, 
or, writing z' for 0—2, that 

expz expz' = exp(z+2'). 

This result is usually called the addihon theorem of the exponential 
function t 

An important consequence of the addition theorem is that 
expz neve: vanishes For if expz vanished when z = z^, the 
equatira exp2,exp(-z,) = 1 

would give an infinite value for exp(— Zj), which is impossible. 


3.51. The trigonometrical functions 

It follows from the geometrical definition of the trigono- 
metrical functions of an angle of circular measure a: thatj 


sin a; = 


Z. ' ’ i' 2 n- 


n=0 




cosx 


7 ?”' 


n =0 


for all values of the real variable x. We now define the trigono- 
metrical functions of a complex variable 2 by the equations 


\ 2 - 

“"=2 <“‘>*( 2 : 

»=0 ' ' n =0 ' 

Since the radius of convergence of each of these power series is 
infinite, sinz and cosz are analytic functions of z, regular in 
every bounded domain of the Argand plane. Moreover, we see 


, 2 » 


Sin; 


2- 

(2n)! 


t Tho addition theorotn can also be proved by using Cauchy's theorem on 
the product of two absolutely convergent senes (§ 2.53, Ex. 2). 

t See, for example, Hobson, Plane Tngonomelry (Cambrid^, 1911), 131-4. 
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at once by term-by-term differentiation that the derivatives 
of sinz and cosz are cosz and — sinz 
The other trigonometrical functions are then defined by the 
equations 

. sinz , cosz 1 1 

tanz = , cotz = — , secz = , cosecz = ^ — 

cosz smz cosz smz 

Obviously smz, cosec z, tanz and cotz are odd functions of z, 
cosz and secz even functions. 

If we use the result of § 3.31, Ex. 2, we find that tanz and 
secz are analytic functions, regular in any domain m which cosz 
never vamshes, their derivatives being sec^z and secz tanz re- 
spectively Similarly cot z and cosec z are regular in any domain 
in which smz never vanishes and have derivatives — cosec^z and 
—cosec z cot z respectively. 

If we denote exp(iz) by e“ in accordance with the convention 
of § 3.5, the equations defining the sine and cosine become 

sinz = (e'*— e~*®)/2t, cosz = (e*®-fe~’®)/2. 

From these formulae and the addition theorem for expz, it 
easily follows that the fundamental identity 

sin^z-fcos^z = 1 
and the addition theorems 

sin(z-fz') = smzcosz' -f- coszsmz', 
cos(z+ 2 -) = cosz cosz' — sinz sinz', 

still hold when z is complex. As all the elementary identities of 
trigonometry are algebraical deductions from the fundamental 
identity and the addition theorems, these identities still hold 
for the trigonometrical functions of a complex variable 
Example. Prove that, if z — x-^%y, where x and y are real, 
e* = e*'(co8y-i-z8iny). 

3.52. The hyperbolic functions 

When z IS real, the hyperbohe functions are defined by the 
equations 

sinhz = coshz = J(e*-j-e"*), tanhz = sinhz/coshz, 

cosechz = 1/sinhz, sechz = l/coshz, cothz = 1/tanhz. 

We now define the hyperbolic functions for all real or complex 
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values of z by these equations, the symbol e* being now inter- 
preted as meaning the function expz. 

The hyperbolic functions of the complex variable z are all 
analytic functions, and their derivatives have the same form as 
in the theory of the hyperbohc functions of a real variable. It 
should be observed that sinhz and coshz are regular in every 
bounded domain. On the other hand, tanhz and sechz have 
singularities at the pomts where cosh z vanishes, and coth z and 
cosechz at the points where sinhz vanishes. 

The equations 

sin tz = i sinhz, cos iz = coshz, 

sinhiz = isinz, cosh iz = cos z, 

which the reader will easily prove, are of great importance as 
they enable us to deduce the properties of the hyperbolic func- 
tions from the corresponding properties of the tngonometrical 
functions. 

3.53. The zeros of sinz and cosz 
If z = x+ty, where x and y are real, we have 
sin z = sin a: cosh y + i cos x sinh y, 
and so sinz vanishes if and only if 

sin a: coshy = 0, cos a: sinh y = 0. 

But since cosh y ^ 1 when y is real, the first equation implies 
that sin X is zero, and so x — nir, where n is an integer or zero. 
The second equation then becomes sinh y = 0, and this has but 
one root, y = 0, since sinh y increases steadily with y. We have 
thus proved that sinz vanishes if and only if z = nn, where 
n is a positive, zero, or negative integer. Moreover, by using 
the addition theorem for sinz, we see that 

_ / i\» nn) _ , ,\,j v' / 1 \r nn) 

z~nn ^ ‘ 'z-nn ^ ’ (2Jr+'l)! 

which tends to (— 1)" as z nn. 

It follows that the only singularities of cotz and cosec z are 
at the points z = nn. The behaviour of these functions near 
a singularity is exhibited by the equations 

(z— »7r)co8ecz -*■ (—1)", {z—nn)cotz -> 1 

as z -»■ mr; the proof of this is left to the reader. 
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Similarly we can show that cosz vanishes if and only if 
* = (n+|)ir, where n is an integer or zero. It follows that the 
only singularities of tan 2 and sec z are at the points z = (»+ 
and that 

{z— («+^)ff}tanz->- —1, {z— (tt+J)7r}secz->- (— 1)»+^ 

as z->- {n+Dn. 

Example 1 . Show that the only singularities of cosech z and coth z 
are at the points 2 = nm, where nis a positive, zero or negative integer, 
and that, as 2 — »■ nm, 

( 2 — n7n)co8eoh2 -> ( — 1)*, (2~W7n)cothz-> 1. 

Example 2. Prove that the only singularities of sechz and tanhz 
are at the points z = {n+^)m, where n is a positive, zero or negative 
integer, and that, as 2 -»■ (n+i)m, 

{2— (n + J)7rt}sech2— »• t( — 1)"+*, { 2 — (« + i)w(}tanh2 -> 1. 

3.54. The periodicity of expz 

The real or complex number y is said to be a period of the 
function /(z) if the equation /(z+y) = /(z) holds for all values 
of z We shall now show that expz is a periodic function, Us 
periods being 2nrti, where n is an integer. 

For, if y = a+i/3 be a period of expz, wo have, by the 
addition theorem, 

expz = exp( 2 +y) expz exp V 

so that expy = 1. But this equation, when wntten in the form 
e“(co8j8-t-isin/3) = 1, imphes that 

C“C08;8 = 1, c“9in|8 = 0 

If we square and add, we find that e-“ = 1, and so a — 0 The 
number p is thus given by the equations 

coap = 1, sinjS = 0. 

Hence P — 2mT, where n is an integer This proves the theorem 

3.55. The logarithmic function 

When X is real and positive, the equation c“ = a; has one real 
solution, which is called the logarithm of x and is denoted by 
log X. When, however, z is complex, the corresponding equation 
expw = 2 has an infinite number of solutions, as we shall now 
show; each solution of this equation is called a logarithm of z. 
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To find the solutions of this equation we write w = u+iv, 
where u and v are real, so that 


c“(cos«-f-i8inv) = z. 

From this it follows that v is one of the values of argz, whilst 
z| and so « = log \z\. Every solution of the equation is 

w = log|2|+iargz. 


c» = 
thus of the form 


Since argz has an infinite number of values, there are an infinite 
number of logarithms of the complex number z, each pair dif- 
fering by a multiple of 27ri. 

We shall write 

Logz = Iog|z|-l-iargz, 

so that Logz is a function with an infinite number of values 
corresponding to each value of z Each determination of Logz, 
obtained by making a special choice of the many- valued func- 
tion argz, is called a branch of the logarithm The most im- 
portant branch is the princijxil value of the logarithm of z, which 
is obtained by giving to argz its principal value We shall 
denote tins principal value by logz, since it is identical with the 
ordinary logarithm when z is real and positive 
Now the function logjzl is continuous except at the origin, 
but as z 0, log |z( — 00. Again the pnncipal value of argz 

IS continuous except at points on tlie negative half of the real 
axis, for, if a: < 0, y > 0, we have 

Iimarg(a:-t-iy) = v Iimarg(a; — iy) = — 77 

f/— >0 

Hence, if z 0 and z' -^z along any path which docs not cross 
the negative half of the real axis, then logz' -> logz. But if the 
path from z' to z crosses the negative half of the real axis once, 
logz' ->■ logz±27rt, where the sign is -)- or — according as the 
path crosses from above to below or from below to above Thus 
we can pass from the principal value to any other branch of 
Log 2 by making a sufficient number of circuits about the origin. 
For this reason, the origin is called the branch jpoint of Logz. 

To avoid this difficulty, we now make a cut along the real 
axis from —00 to 0, across which it is impossible to pass. Then, 
if D is any bounded domain m this out plane, so that no 
point of the cut belongs to D, logz is one- valued and 
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continuous in 2>. If 2 and 2' are any two points of D and if 
w and w’ denote log 2 and log 2' respectively, then w' ->t» as 
2' 2 along any path in D. Hence 

w'—w_ w'—w _ j /expw' — expw 
2'— 2 exptt;' — expte / w'—w 
-> 1/expto = 1/2 

as 2' ->■ 2. Thus log 2 is an analytic function, regular in Z>, which 
has the function I/2 for derivative. 

Example 1 . Prove that a value of the logarithm of zz' is log z + log z', 
but that this is not necessarily the prmcipal value. 

Example 2. Show that log(l — z') is a regular analytic function pro- 
vided that the z-plane is cut along tho real axis from — oo to — 1 and 
from -f 1 to -f 00 . Discuss how the function behaves when circuits are 
made about the points 1 and — 1. 


3.56. The power series for log(l+2) 

We have just seen that log(l -fz)' is an analytic function which 
is regular in the 2-plane, supposed cut along the real axis from 
—00 to —1, and which has derivative l/(l-(-z). In tho region 
|2| < 1 this denvative can be expanded as a convergent power 

l-2-|-z2-z3-f.... 


But, by § 3.33, the sum of this power series is the derivative of 
the function 




2jn4l 




whenever the latter series converges. 

Now the radius of convergence of the power series defining 
f{z) is umty. Hence 

= f{z)-log{l+z) 

is an analytic function which is regular and has zero derivative 
when |z| < 1. It follows that F(z) is a constant, whose value 
is found to be zero by putting z = 0. We have thus shown 
that log(l-l-2) can be represented by a power series 

z2 z3 zn+l 

log(I+,) =z_5+--...+(-l). +..., 


convergent when |2| < 1. 
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'3.57. The function 2 “ 

It follows from the definition of Logs that, when p is any 
integer, the function exp(pLogs) is a one- valued function of 2 , 
being equal to 2 **, even though Logs is many- valued. If q is 
any other integer, the function 

w = exp|-Log2j 

is, therefore, a solution of the equation vfl = zP, so that we 
might denote any branch of it by 2 ^/«. We shall, however, 
reserve this notation for the principal value of w, namely 



The other solutions of the equation are then of the form 

where = 1 , 2, 3, , 5—1 Obviously each of these solutions can 
be obtained from by making circuits about the branch-point 
0 of logs 

We now define s'*, for any real or complex value of a, by the 
equation s'* = cxp(alogs). 

With this definition the law of indices still holds, for 

c'*c^ — cxp('\logs)exp(/31og3) = exp((a-f/3)logs} = 3 '*+^. 

We saw in § 3 55 that log s is discontinuous on the negative 
half of tlie real axis, and that it suddenly decreases by 2iTi as 
we cross this line from above to below. Hence, if .r < 0 and 


as y -> 0, thus s'* is also discontinuous when z is real and 
negative, except in the case when a is an integer. It is, however, 
one-valued and continuous in every bounded domain D of the 
s-plane, supposed cut along the real axis from —00 to 0. More- 
over, if we write the equation defining s'* in the form s'* = 
where C = logz, we see, by § 3 31, Ex. 2, that s'* is regular in 
D, its derivative being given by 


ds'* 

dz 


dC d2 e 


B 


4111 
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Example 1. Show that it is not necessanly the case that 

= {*i*i)"'- 

Example 2. Determine the branches and branch-points of the func- 
tion (1— s*)*i*. 
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MISCELLANEOUS EXAldPLES 
sfiy(y-ix) 


fiz) = 


(2^0), /(0) = 0, 


prove that the increment ratio {/(z)— /(0)}/5 tends to zero as z -> 0 along 
any radius vector, but not as z -> 0 m any manner. 

'2. If z = re**, f(z) = u+iv, where r, 8, u, v are real and /(z) is a repfular 
analytic function, show that the Cauchy-Riemann differontial equa- 
tions are j 

r dO' 


dw 

<>r 


dv 

i)r 


1 ^ 
r C8 ' 


3. Verify that the real and imagmary parts of logz satisfy the Cauchy- 
Riemann equations when z is not zero. 

4. Prove that the function 


/(z)=i-F2“-"'’"jr--'^*" 

n-=l 

is regular when |z| < 1 and that its derivative is a.f(z)l(\+z). Hence 
show that the derivative of ( 1 ■\-z)~"f(z) is zero, and di'duco that 

/(z) = (1-l-z)". 

6. If n IS any positive or negative integer or zero, and if 0 < e < 
prove that |eV2"| tends to mfinity as z tends to iniimty m the angle 
— Jir-fe < argz < Jir— «, but that je‘/z"| tends to zero as z tends to 
infinity m the angle \Tr+e < argz < |it— e. 

6. Prove that, if nis a positive integer and |z | ^n, 

nlog(l-)-^) = z-|-/n(*) 

\m\ < 


where 




Prove that each branch of this many-valued function is an analytic 
function, regular m the z-plane, supposed cut along the imaginary axis 
from —001 to — t and from i to coi, and that the derivative of each 
such branch la 1/(1 -fz®). 

Show also that, when [zj < 1, the prmcipal branch is 



8. Prove that the conjugates of the complex numbers sma and cosz 
are smz and cosz respectively. Hence show tliat 

|sinz|* = J(co8h2y— coa2a:), lcosz|“ = ■J(cosh 2i/-f 008 * 2 *). 

?. Prove that 

sinhllmaj < < cosh(Imz). 

Deduce that |Mnz| and |co8z| tend to infinity as z tends to infinity m 
either of the angles e argz ' ir—t, ir-f c < argz < 27 r— c, where 
0 « ( < \tt 

'^10. If/(z) u+tv IS an analytic function, regular m a domam D 
where /'(z) does not vanish, prove that the curves u = constant, 
f -= constant form two orthogonal families 

Verify that this is the case when (i) /(z) -= s®, (ii)/(z) smz. 



CHAPTER IV 
CAUCHY’S THEOREM 
4.1. Rectifiable arcs 

Befohe discussing Cauchy’s theorem on the integration of 
analytic functions of a complex variable, it is desirable to con- 
sider briefly how the length of a Jordan arc, whose equati^ is 
2 = x(t)+iy(t), where < t ^ T, may be defined. Let z^, z^, 
Zi,...,Zn be the points of this arc which correspond to the values 
toi hi h> K parameter t, where 

<C. ••• <C. tn-\ ^n. ~ 

The polygonal arc which is obtained by drawing straight lines 
from Zo to Zj, from Zj to Zj, and so on, is of length 

1=1 |2r-2r-l|. 

If 2 tends to a unique limit Z as » -> oo and the greatest of the 
numbers tends to zero, we say that the arc is rectifiable 

and that its length is 1. 

It can be shown that the necessary and sufficient condition 
for a Jordan arc to be rectifiable is that the sums 2 should be 
bounded for all possible modes of subdivision of the range of 
values of the parameter f In the present book, we shall, in 
general, be concerned only with rectifiable arcs of a more special 
type, namely Jordan arcs with continuously turning tangent. 
Such curves we shall call regular arcs. A regular arc is charac- 
terized by the fact that the derivatives x(() and y{t) exist and 
are continuous over the whole range of values, of t. 

We shall now prove that a regular arc is rectifiable by showing 
that the'sum 2 does, in fact, tend to the limit 

T 

J dt. 

u 

The first step in the proof is to show that 2 can be made to 

t PtooIb of this are given, for example, by P Dienes, The Taylor Series 
(Oxfoid, 1931), 109-201 ; £. W. Hobaon, Functions of a Seed VaruMe (Cam- 
bridge, 1921), 1, 31B-20; E. G. Phillips, Course of Analysis (Ceunbridge, 1930), 
206-10. 
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differ by as little as we please ffom the siuar 
ll = i l*(<r)+iy(<r)l(<r-*r-l). 

r— 1 

by making the greatest of the numbers sufficiently small. 

We start with the inequality 

\[\Z\-\Z'\}\^\Z-Z'\ 
of § 1.32, which obviously implies that 

\{\Z\-\Z'\}\ < |R1{^-Z')i4 |Im(Z-.Z')I. 

Hence we have 

It=\[ |2r-Zr-l|- \xitr)+iy(tMT-tr-l)) I 
^ l(®r“*r-l)~*(^r)(^f~^r-l)H‘ Kyr~yr-l)~y(^r)(^i- 
where denotes x{t^), and so on. 

Now, by the mean-value theorem of the differential calculus, 

x,-x,_i = y—yr-i = yijr){t,-t,_.y), 

where t, and t' he between and and so 

^ « -^,-x){|i(r,)-i(<,)|+|2/(T;)-2/(g|}. 

But, by hypothesis, the functions x{f) and y{t) are continuous 
and hence also uniformly contmuous We can therefore assign 
arbitrarily a positiv'e number e, as small as we please, and then 
choose another positive number 8, depending only on e, such 

m)-x(t')\ < ., \y{t)-y{n\<^ 

whenever [<— <'| < 8. If the greatest of the numbers tr—tf-i is 
less than 8, we find that 

If < 2€(<, tr-l)> 

and hence that 

1 2 - Zi*K i < 2e i = 2e(r-g. 

r=l r— 1 

Finally, by the defimtion of the integral of a continuous func- 
tion, the sum 2^ tends to the limit 

T T 

J |*(0+»y(0l = j dt, 

as n tends to infinity and the greatest of the numbers 
tends to zero. Since, however, | 2 ~ 2i I ^ made as small 
as we please by making 8 sufficiently small, ^ must also tend 
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to the same limit. We have thus shown that a regular aro is 

rectifiable and that its length is 

T 

J dt. 

t, 

4.11. Contours 

If .4.S and BG are two rectifiable arcs of lengths I and V 
respectively, which have only the point B in common, the arc 
AC is evidently also rectifiable, its length being Z+Z'. From 
this it follows that a Jordan arc which consists of a finite number 
of regular arcs is rectifiable, its length being the sum of the 
lengths of the regular arcs forming it. Such an arc we caU 
a contour. 

By a dosed contour we mean a simple closed Jordan curve 
which consists of a finite number of regular arcs Obviously 
a closed contour is rectifiable. 

4.12. Riemann’s definition of integration 

The fundamental operation of the calculus known as integra- 
tion arises in two distinct ways The determination of the 
indefinite integral may be regarded as the operation inverse to 
that of differentiation. But m the applications of the calculus 
to geometry or physics, it is the definite integral, defined as the 
limit of a sum, which is of importance. In the theory of func- 
tions of a complex variable we start with the definition of an 
integral as the limit of a sum, and, later on, deduce the con- 
nexion between the operations of differentiation and integration. 

Although this definition of the definite integral had its origin 
in the work of the Greek mathematicians, it only attained a 
precise anthmetical form, satisfying modern standards of rigour, 
in the nineteenth century at the hands of Riemann f We shall 
now explam Riemann’s definition of an integral, not, indeed, in 
its original form, but in one more suited for our present purposes. 

Let us consider a function f{z) of the complex variable z, 
which is not necessarily analytic but which has a definite finite 
value at each point of a rectifiable arc L. Let the equation of 
this arc be z — x(t)-\-iy{t), where Zj < Z < T. We subdivide this 

t In hia inaugural address of 1854 on trigonometric senes. This is rejirinted 
in. his collected works (German edition (1876), 213-51). 
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aro into n smaller arcs by the points Zq, Zj, Zz,.,., z^_j, z„ (= Z), 
which correspond to the values 

^0 < < K-i < ^ 

of the parameter t, and then form the sum 

r**l 

where Cr is a point of L between z,_i and z,. 

If this sum ^ tends to a unique limit J aan tends to infinity 
and the greatest of the numbers i,— tends to zero, we say 
that/(z) ts irUegrable\ from z^to Z along t?ie arc L, and we write 

J = J /(z) dz. 

L 

The direction of integration is from z^ to Z, since the point of 
affix x{t)-\-iy{t) describes the arc L in this sense when t increases. 
Thus the numbers Z, Zg play in this theory much the same parts 
as the upper and lower limits in the definite integral of a func- 
tion of a real variable. Nevertheless, we do not write 

z 

= J /(z) 

u 

for, as we shall soon see, the value of J depends, m general, not 
only on the initial and final pomts of the arc L but also on its 
actual form 

The complex integral of a function /(z) along a rectifiable arc 
L, defined in tins way, exists under quite general conditions, 
a sufficient, but not necessary, condition being that/{z) should 
bo continuous on L. There is no need whatever to assume that 
the derivatives r(t) and g(t) exist We shall not, however, prove 
this general result,!: but shall only consider in detail the case 
when L IS a contour 

Example 1 . If 2/ iss any ri-ctiiiable arc joining the points Zg and Z, 
pro\ 0 that 

j dz — Z—Zq, j zdz = * 3 ). 

z. h 

t In particular, il L la a segment of the real axis, this definition reducee to 
the ordinary definition of the mtogred of a bounded function of a real variable. 

For a proof of this, seo, for example, Watson, Complex Integration and 
Cawhy’a Theorem (Cambndgo, 1914:), 17-25. 
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Both integrals exist since the integrand is, in eaoh case, continuous 

cm L. 

In the first case, we have 

2 = 2 ~ Z—Zt, 

r-l r-1 

from which the result stated follows at once. 

In the second, we have to dnd the limit of 

2 *r-l)- 

r-l 

This is necessarily the same as the limits of 

2i = 2 *r(*f-*r-l). 2» = 2 

r-l T-1 

and so is also the same as the limit of But 

i(2i + 2.) = i2/*?-2?-i) = 

Hence J a ds = zg). 

L 

It should bo observed that m both these examples the value of the 
integral is independent of the path from a# to Z. 

Example 2. If /(a) is integrablo along the two rectifiable arcs AB 
and BC which have only the pomt B in common, prove that /(a) is 
intcgrable along the arc A C and tliat 

I /(a) da = J /(a) dz + j f(z) dz. 

AC AB BC ~ 

Example 3. If /(a) is intcgrable along L, and if L' is the same ^rc 
described in the opposite sense, show that 

J/(z)da ^ - J/(z)dz. 

L' L 

Example 4. If /(a) and g{z) are intcgrable along L, and a and b are 
constants, prove that 

J W{z)+bg(z)} da = o J /(a) dz +6 J g{z) dz. 

J. LB 

4.13. Integration along a regular arc 

Let us suppose that /(z) is continuous on the regular arc L 
whose equation is z = x{t)-\-iy{t), where tg^t^T. We prove 
that /(z) is integrable along L and that 

T 

J /(z) dz = j F{t)[x{t)+iy{t)} dt, 

L i. 
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where F{t) denotes the value of f{z) at the point of L of para- 
meter t. 

In the notation of § 4.12 we have to consider the sum 
2 = 2/0* -2,-1). 

f-1 

where Cr is a point of the arc between z,._i and z^. If t, is the 
parameter of t,. obviously lies between and Writing 
F{t) = where <f) and iji are real, we find that 

2 = i ^(Tr)(®r-*r-l)+» 2 ^^{Tr)(*,-*r-l) + 
r="l r-l 

+*2 ^M(yr—yr-i)— 2 'l>M{yr—yr-\)- 

r— 1 r— 1 

We consider these four sums separately. 

By the mean-value theorem of the differential calculus the 
first term is 

Ix ^ i = 2 

r-l r— 1 

where t' lies between and f. The first step is to show that 
2i can be made to differ by as little as we please from 

mmitr-tr-l) 

r«-l 

by making the greatest of the numbers sufficiently small. 

Now, by hypothesis, the functions and z{t) are contmuous. 
As continuous functions are necessarily bounded, there exists 
a positive number K such that the inequalities \tf>{t)\ ^ K, 
l^c(01 K, hold when ^ t ^ T. Moreover, the functions are 
also uniformly continuous, we can, therefore, assign arbitrarily 
a positive number c, as small as we please, and then choose a 
positive number S, depending only on c, such that 

m)-m\ < e. m)-m\ < e. 

when < S. Hence, if the greatest of the numbers f,.— 

is less than 8, we have 

< l^(r,)l.li(T;)-x(yi-f|i(gi.l^{r,)-^{01 < 2Kk, 



68 


CAUCHY’S THEOREM 


and. therefore | | < 2K€{T-Q. 

By the definition of the integral of a continuous function of 
a real variable, tends to the limit 

T 

j ^(t)x(t) dt 


as n tends to infinity and the greatest of the numbers 
tends to zero. Smce, however, 1 1 made as small 

as we please by taking 8 small enough, must also tend to 
the same limit. Similarly the other terms of ^ tend to 
limits. 

Combmmg these results we find that 2 tends to the 
limit 


T T T 

{4>x—^) dt +1 J {^x-\-j>y) dt = J i\t){x(t)+ty{t)} dt, 

^ ^ ^0 
and so f{z) is integrable along the regular arc L. 

This result is not merely of theoretical importance as an 
existence theorem. It is also of jiractical use in that it reduces 
the problem of evaluating a complex integral to the integration 
of two real continuous functions of a real variable 

More generally, it can be shown without difficulty that, if 
f{z) is continuous on a contour C, it is integrable along C, the 
value of its integral being the sum of the integrals of f{z) along 
the regular arcs of which C is composed 

Example 1. Find tho value of tho integral of 1/(3— a) round the 
circle C, whose equation is \z—a\ = R. 

The parainctne equation of C is z — a+i?cost4 lEsint, whore t 
vanes from 0 to 2it as z describes C onco in the positive seiise Hence 

2ir 

I I ^ - {— iJbini-f 

J s—o J Jicoat + tJismi 

V 0 

2Jr 

i.dt = 2m, 

0 

Example 2. Show tliat tlie integral of 1/z along a scmicircul 
from — 1 to + 1 has the value —m or m accordmg as tho arc lies 
or below the real axis 
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4.14. The absolute value of a complex Integral 

If f(z) is contimious m a contour C of length I, where it satisfies 
the ineqvality \f{z) \ ^ M, then 

f(z)dz 

In proAring this theorem we evidently only need to consider the 
case when C is a regular arc. 

Now if tf>(t} is any complex continuous function of the real 
variable t, we have 

r“=l I r=-l 

and so, on proceeding to the limit, 

T T 

J ^{t)dt ^ I [(^(01 dt. 

In the notation of § t.\Z,f{z) ~ F{t) on C, and so [.?’(<) | < M. 
Hence 

J /( 2 ) ds = J F{t){x+%y) dt 

C V 

^j\F{t)\{x^+y^yl^dt 

t, 

T 

< M J dt = Ml 

u 

‘C2. Cauchy’s theorem 

Let /(z) be an analytic function, regular in a domain D 
bounded by a simple closed curve Let Zg and Zj be two points 
of D, joined by a rectifiable arc L lying in D. Then the integral 
of /(z) along L certainly exists since /(z) is continuous on L. 
The fundamental property on which the theory of analytic 
functions depends is that the value of this integral is a function 
of Zg and alone and is quite independent of the particular 
arc L which joins the two given points. 

An equivalent form of this result is Cauchy’s theorem, which 
states that, if C is a simple closed rectifiable arc lying in D, then 
the integral of /(z) round C is zero. For any two points of C 
divide it into two rectifiable arcs L and L^, say. If demotes 
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the arc described in the opposite sense, the int^ak of /(«) 

along L and are equal. Hence we have, by § 4.12, Exx. 2, 3, 

J /(z) dz = J f(z) dz + j f(z) dz = j /(z) dz — j f{z) dz = 0. 

C L Li L L, 

In the sequel we shall always suppose that a simple closed 
rectifiable curve is described in the positive or counter-clockwise 
sense, unless the contrary is explicitly stated 

It is very difficult to prove Cauchy’s theorem in its most 
general form. In the next section we make the additional 
assumption that the derivative f'(z) is continuous within and 
on C and follow the lines of Cauchy’s second proof.f We then 
show that this additional assumption is not necessary when the 
contour is a polygon, and, finally, we indicate briefly how the 
extension to the general case may be carried out. 

4.21. The elementary proof of Cauchy’s theorem 

We now prove the simplest and original form of Cauchy’s 
theorem, that if f{z) is an analytic function whose derivative f'(z) 
exists and is continuous at each point within and on the closed 
contour C, then 

c 

Let D be the closed region which consists of all points within 
and on C If we write z — x-\-iy, f[z) = u-\-tv, where x, y, «, v 
are real, we have, by § 4,13, 

J* f{z) dz = j {udx — V dy)-\-t j {vdx -f « dy), 
c c c 

where, by J {Pdx +Qdy), we mean the sum of the integrals of 

the form J (Px+Qy) dt over all the regular arcs composing C. 

We now transform each of these curvilinear integrak by 
means of Green’s theorem,! which states that if P{x,y), Q{x,y), 

t Comptes Sendiis, 23 (1846), 251-5. This proof is often called Rienuum’s 
proof , he gave it in tus inaugural dissertation at Gottuigen in 1861 (Ou, Werhs 
(1876), 3-46). 

Cauchy'B first proof depended on the calculus of variations. It occurs in his 
*M4inoiie sur les mtdgrales d^finies, prises entre liraites imaginaires’ (Paris, 
1825), which has been reprinted in BiUletm des set. math. 7 (1874), 266-304, 
8 (1876), 43-55, 148-59. 

t See Qibton, Advanced CakvluB (London, 1931), 336-6, or FhiUips, Courts 
of (Cambridge, 1930), 290-1. 
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BQfdx, dPjdy are continuoue functions of both variables in 2>, 

J (J> & +g Jy) = JJ 

a D 

By hypothesis f'{z) exists and is continuous in D. Since, how- 

/'(*) = «!+*■«* = Vy—tU^, 

we are, in fact, assuming that u and v and their partial deri- 
vatives ttj,, v^, Uy, Vy are contmuous functions of both variables x 
and y in D. The conditions of Green’s theorem are thus 
satisfied. 

Hence we see that 

|/(,) * = - IJ g+l) fafy +. JJ (g-|) d^y 

C D 

= 0 , 

by the Cauchy-Riemann differential equations. This completes 
the proof of Cauchy’s theorem. 

4.22. The general form of Cauchy’s theorem 
Although the simple form of Cauchy’s theorem which we have 
just proved suffices for many of the apphcations we have in 
view, it IS desirable to consider whether the assumptions we 
have made are necessary for the truth of the theorem The first 
step in this direction was taken by Goursat.t who showed that 
it IS unnecessary to assume the continuity of /'(z), and that 
Cauchy’s theorem is true if it is only assumed that /'(z) exists 
at each point within or on the simple closed rectifiable curve C. 
Actually the continuity of the derivative /'(z) and, indeed, its 
differentiabihty are consequences of Cauchy’s theorem 

More generally still, it can be shown that if f{z) is an analytic 
function, coniinuous within and on the simple closed rectifiable 
curve C, and if f'{z) exists at each point within C, then 

J f{z) dz = 0 
c 

We shall now indicate briefly the lines of the proof of this 
general form of Cauchy’s theorem. 

t Trant, AmsHoan Mink, Sec. 1 (1900), 14-16. Gouisat’s proof will olm be 
found in his Court iFAnalj/ee, 2 (1918), 74-8. 
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The first step is to show that, if f{z) is an analytic function 
whose derivative /'(z) exists at each point within and on a tri- 
angular contour C, the integral of /(z) round C vanishes. Let 
us write 

J /(z) dz = h, 
c 

so that h ^ 0. The proof consists in showing that we are led 
to a contradiction if we assume that > 0. 

Let us suppose, then, that h > 0 If we join the middle points 
of the sides of C by straight lines, the domain within C is divided 
into four congruent triangles whose boundaries are yj, yg, yj, y^, 
say. Then 

since, on the right-hand side, wc are integrating twice in oppo- 
site directions over each side of a triangle y^ which is not part 
of a side of C, and the corresponding integrals cancel Hence 
we have 4 

h<l jnz)dz 

so that the inequality 

jf{z)dz 

Yr 

must hold for at least one value of r, if it holds for more than 
one value of r, we take the least. In this way we obtam a tri- 
angular contour, Cj, say, of half the linear dimensions of C, 
with the property that 

J /(z) dz > Ih 

V, 

We now treat (7^ in the same manner, and so on indefimtely. 
Proceeding thus, we obtain a sequence of triangles C, C^, 

C„,.. , each of which is contained in and has half the linear 
dimensions of its predecessor, with the property that 

J /(z) dz > A/4". 
c. 

By the example of § 2 2 there is precisely one point, a say, 
which lies within or on e’ .-y triangle of this sequence. More- 


f f{z) dz = 2 f /(*) dz, 

A I *— 1 
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over, by hypothesis, f{z) is regular at a. Hence, given any 
positive number e, we can find a neighbourhood of ct, whose 
radius depends on e, in which the inequality 

holds. This neighbourhood of at contams all the triangles of the 
sequence for which n> N, where N is an integer depending on 
e. It follows that, if Z„ is the perimeter of the triangle the 
inequality 

is satisfied by the affix z of every point on (?„, provided that 
n > N. 

We know, however, that! 

J dz = 0, J z dz = 0, 

from which it follows that 


|/(z)dz = J {f(z)-/(ac)-(z-oc)f'(cx))dz 

Cn C, 

Hence, when « > N, we have, by § 4 14, 

J/(z)dz= J-{/(z)_/(«)_(3_a)/'(a)}dz 

C’. 

< = cZV4”, 

where I is the perimeter of C 
We have thus shown that, when n > N, 


0 < ^ 4» 


I /(z) dz 


<d^. 


This is, however, impossible, since e is arbitrary, the assumption 
that h 18 positive is thus untenable But since h ^ 0, we must, 
therefore, liave h — 0 This completes the proof J of Cauchy’s 
theorem for a triangle within and on which the integrand is 
regular. 

The next step is to extend this result to the case of a polygonal 
contour. We shall make use of the fact that the interior of 
any closed polygon can be divided up into a finite number of 


t See S 4.12, Ex. 1. 

i The proof is due to E. H Moore, Traw American Math. 8oe. 1 (1900), 
409-606. 
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triangles. For, if the polygon is not convex, it can be divided 
up into convex polygons by producing the sides sufficiently, an|d 
any convex polygon can be divided into triangles by joining any 
interior point to the vertices. 

Let us suppose that /(z) is an analytic function regular within 
and on a closed polygon <7. If C is now divided up into n tri- 
angles whose boundaries are 0^, C ^,. ., C^, we obtain 


J /(z) dz = 2 J /(z) dz 

C Cr 


since, on the right-hand side, we are integrating twice in oppo- 
site directions over each side of a triangle which is not also 
part of a side of C, and the corresponding integrals cancel But 
we have shown that the integral of /(z) round each triangular 
contour vanishes, and so 

|/{z)dz = 0. 


We have now reached the really difficult stage in the proof 
of Cauchy’s theorem in the general form enunciated at the 
beginning of this section. We are given that /(z) is regular 
within the simple closed rectifiable curve C and continuous 
within and dn (7. These conditions imply that |/{z) dz exists; 

we have to show that it is zero. 

It can be proved that, when any positive number c is assigned, 
a closed polygon P can be constructed, each point of which lies 
within C and at a distance less than e from C. The derivative 
/'(z) exists at every point withm or on P, so that the integral 
of/(z) round P vanishes. The general form of Cauchy’s theorem 
would, then, be completely proved if we could show that 


lim f /(z) dz = f /(z) dz. 

A A 


The validity of this passage to the limit is immediately sug- 
gested by geometrical intuition. Nevertheless, it is one of the 
most difficult things to prove in the whole of the theory of 
functions of a complex variable. A proof has been given by 
Pollard which depends on ‘some rather delicate theorems of 
de la Valine Poussin, the development of which requires great 
care and unusual nicety of thought’. We shall, therefore, con- 
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tent ourselves by relying on geometrical intuition for the validity 
of this passage to the limit, and refer the reader to the original 
memoirst for the proof. 

4.3. The deformation of contours 
The evaluation of the integral of an analytic function round 
a closed contour, within which the function is not necessarily 
regular, can often be simplified by noticing that the value of the 
contour integral of an analytic function ia unaltered by deformation 
of the contour, provided that the contour crosses no singularity of 
the integrand during defornuUion. 


Fio 1 

For simphcity, we shall only consider a particular case of this 
result, though the method of proof is quite general. We shall 
show that if and are two closed contours, lying com- 
pletely inside C^, then 

j f(z) dz = j f{z) dz, 
c, c, 

provided that f(z) is continuous in the closed annulus and regular 
in the open annulus bounded by C-^ and Cj. 

Let us take two points of affixes a and b on Q and two points 
of affixes c and d on C2. If we join a to c and b to d by two 
polygonal arcs which have no point in common and which do 
not cross or Cj, we form two closed contours and L^, as 
shown in the figure. Now f{z) is continuous in the closed 
region and regular in the domain bounded by Lj, and so its 

t Pollard, Proe. London Math. Soc. (2) 21 (1923), 456-82; 28 (1928), 145-60. 
See also Watson, Complex Integration arid Cauchy' » Theorem (Cambridge, 1914), 
37-40. 

41U V 





integral round 2/^ is sero; similarly for L^, Hence 

j f{z) + J f{z) dz = 0. 

li f. 

But Li and each contain the polygonal arc ac described 
twice in opposite senses, so that the two integrals along the arc 
oc cancel; similarly for the polygonal arc bd. Hence this last 
equation takes the form 

jf{z)dz-jf{z)dz = 0, 

Cl c, 

when we take into consideration the conventional sense of 
description of the contour C^, 


^.31. Cauchy's Integral formula 

We now show that iff(z) ia an analytic function, regular within 
a dosed contour C and continuous within and on C, and if a is 
any point within C, then 


/(a) = 



S{z) 

z—a 


dz. 


Since f{z) is regular at a, we have 


f(z) =/(o)+(z-o)/'(o)+(e-o)Tj, 

where i; is a function of z and a which tends to zero as z -»■ a. 
Hence, given any positive number e, we can find a neighbour- 
hood jz— ol < 8 in which the inequality < e holds. 

Now draw a circle y with centre a and radius r, where r is 
fess than 8 and is also so small that y lies entirely within C. 
^then, since f{z)j{z—a) is regular in the annulus bounded by y 
and C, we have, by the theorem of § 4,3, 

J z— <z J z—a 

C y 

J j dz + j ridz 

V Y Y 

= 27rt/(o)-}- J 7} dz. 

Y 
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Vtoak tills we deduce that 

J — 2w*/(a) = f »j da < 2nre, 

'o 1 1; I 

since It}! < £ on y. The expression on the right-hand side of 
this inequality tends to zero with r. The expression on the left- 
hand side is, however, quite independent of r and so must be 
identically zero. 

This completes the proof of Cauchy’s integral formula 




which expresses the value of an analytic function at a point 
within a closed contour in terms of its values on the contour. 

Example. Let Ci and C, bo two closed contours, lying com- 
pletely within Cp and let a be a pomt between Cj and C,. Show that 

2m J z— o 2m J z— o 

fi 

provided that/(z) is continuous in the closed annulus and regular m the 
open annulus bounded by Ci and C,. 

^.32. The derivatives of an analytic function 

If it were known that the process of differentiating Cauchy’s 
formula for /(o) ‘under the sign of integration is valid, we could 
deduce at once that 

c 

We now show that this formula is true under the conditions of 
§4 31 

Let us suppose that the shortest distance from a to the con- 
tour C is 28, so that the inequality \z—a\ ^ 28 is satisfied by 
the affix z of every point on C. If |A| ^ 8, the point a-\-h also 
lies within C* at a distance not less than 8 from C, 

By Cauchy’s integral formula, we have 

f(a^k)-f{a) _ _1_ f L\ ^ 

h 27rt J \z — a — h z — aj h 




/(») 


I J 

2Tri J (z— o— ^)(a— o) ’ 
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«s 

and so 


f(a+h)~na) 1 f fjz) ^ 

h 2iri J (z—a)^ 27ri J {z—a—h){%—a'f 


Hence 


/'(o) = lim 


/(o+fc)— /(a) 


fc-K( 


= ± f /i? 

2iTi } (z~ 


f(zl 

a)> 


dz, 


provided that 


f ^ 

J {z-a- 


h){z—aY 


dz\ 


is bounded as h tends to zero. 

Now/(z) is continuous on C, so that an inequahty |/(z) [ < M 
is satisfied there. Hence 


m 


\{z—a—h){z~aY 
when z is on C, and so 

f(z) 


/ ( 2 - 0 - 


( 2 — o— A)(z— o)* 




dz 


K 

4S* 




m 

483 


where 2 is the length of C This completes the proof of Cauchy’s 
integral formula for/'{o). 

The result we have just proved has the very remarkable con- 
sequence that /'(z) itsdf regular mthin C. To prove this, we 
have to show that the derivative /'(z) of the function /'(z) exists 
at each point a within C. 

Formal differentiation under the sign of integration gives 


m J 


f{z) 


(z-o)' 


; dz. 


Accordingly we consider 

f\a+h)-r{a) 1 r f(z) 

h m J (z— < ■■ 


o)3 

27rt J'^^*^{(z— a— A)* ( 2 — 0 )* 
c 

h f . %{z~a)—2h , 

" 2m J (z-o-h)*(z-o)» *'• 


2h \ 
*-0)3/ 


dz 

T 
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But it is easily seen by using the same type of argument as 
before that this last expression tends to zero with h. Hence 

h 


exists and is given by 


m 


2in J ( 2 — 0 )® 


dz. 


In a similar manner we can show that /*(z) is regular within 
C, its derivative /"(z) being given by the formula 


f>(a) = il- r _M_ dz, 


27riJ (z—a)* 
c 

when a is any point within C. And so on indefinitely. Hence 
7 / /(z) M an analytic function regular within a closed contour C 
and continuous within and on 0, it possesses derivatives of all 
orders which are regular within C, the nth derivative being given by 




f m 




27ri J ( 2 — 0 )"+^ 


dz. 


Example. The function /(s) is regular within a closed contour C, 
Show that, if a = x-\-iy, the functions log |/(a)|, arg/(a), R1 f{z), Iin/(z} 
all satisfy Laplace's equation 

cJx* Sy* " 

Prove also that |/1* = 4|/'|*. 

4.33. Cauchy’s inequalities 

Let f{z} be an analytic function r egular wi thin a circle G of 
centre a and radius R Then if the inequality \f{z)\ ^ M holds 
everywhere on C, | 

We have proved that 


/(»)(a) 


= r /(^) 


2Tr» J (z— o)"+i 


dz. 


On C, l/(z)/(z— a)"+^| < MIR'^+^, and the length of C is 2vB. 
The result stated follows immediately by § 4.14. 

Spample. Prove tiiat the modulus of an analytic function canned 
lut^atrue maximum at a pomt a if it is regular m a neighbourhood of a. 
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4.34. Liouvllle*8 theorem on Integral fonctioaa 

An analytic function which is regular in every finite region 
of the 2-plane is called an integral function. 

If f{z) is an integral function which satisfies the inequity 
\f(^)\ M for all values of z, M being a constant, then f{z) is 
a constant. 

This theoremf follows at once from Cauchy’s inequality con- 
cerning the derivative of an analytic function. For, if a is 
any point of the z-plane, /(z) is r^ular when |z— a| < R, no 
matter how large R may be, and satisfies there the inequality 
l/(i*)l < M. Hence we have 

M a k in g R tend to infinity, we find that /'(a) is zero. Since, 
however, a is arbitrary, we have thus shown that the derivative 
of/(z) vanishes everywhere. Hence /(z) is a constant. 

4.4. The converse of Cauchy’s theorem 

Let f(z) be a one^valued function, continuous within a closed 
contour C. In order that the integral of f{z) along any contour 
within C may depend only on the affixes of the end-points of that 
contour, it is both necessary and sufficient that f{z) be an analytic 
function, regular unthxn C. 

The condition is evidently sufficient. For the difference be- 
tween the integrals of /(z) along two different contours, which 
lie within C and have the same end-points, is equal to the 
integral of f(z) round a closed contour within C, and so vanishes 

To show that the condition is also necessary, we consider the 
integral of /(z) along a path within C from a fixed point a to 
a variable point z. Since, by hypothesis, the value of this 
integral is independent of the path, it is a one-valued function 
of z; let us denote it by 

-^’( 2 ) = / /(«) 
a 

We shall show that F(z) is an analytic function, regular with- 
in C. 

f It was given by LioixviUe m lectures m 1847, but seems to be really due 
to Caucihy. 
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Let h be any point within G. If the shortest distance df I 
from C7 is 28, every j>oint z for which \z—b\ < 8 certainly Ike 
within C. Hence, if |A| < 8, 

6+& 

y-(6+A)- J-Cd) = J S{z)dz, 

b 


where the path of integration is now taken to be a straight line. 
From this it follows that 

b+h 

F(b->rh)-F(b) 


h 




Now, by hypothesis, f{z) is continuous at 6. We can, there- 
fore, assign arbitrarily a positive number e, and then choose 
a positive number r), depending on e, such that 

\f{z)-f(b)\ < e 

when \z—b\ < ij. Hence we have, by § 4.14, 

|F(6+A)-F(6) 


-m 


< e, 


provided that \h\ < tj, and so F'(b) exists and is equal to/{6). 

Since, however, b was any point within C, we have thus 
shown that F(z) is regular inside C and that its derivative is 
/(z). This, however, implies, by § 4.32, that f{z) is itself regular 
within C. This completes the proof of the necessity of the 
condition. 

The theorem we have just proved is due to Morera.f It is 
really a converse of Cauchy’s theorem, and is more usually 
stated in the following form. 

///(z) IS coniiniuma and one-valued within a closed contour C 

and if r 

J /(z) dz = 0 


for every closed contour P within C, then f(z) is an analytic func- 
tion, regular wiihin C. 

It should be observed that we have proved incidentally that 
iff(z) is regular unthin a closed contour C, the integral 

% 

J /(z) dz, 

a 

f SendicofUt del S, M. Lonibardo, 19 (1886), 304-7. 
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taken tdong any contour wi^in C, ia an analytic function, regular 
loithin C, and has derivative f{z). This is the fundamental 
theorem of the calculus of analytic functions; it asserts that the 
operations of integration and differentiation are inverse opera- 
tions. 

Example. Let /(z), g(z) be analytic functions, regular within a closed 
contour C. Show that 

• t 

J dz = J(z)g(z)-f(a)g(a)~ J /'(z)8r(z) dz, 
a o 

when integration is along any contour within C. 


4.5. Taylor's theorem 

We saw in § 3.33 that the sum of a power series with non- 
zero radius of convergence is an analytic function, regular within 
the circle of convergence. We now prove the converse theorem, 
that if f(z) ia an analytic function regular in a neighbourhood of 

CD 

* = a, it ia expanaible as a potoer series of the form ^ o)“, 

0 

whose radius of convergence ia not zero. 

By hypothesis, there exists a positive number It with the 
property that/( 2 ) is regular when \z—a\ < R. Let R^ be any 
positive number less than R, and let R^ = \{R-{-R^, so that 
0 < J?! < .Rj < i?. Then f{z) is certainly regular within and 
on the circle C whose equation is \z—a\ = R^. 

Now let a-\-h be any point of the region \z—a\ ^ iZj Then, 
as a-f-A is within the circle C, we find, by using Cauchy’s integral 
formula (§ 4.31), that 


/(o-f-A) = 





(8-0)= ■'■(s-op ■*■■■■■'■ 

A» A»+i I 

(2— o)”+^ (2— 0)"+^(2— O— A)/ 


dz. 


If we now use Cauchy’s formula for the derivatives of an 
analytic function, we obtain 


/(a-HA) =/(a)-f ^f(r\a)y^+A„. 

r«l 
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/(*) 


m 


= IS J 


•+^( 2 — «— A) 


dz. 


But 1/(2) I is continuous on the circle C and so is bounded 
there. Hence there exists a positive number M such that 
1/(2) I on C. Moreover, when |2— oj = B2, 

I2— a— A] > |{|z— a|— |A 1 }| > Bt—Bi. 

Using the result of § 4 . 14 , we find that 




M\h\ /|^\» 

■®2 — ■®l\-®2/ 


Since, however, fA( ^ i?i < B^, it follows &om this inequality 
that A„ tends to zero as n tends to infinity and therefore that 


f(a+h)=f(a)+^Ma)-^ 


n=l 


It IS, however, possible to prove rather more than the mere 
convergence of this power series. Since 1 A| < J?i, we have 

14 I < 

1^/li^p pin)’ 

the expression on the right-hand side of the inequality being 
independent of h. Hence, given any positive number t, we can 
choose an integer N, depending on e but quite independent of 
h, such that li 4 „l < c when n> N. We express this property 
by saying that the power series converges uniformlyt with 
respect to h when |A| ^ B^. 

We have now proved that t//(z) w an analytic function, regular 
in the neighbourhood |z— aj <. B of the point z = a, it can be 
expressed in that neighbourhood as a convergent •power series of 

/( 2 ) =/(«)+ 

n-1 

This expansion is uniformly convergent when jz— o] ^ Bi, pro- 
vided that Bi < B. This result is known as Taylor's theorem 
concerning analytic functions of a complex variable. 

t For oa account of the theory of uniform convergence, see Chapter V. 
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Example 1 . Prove that, when |«| < 1, the principal value of (1 +«)■ 
is equal to ^ 

V Qt(«— 1M«— »+l) ^ 
n! 

11-1 

Example 2. Show that, when \z\ < 1, 

log(l+«) = c-^ + 5-.... 

4.51. Zeros 

If f{z) is an anal}rtic function which vanishes when z — a and 
is regular in a neighbourhood \z—a\ < i2 of a, we say that a is 
a zero of /(z). By Taylor’s theorem we can expand /(z) as a 
power series of the form 

/(z) = f o„(z-o)» 

n—1 

which converges in the given neighbourhood of a and has no 
constant term. If is the first non-zero coefficient in this 
expansion, we say that a is a zero of order m. 

Let us suppose, then, that /(z) has a zero of order m at a. 
We can therefore write 

/(z) = (z-a)»» f o„^.„(z-o)» = (z-o)’»^(z), 

n*0 

where ^(z) is regular when \z—a\ < R and does not vanish 
when z = o. We now show that there exists a neighbourhood 
of the point a which contains no other zero of f(z). 

For if ^(a) = 2c, it follows from the continuity of ^(z) that 
there exists a region |z— a| < S m which 

l<^(z)-^(o)l < Icj. 

This implies that 

\m > \ {\<f>{a)\-m^)-m\}\ > \c\ 

when |z— a| < S, and so ^(z) certainly does not vanish there. 
Since /(z) = (z— o)"*^(z), we have thus shown that the only 
point at which /(z) vanishes in the region \z—a\ < 8 is the given 
zero z = a. 

From this it follows that if f{z) is an analytic function regular 
in a domain D, and if Zj, z*,..., z„,... is a sequence of zeros off{z) 
having as limiting poinl an interior point a of D, then f{z) vanishes 
hknUca^lg in D. 
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For Bince/(«) is a continuous function having zeros z„ as near 
a as we please, /(a) must be zero. Moreover, as f{z) is regular 
in the domain D, of which a is an interior point, we can expand 
f{z) as a power series 

/(*) = 1 o«(*-o)". 

converging in a certain neighbourhood of a. Either f{z) is 
identically zero, or else there is a first coefficient, say, in this 
power series which is not zero. But if the latter is the case, we 
have just seen that there is a neighbourhood of a which contains 
no zero other than a, and this is contrary to the hypothesis that 

a is a limiting point of the sequence of zeros z^, Z 2 ,..., z„ 

Hence f(z) is identically zero. 


4.52. Laurent’s theorem 

Let us consider an analytic function f{z) which is regular in 
the annulus R < |z— o] < R' but not regular ever 5 rwhere in 
|z— o| < R'. Although such a function cannot be expanded as 
a power senes in z—a, it can be expressed, as we now show, 
as the sum of two series of the form 


f(z) = 2 a„(z-o)"+ 2 


each series being convergent in the annulus. 

Let R^, R{ be any two positive numbers such that 
R<R^<R[< R' and let R^ = l(R-\-R^), R^ = 

Then f{z) is certainly regular in the closed annulus bounded by 
the circles C, C whose equations are Iz— oj = R^, \z—a\ = R^ 
respectively. 

Now let a+h be any point of the annulus R^ ^ \z—a\ < R[. 
Then, as a+A lies between the circles C and C, we have, by 
the example of § 4.31, 


/(o+A) = 



_Kz) 

z—a—h 





Just as in the proof of Taylor’s theorem, we easily show that 



O' 


f{») 

z—a—h 


dz = 

0 
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=± r_M. 


2iri J («— 


dz. 


This series converges uniformly when \h\ < R'^. We cannot, 
however, wnte /<">(o)/»! for o„, since /(z) is not regular every- 
where within C". 


Similarly we have 


tt 

+ *2 +• 


JrW, 

(z-o)"-^ 
^ A» 


J* 

h^{z—a~h)l 



r-l 


where 6,. = 

and Bn ~ 


J /(z)(2-“)’’"^ dz 

c 

± f /(2)(*-“)" J, 

2«i J h^{z—a—h) 

a 


But if JIf denotes the greatest value, necessarily finite, of l/(z)| 
on <7, we have 

' \h\-R,\\h\l ^ ' 

Thus Bn tends to zero as n tends to infinity, uniformly with 
respect to h when |A| ^ R^, and so 


_ I f m dz = y^-^, 
2772 J z — a — h ^ A" 

c 


the series being uniformly convei^ent when |A| > R^. We have 
thus proved that 

f(a+h) = ia„A”-}- f 6„A-», 

0 1 

provided that A < 

Changing the notation slightly, this result, which is known 
as Laurent’s theorem, •\ can be expressed in the following form. 
JJ f(z) is an analytic function, regular in the open annulus 


f It WM pttUUbed by Laureat m Comptea Rendua, 17 (1S43), 34S-9. 
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It < \z—a\ 
of ike form 


< JB', it can be expressed tiuxe as a convergent series 


f(z) = 2 a„(z-o)». 

— CO 


This expansion is uniformly convergent in the closed annulus 
Bi < 1«— o| < provided that i? < l?i < < R'. The co- 

efficients a„ are now given by the single formula 

m 


«.= * 

" 2m J (j_. 


o)"+l 


dz, 


where F denotes C when n < 0 and C when n > 0 Since, how- 
ever, the integrand is regular in the annulus R < |z— o] < R', 
we may take F to be any circle |z— o| = r, where R <r < R\ 
no matter what value n has. 

The real importance of Laurent’s theorem rests in the fact 
that it is an existence theorem It shows that an analytic func- 
tion can be expanded, under certain circumstances, as a series 
of a given type, but it does not necessarily provide the simplest 
method of calculating the coefficients. 

Finally, it should be observed that Laurent’s theorem will 
not provide an expansion of the logarithm of z as a senes of 
positive and negative powers of z. For Logz is a many- valued 
function, whose pnncipal value, logz, is discontinuous along the 
negative half of the real axis and so is not regular in any annulus 
with centre at the origin 

Sample 1 . Show that 


where 



Ztt 


cos n6 cosh(2 cos 9) dd, 


the senes being uniformly convergent m any clo'sod annulus with centre 
at the origin 

We have to expand the function coshw where w — 2 -|-s~*. Now 
coshw 18 an integral function of w, whereas ic is an analytic function 
of z whose only smgular point is the origin. Hence cosh(z+ 2 ~*) is an 
analytic function of z regular in the annulus R < i^l < K, no matter 
how small the positive number R may be or how large R' may be. 

We can, therefore, apply Laurent’s theorem to obtain 


eo 

008h(*+*~*) = 2 ®n®"» 



a 

vhete 


cAtrcinrs theorem 

‘ oosh(*+ar'*) 


= ± f-! 

2inJ 


gH+l 


dz. 


iihe contour T being any circle | 2 | = r. If we take r = 1, then 2 s e** 
on r« where B varies from 0 to 2ir. Hence we have 

Sv 

cosh(e*‘+e~*‘)e“"*‘ dO 


0 

2i 


2v 2v 

co8h(2cos0)cosn0d0 J* 


co8h(2 cos 0)sin nB dB. 


If we put 6 = 2ir- ift, we flnd that the last integral vanishes, and so 


^7) 

""-^1 


COS nB cosh(2 cos 0) dB. 


But evidently — a^, and therefore 


cosh(s+ 2 -») = flo-f- 2 a„(s"+ 2 -") 

1 

The uniform convergence of this senes in evt'ry annulus with centre at 
Wje origin is an immediate consequence of Laurent’s theorem. 

'' Example 2. Find the Taylor or Laurent senes which represent the 
fimction l/{( 2 *+l)( 2 + 2 )}, (i) when \z\ < 1, ( 11 ) when 1 < [s] < 2, 
(lii) when [z] > 2. 


4.53. Isolated singularities of an analytic function 

Let/(z) be an analytic function with a singular point at z = a 
If there exists a neighbourhood of the point a which contains 
no other singularity of f(z), the point a is called an tsolcUed 
Biit^vJarity of the function 

If this IS the case, there exists an annulus r < |z— a| < R in 
which J(z) is regular and can be represented by the Laurent 
series 

/(2) = ion(z-«)’‘+ 

0 i 

Since, however, we can make r as small as we please, this 
Laurent expansion actually holds when 0 < |z— o| < R. The 
infinite series „ 

is called the principal part of /(z) at the singular point 2 = 0 . 
There are three cases to be considered. First of all, it may 
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happen that all the coefficients 6„ are zero. We then call z =s a 
a remooabk aingtilarity of f{z), since we can make /(z) r^nlar 
when |z— a| < i2 by suitably defining its value at a. For if we 

write F{z) — f{z) when 0 < |z— oj < B and F{a) = Oj, the 

00 

function F{z) has the Taylor expansion ^ so is 

0 

regular when |z— a| < B. Singularities of this type are of little 
importance. 

Secondly, the principal part of f{z) at the isolated singularity 
may be a terminating series of powers of lj{z—a). The singu- 
larity is then called a pole. If is the last non-zero coefficient 
in the principal part, the pole is said to be of order m. Poles 
of orders 1, 2, 3,... are usually called simple, double, triple,... 
poles. The coefficient 6, is called the residue of f(z) at the pole a. 

If f(z) has a pole of order m at z = a, the Laurent series takes 
the form 

/(z) = iz-a)-”'{b„+b^_i{z-a)+b^_zi^-a)^+...+ 

-}-h,(2— «)”*-! -f I; o„(z— 

= {z-a)-”'<f>{z), 

where ^(z) is regular when |s— a| < B, and <f>{a), being equal to 
b„, is not zero. We can therefore findf a neighbourhood 
Iz— o| < S of the pole in which 

1/(2) I jz-al-” 

Hence, if f{z) heis a pole at a, |/(r)| tends to mfinity as z tends 
to a in any manner. 

Moreover, if f(z) has a pole of order m at a, l//(z) is regular 
and has a zero of order tn there For 

l//(2) = (z-ari4>{z), 

where ^(z) is regular and does not vanish when |z— o| < S. 
Similarly we can show that the converse is also true, that if 
F{z) has a zero of order m at a, 1/F(z) has a pole of order m there. 

Finally, if the principal part of/(z) at the isolated singularity 
a is not a terminating series but has an infinite number of non- 
zero coefficients, a is called an isoUUed essential singularity. Ill 
this case, a is evidently also a singularity of l//(z). 

t See { 4.51. 
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j^xami^c 1. The fuiiciion/( 2 ) has a nmple pole at t 
ftpveBidue at this pole is lim{( 2 — a)/( 2 )}. 


a. Shov that 


H^EWnple 2. The analytic function /(«) is of the form ^(t)/0(2) where 
has a simple zero at z = a, but ^( 2 ) does not vanish at a. Prove 
tbf|L/( 2 ) has a simple pole of residue ^(a)/0'(a) at z = a. 

Example 3. Show that the only singularities of ootmUz—a)* are 
poles. Fmd the residues of the function at these poles. 


If we write 


cot 712 


COS 712 


(2 — a)* (2— o)*Bm7T2’ 

we see that the function is the quotient of two mtegral functions, and 
so its only smgulanties are at the zeros of the denommator. Thus the 

function is regular save for poles at z = a and at z » 0, ±1, ±2 

If a IS not an integer or zero, z = a is usually a double pole and the 
rest all simple poles, but if a is an mteger or zero, z = a is a triple polo. 

Let us consider first the pole z — n, when n is an integer or zero, and 
let us suppose tliat n ^ a. The residue at this pole is, by Ex. 1, 


jun (z- njeotTTZ _ ^ot7r({+»i) 


(z-a)‘ 


(^+n-o)» 

([cos 77^ 


lim 


1 


j_»o(£+«— a)*8in7ri; 7r(n— a)*' 

When wc determine the residue at 2 = 0 , we have to consider 
separately the cases when a is or is not an mteger or zero. If a is an 
integer or zero, wo obtain by writmg z—a =• { 

COtlTZ cotTrJ 

and so the residue is — Jtt But when a is not an integer, wo have 


cotTTZ cot7r(n-t-0 


( 2 - 0 )> 


COtTTO 


f 




7rcosec*7T« 


+77*00800*770 cot 770+. ., 


so that the residue at a is now —•ncom.'chm. If o is half an oild integi'r, 
cq/tto is zero, and the pole at o is simple of residue —77. 

Example 4. Detormme the singularities of z cosec 2 , and And the 
residues at its poles. 

Example 5. Fmd the residues of z*/{c*+ 2 *)* at its poles. 

Example 6. Show that e>/* has an isolated essential singularity at 
the origm. 

Example 7. Show that Rm(l/z) has an isolated essential singularity 
at the origin, which is also the limiting point of the zeros of the function. 
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Example 8. /(e) is aa aaalytio function with an isolated singnlarity 
at e = a. Show that, if/(*) = 0(j*— ol~") as 2 ->-a, the singularity is 
a pole of order not exceeding n. 

4.54. Limiting points of zeros or poles 

We have already seen that if a is a Umiting point of zeros of 
an analytic function /(z), regular when 0 < jz— o| < R, then 
/(z) either vanishes identically or else has a singularity at a. In 
the latter case the singularity is isolated, but it is not a pole 
since |/(z)| does not tend to infinity as z tends to a in any 
manner. Thus, apart from the trivial case when/(z) is zero save 
at a, the function has an isolated essential singularity at the 
jioint a. 

If, however, /(z) is an analytic function whose only singu- 
larities in the region 0 < Iz— a] < R are poles, infinite in num- 
ber, having the point a as limiting point, a is a singularity; for 
/(z) is unbounded in every neighbourhood of o. A singularity 
of this type is not a pole, since it is not an isolated singular 
point. We call it an essential singularity. 

Example. Show that sec(l/ 2 ) has simple poles at the pomts 
2 = l/{(n-l-i)7r}, where n la an mteger or zero, and an essential smgu- 
lanty at the origm. Prove also that the residue at l/{(n+J)w} » 

4.55. The behaviour of a function near an isolated essen- 
tial singularity 

We have seen that, if a is a pole of the function /(z), then 
|/(z)| increases indefinitely as z tends to a in any manner. On 
the other hand, the behaviour of a function near an isolated 
essential singularity is of a far more comphcated character; in 
fact, in every neighbourhood of an isolated essential singularity, 
there exists a point\ at which the function differs by as little as 
we please from any previously assigned number. This result is due 
to Weierstrauss.j; 

Let us consider, then, an analytic function /(z) which has an 
isolated essential singularity at z = a. Let c be any number, 

t Actually there are an infinite number of such pomte. For if z, he auA 
a point in the neighbourhood |z— a| < r of the eesentiol singularity a, there 
must be another m (z— a| < f | 2 j— aj, and so on indefinitely, 

I Ahh. der PrsuM. Ahod. Wub. zti Berlin {Math, KUu»e) 1876, 11. This is 
reprinted m Weieietrasa’s Werht, 2, 77. 
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real or complex; we have to show that, given two positive 
numbers e and r, no matter how small, we can find a point 
in the region \z—a\ < r at which |/(z)— c| < e. 

If a is a limiting point of zeros of the function f{z)—c, th 
theorem is obviously true, since we have only to take Zj to bt 
any zero m the given neighbourhood of a. But if a is not a 
limiting point of zeros, the function f{z)~c has no zeros in the 
given neighbourhood, provided that r is sufficiently small, and 
hence the function . 

is regular when 0 < \z—a\ < r We have to show that there 
exists a point Zy in this region at which \g(z) | > 1/e. 

Let us suppose that, on the contrary, \g(z)\ ^ 1/e there. 

CO 

Then, if the principal part of g{z) at a is J b„(z—a)-", we have 

where 0 < p < r, and hence 


y(z)(«— dz, 


\K\ 




Since, however, b„ is independent of p, we find, by makmg p tend 
to zero, that 6„ ls zero for all values of n and hence that g{z) 
is regular at a. This is impossible, for it would imply that/fz) 
is regular at a or else has a pole there. The assumption that 
W)\ 1/e when 0 < \z — a\ < r is, therefore, untenable 

We have thus shown that the inequahty |gr(z)| > 1/e must be 
satisfied at one point at least in the given neighbourhood of a , 
this completes the proof of Weierstrass’s theorem. 

A more striking result still is Picard ’sf theorem, which states 
that, in every npwjhbourhood of an isolated esseniial singularity, 
there exists a point at which the function actually attains any given 
value with at most one exception. For example, sin Ijz and 
have isolated essential singularities at the origin; sin 1/z actually 
attains every value in 0 < | 2 | < r, no matter how small r may 
be, whereas attains there every value except zero. The 


t CompUt Rendue, 88 (1879), 1024-7; 89 (1879), 745-7. 
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•proof of Picard’s theorem is too difficiilt to be given at the 
present stage. 

,^4.56. The point at infinity 

The equation «' = I/2 sets up a continuous one-to-one corre- 
spondence between the points of the complete 2-plane and the 
points of the complete 2'-plane. If 2 is at the point at infinity, 
2' is at the origin. Accordingly we shall say that a function /(2) 
has a zero, a pole, or an essential singularity at infinity if the 
function /(2“*) has a zero, a pole, or an essential singularity at 
the origin For example, the functions sinl/2, (2-t-l)®, and e* 
have respectively a simple zero, a double pole, and an essential 
singularity at infinity. 

It is important to notice that if the only singularities of an 
analytic function, including possibly the point at infinity, are 
poles, the function is a rational function 

For let F(z) be such a function. It can have only a fimte 
number of poles since a limiting point of poles is an essential 
Bingulanty; let its poles be at Oj, Oj, ., a^, 00, of orders »j, 7 i 2 >—» 
n^, m resiJectively It follows that 

(7(2) = (2-0i)'"(z- 02)’'‘. .(s-aJ"‘F( 2 ) 

is regular in every bounded domain, and so is an integral func- 
tion. We can, therefore, expand G(z) as a Taylor senes 

G(z) = fb„z”, 

0 


which converges for every finite value of s. 

But (2— ai)"'(z— (z—aj”i has a pole of order 


A" = ni+n2+ ..-f Mfc 

at infinity. Hence ( 7 ( 2 ) also has a pole at infinity, its order being 
N+m. This, however, implies that the Taylor series foi G(z) 
terminates and is of the form 


(7(2) 

\-i-m 


= 2 ^ 2 ” 
0 


I fife V 

This gives F(z)= ^ b„z”j/ljjjz-a,)'^j, 


and so .^(2) is a rational function. 
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4.6. Analytical continuation 

Let fi[z} bo a regular analytic function defined in a domain 
Dj. We shall now show that it is sometimes possible to continue 
this function analytically. By this we mean that it is sometimes 
possible to find an analytic function F(z) which is equal to fi(z) 
at each point of but is regular in a more extensive domain. 

Let Z>2 be another domain which has in common with a set 
of points forming a domain A. If there exists a function 
regular in which is equal to at a set of points having 
a limiting point ^ belonging to A, the analytical continuation 
of/i( 2 ) IS possible. 

In the first place, the functions /,(2) and f^iz) are equal at 
every point of A "For fi{z)—f^{z) is regular in A and has a set 
of zeros with ( as limiting point; since f is a point of A, this 
implies that/i(2)— f2{z) vanishes everywhere in A. 

If we now write i'’(2) = /,(2) when z is in 7 )j and F{z) — f^iz) 
when 2 is in the function F(z) so defined is evidently an 
analytic function, regular in the domainf the function 

fi{z) has, therefore, been continued analytically into More- 
over this analytical continuation is unique. For if g{z) is 
another function, regular in D^, which is equal to fi[z) at a set 
of points having a point of A as limiting point, g(z) is equal to 
/i(2) at every point of A and hence is also equal tof^iz) there; 
a repetition of the previous argument then shows that/2(?) and 
g(z} are equal everywhere in />2. 

When/2(z) has been found in this way, it may be possible to 
continue /2(z) analytically into a domain which overlaps D2. 
If this IS so, there is a function /sCz), regular in D^, which is 
equal to /2(z) in the common part of Dg and Dg. If I)^ overlaps 
Di, we should expect that the analytical contmuation of /^(z) 
into Di would be the original function fi(z). If Di, D2, and are 
circles having a domain A' in common, this conjecture is, in fact, 
true. For in A' we have f^iz) = fz{z) = faiz), and this implies 
that /i(z) — /^(z) in the common part of Dj and I>i. But if 
Di, Dj, and Dg have no domain in common, it is not necessarily 
the case that the 'inalytical continuation oif^^z) into Dj is /i(z). 
For example, let us denote the domains |z— 1 | < p, |z— <u| < p, 

t By w© mean the set of pomts which belong to B, or to B, or to 

both. Since B^ and B, are domains, Bj-j-B, is also a domain. 
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1«— w*| < p, where w = and iV3 < p < 1, by D^, D^, 
i >3 respectively; any two of these domains have in common an 
area boimded by two circvilar arcs, but there is no point common 
to all three. The function zi is regular in D^; if we continue it 
analytically into D^, from D 2 into and, finally, from into 
Di, the function obtained in this way is not but — 2 *. 

4.61. The general definition of an analytic function 

Let f{z) be an analytic function defined only in a certain 
domain where it is regular. Let us suppose that it is possible 
to continue this function analytically outside the given domain. 
If we form all the continuations of the function, then all the 
contmuations of these continuations, and so on in every possible 
way, the complete analytic function f{z) is defined as consisting 
of the original function and all the continuations so obtained. 
The complete analytic function defined in this way is, of course, 
not necessarily a one-valued function. 

If f(z) is not an integral function, there will be certain excep- 
tional points which do not lie m any of the domains into which 
the function has been continued. These exceptional points are 
called the singularities of the complete analytic function. It is 
evident that the singular points of a one-valued analytic func- 
tion are also singularities in this wider sense 

It may happen that, in this process of continuation, we ulti- 
mately reach a closed curve across which it is impossible to 
continue the function. Such a closed curve is called a natural 
boundary of the complete analytic function. An example of a 
function with a natural boundary will be found in § 4 62, Ex. 2. 

4.62. Analytical continuation by power series 

We shall now consider very briefly the problem of continuing 
analytically a function f{z) defined initially as the sum of a power 

CO 

series a„( 2 — 2 o)“ whose circle of convergence Cg has a finite 
non-zero radius. 

The first thing to obseive is that, when the continuation has 
been carried out, there must be at least one singularity of the 
complete analytic function on the circle of convergence Cg. For 
if there were not, we could construct, by analytical continua- 
tion, an analytic function which is equal to J{z) within Cg but 
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is regular in a larger concentric circle Cq. The expansion of this 
function as a Taylor series in powers of z—Zq would then con- 
verge everywhere within C^; this is, however, impossible since 
the series would necessarily be the original series, whose circle 
of convergence is Cg. 

In order to cany out the continuation, we take any fixed 
point Zi within CJ,, and calculate the values of f{z) and its suc- 
cessive derivatives at that point from the given power series 
by repeated term-by-term differentiation. We then form the 
Taylor series * 


whose circle of convergence is C^, say. 

Let denote the circle with centre Zj which touches Cg 
internally. By Taylor’s theorem, this new power series is cer- 
tainly convergent within Fj and has 8um/(z) there. The radius 
of cannot, therefore, be less than that of F^. There are now 
three possibilities: 

(i) C?! may have a larger radius than Fj In this case Ci lies 
partly outside Cg, and the new power series provides an ana- 
lytical continuation of f{z). We can then take a point z* within 
C\ and outside Cg, and repeat the process. 

(ii) Cg may be a natural boundary of f(z). In this case we 
cannot continue /(z) outside Cg, and the circle touches CJ, 
internally, no matter what {loint z^ within Cg was chosen. 

(iii) may touch Cg internally even when Cg is not a natural 
boundary of f(z) The jioint of contact of Cg and C\ is a singu- 
larity of the complete analytic function obtained by the analyti- 
cal continuation of the original jiower scries. For there is 
necessarily one singularity on and this cannot be within Cg 

We see, then, that if CJ, is not a natural boundary of the 
function /(z) = ^ «„(2— Zg)'*, this process of forming new power 
series provides a simple means of continuing the function ana- 
lytically.f It is, therefore, theoretically possible to deduce all 
the properties of the complete analytic function from the pro- 
perties of the coefficients a„ of the Taylor series which defines 

t For furthor iiifomiation on the theory of aiialytiral continuation by power 
•enae, see, for example, Uouraat. fours d' Analyse, 2 (1918), 236-62. 
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the function initially. This interesting but extremely difficult 
problem is, however, beyond the scope of the present book.f 
Example 1. Show that the function 

/(*) = 1 + 2 + 2 * + —+*"+. •• 

can be continued analytically outside its circle of convergence. 

The circle of convergence Cg of this power series has the equation 
\z\ — 1. Within Cg the sum of the series is (1— z)~*. But this function 
IB an analytic function, regular in any domam which does not contain 
the point 2 = 1 , and so provides the reqmred analytical contmuation 
0f/(2). 

It is, however, instructive to carry out the continuation by means of 
power sei les. If a is any point withm Cg, it is easily seen that the power 
senes expressmg/(z) in powers of z—a is 

(z—a)* 

n=0 

The circle of convergence Q of this new power series is |z— a| = [I— «1. 

Now if 0 < a < 1, C^ touches Cg at z = 1, which is, therefore, a 
singularity of the complete analytic function defined mitially by the 
given power series If, however, a is not real and positive, we have 
|1— a| ,> 1 — |a|, so that Cj crosses Cg. in this case the new power senes 
provides an analytical contmuation of f{z) outside Cg. 

Example 2. Show that the circle of convergence of the power series 
/(Z)= l+2+Z* + S* + 2’'+... 
is a natural boundary. 

The circle of convergence C, of the power senes is |z| = 1. If the point 
e** on Cg IS not a smgularity of f(z), then f(rr^') must tend to a finite 
limit as the real number r increases and tends to imity.J 

Let us consider, then, the behaviour of f(z) as z moves up to Cg along 
tlie radius through the fioint of aflix e*^'-**, where p and q are integers. 
Now we can expniss /(z) in the fonn 

f(z)-~ l+z-rz*+. + 2 *'+ f 2 *" 

n — ff+1 

say, Smee /,(re**’**'**) is a polynomial in r of degree 2«, it tends to 
a unique limit autr—* 1, But 

/,(re«>»^/*») - 2 r*V* = f r**, 

n--«+l n=a+l 

t An interesting account of ro(‘ont researches on this problem is given by 
Hadamard and Mandelbrojt, La Strie de Taylor (Collection ‘Scientia’; 1926). 
See also Dienes, T/te Taylor fienen (Oxford, 1931), Cliapter X, 

t It is not, however, the case tliat, if /(re"*) tends to a fimte limit, then 
e"* 18 not a singularity of /(:). For example, the binomial expansion of (1— 2 )i 
converges when |s| 1, and (1— r)l tends to zero as r-^ 1. Yet 2 = 1 is 

a singulanty (a branch-pouit) of (1— z)L 
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-wliioh tends to infinity as r 1. Aoootdin{^ the point of (te*^/** 
on Cf is a singulaxity of/(s). 

But any arc of C„ no matter how small its length, contains a point 
whose affix is of the form e***</**, where p and q are integers. There 
are, therefore, pomts whose affix is of this form within every circle which 
crosses Cg, so that it is impossible to continue /(z) analyticaUy outside 
its circle of convergence. 
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MISCELLANEOUS EXAMPLES 
The function /(*) is regular when \z—a\ < R. Show that, if 


0 < f < 1?, then 


si) 


F(9)e-^d0. 


wh^ F[$) denotes the real part of /(o+re**). 

® The function /(z) is regular when ]z| < jR'. Prove that, if 
|ol < R < R', 


then 


2m j (z-o)(R*-sa)-^^*^*’ 


where C is the circle [z] = R. Deduce Poisson’s formula, that, if 
0<r<R, 

0 

3. When jzj < R, the function/(z) is regular and satisfies the inequality 

1/(*)| > L Show, by applying Poisson’s formula to log/(z), that, if 
|«| kR where h < 1, then 
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4rTbe {vmotion /(s) ia regular -whm. |z| < S and haa the Taylor 
00 

expanaion 2 <*n^- Show that, if r < JS, 

Sir 

0 

Hence prove that, if |/(s)| < M when |s| < B, 

I < Jlf*. 

0 

5. Deduce Cauchy’s inequalities fiom Ex. 4, and show that, m the 

notation of § 4.33, (/‘*>(a)| = M/E* 

if and only if /(g) = a)“//J", where a is a real constant. 

6. The integral function /(z) satisfies everywhere the inequality 
|/(z)| < A\g^, where A and k are positive constants. Prove that/(z) is 
a polynomial of degree not cxceedmg k. 

yT Show that the branch of the function (1— which is 
equal to + 1 when 2 ^ 0, is regular when jz) is less than the smaller of 
\fi±^(fi*—l)\, and so can be represented by a Taylor series 


1+ 

Prove that the coefficients in this expansion are given by 



(l-2pz+z«)-*/‘ 

gii+f “® 


where C is a closed contour surrounding the origin but not enclosmg 
either of the pomts 

■fiT^Prove that the function exp{4u(z— z~’)} is regular save at the origin 
and can be expanded as a Laurent series 


2 

— eo 

2w 

where = ( - 1 )"J_,(u) = i / co8(»fl— w Sin 9) d$. 

» 

V. The function /(z) is regular when jz| > E and |/(z)| is bounded as 

|z| -»■ 00 . Prove that /(z) can be expanded as a senes of the form 
«0 

2 On ST", convergent when |z| > R. 

10. The function /(z) is regular in the strip — cc < Imz < a, where a 
IS positive. Prove by using Laurent’s theorem that, if /(z) is periodic, 
of period 2yr, it can be expanded m the form 

I 

/(z) == I c,e‘“ 



|M> 

where 
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2ir 

\ f(z)e-^”dz, 




the series being uniformly convergent m the strip — oe+S < < ot- 

for every positive value of S ( < a). 

Deduce thatf 

00 

f{z) = }ao+ Z (OflCosns + 6„8inna), 


where 




f{z)cQsnz dzt 


2w 

‘■-ip 


/(z)sinnz dz. 


Each of the functions 

(i) cot*, (u) cosec** log{l—*), (ill) */(sin*— tan*) 
has a pole at the origin. Find its order and residue in each case. 

12. Show that the circle | 2 | == 1 is a natural boundary of each of the 

functions a> 

0 

13. Show that the sum of the scries 

IS a when |z| < 1, but is c.when |ij 1. Why is this? 

14. Prove that the sum of the series 


2 

1 


2» 

(H-*»)(l+>+‘) 


IS */(!—**) when |*| < 1, but is !/(**— 1) when \z\ > 1. 


15. The function f{z) is regular within and on the cirple C whoso 
equation is |* | - R, save for simple poles b^, t,,. , b„ within C. More- 
over, /(*) doc»i not vanish on C, but has simple zeros Oj, a,, . , withm 
C. Prove that tho function 


i’(*) =/(*) { 

•>■1 


H *-a,z 

R[z-a,) 


iiii 


R(z-b,)\ 

R*-L,zl 


IS regular and non-zero within and on C, and also that |F(z)| = |/(z)| 
on C. 


t This result is Founer’s theorem for anal 3 rtic functions of a complex 
variable. A detailed account of the conditions under which Fourier’s theorem 
for functions of a real variable u valid will bo found in Hobson’s Funettons of 
a Real VaruMe, 2 (1026). 
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By applying Poisson’s formula to logP( 2 ), show that, if « = re®* where 
< B, th^ 


iogi/(*)i = 2 2 

1-1 *-i 

2ir 


Deduce that 


f log|/(J?e«‘)ld^ = 27rlogJ^*i^‘^»i^-+2,rlog|/(0)|. 

provided that the origin is not a zero or pole of /(z). 

How would these results be modified if /(z) possessed multiple poles 
or multiple zeros withm G T ( JsNSEN.t) 


t J. L. W. V. Jensen, Acte MaOi 22 (1899). 359-64. 



CHAPTER V 


UNIFORM CONVERGENCE 

5.1. The limiting function of a sequence of functions 

Let aQ(z), «i(z), 82(z),.. be a sequence of one-valued functions, 
each defined in a bounded closed region D. At present we do 
not assume that these functions are differentiable or even con- 
tinuous in Z>, they are merely functions of the complex variable 
z in the most general sense 

It may happen that, when ^ is a point of D, the sequence of 
complex numbers SqU), «i(Of tends to a definite finite 

limit. We then say that the sequence of functions is convergent 
at S If the sequence converges at each point of Z>, it is said to 
be convergent in 1), and the limiting function «(z) of the sequence 
is defined at each point of D by the equation 

s(z) = lim sjz) 

This means that, given any point f of and any positive 
number e, no matter how small, we can find an integer N such 
that < e when n N The integer N, which is 

made defimte by being taken as small as possible, will depend, 
in general, not only on e but also on the particular point C under 
consideration; we denote this fact by writing N — jV(e, C) 

In this way we have associated with the convergent sequence 
a function N (e, z) which is defined at each point of I) and which 
only takes positive integral values. In general, this function 
■will not be bounded in Jj, But when N(e, z) is bounded, we say 
that the sequence is unifottnly convergent in the region D. 

The uniform convergence of the sequence implies, therefore, 
that there exists an integer M = M(f), depending on e alone, 
such that A (t,z) cZ M(i) at each point z of D. In other words, 
the sequence of functions Sgfz), a^iz), .. converges uniformly in 
the region D to the limiting function a(z) if, given a positive 
number e, no matter how small, we can find an integer M, 
depending on e alone, such that the inequality |«(z)— ajj(z)| < c 
holds at each point z of D provided only that n ^ M. 

The idea of uniform convergence is of great importance in 
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analysis; for, as we shall see, it often enables us to deduce pro- 
perties of the limiting function of a sequence from the common 
properties of the members of the sequence. 

5.11. The principle of uniform convergence 

The definition which we have just given of the uniform con- 
vergence of a sequence presupposes that the limiting function 
of the sequence is known. Before we proceed to discuss the 
properties of uniformly convergent sequences, it is desirable to 
express the condition for uniform convergence in a form which 
does not involve the actual determination of the limiting func- 
tion. This is provided by the following principle of uniform 
convergence, analogous to the principle of eonvergenee for 
sequences of numbers The necessary and sufficient condition for 
the uniform convergence of the sequence of functions s^fz), Si(z), 
Sj(2) . tn the bounded closed region D ts that, corresponding to 
any positii'e number e, there should exist an integer m{e), depending 
on c aUme, such that the inequality 

holds at each jmnt z of D for every positive integer p 
In the first place, the condition is necessary. For if the 
sequence converges uniformly to s(2), we have, in the notation 

of §5-1, |5(3)-s„(2)|< le 

at each point 2 of D provided that n ^ il/(Ie). Hence, if 
m = M[y) and p is any positive integer, 

l«m+7.(2)-«m(2)l = l(«(2)-»m(-)}-{«(z)-«m+7,(=)}l 

< K*)-«m(2)l+!s(z)-«m+l.(2)l 

< € 

at each point z of D. 

The condition is also sufficient For if it is satisfied, the 
sequence converges, in virtue of the principle of convergence, to 
a hmiting function s(z). If we make p tend to infinity in the 
inequdity < .. 

we find that |a(2)— a„(2)l < e. 

But since l«n(z)— am(z)l < c at each point of D provided that 



04 


CNIFOBM CONVERGEXCE 
n >m, this inequality gives 

< I + l«m(2)-«n(*) 1 

< 2e, 

when n > m. Hence the sequence converges uniformly to s{z). 

5.12. Uniformly convergent sequences of continuous 
functions 

At first sight we should expect that the limiting function of 
a convergent sequence of continuous functions would itself be 
continuous This is, however, not the case. For example, the 
sequence of functions 1, z*, z®,. . converges at each point 

within and on the elhpse = 1, yet the limiting function 

of the sequence has the value 1 at the points z — ±^1, but is 
zero at every other point within or on the elhpse. It can, how- 
ever, be proved that if Sq(z), Si(z), S 2 {z), . is a convergent sequence 
of functions, each continuous %n a hounded closed region D, a 
sufficient condition for the continuity in D of the limiting function 
s{z) of the sequence is that the convergence be uniform. 

For if the sequence is uniformly convergent, then, given any 
positive number «, we can find an integer M, depending on e 
alone, such that the inequality 

|«(z)-s„{z)| < c 

holds at each point z of D, provided only that n'^t M Hence, 
if Zi and z^ are any two points of D, 

I«(Zl)-a(Z2)l= i{«(2i)-«j,(Zi)}-f{«„(Zi)-«3^(Z2)}-f(s„(Zij)-«(Z2)}i 

^ I + I + —* 1 /( 22 ) 1 

< 2c-f- \9ja(Zj)—Si,f(z^\. 

But %(z) IS a continuous function, and so is also uniformly 
continuous. We can therefore find a positive number 8, de- 
pending only on e, such that the inequality 

\^m(z)—Sm{z')\ < e 

holds for each pair of points z, z' of D for which Jz— z'| < 8. 
Hence, if Izj— Zgl < 8, we have 

l«(zi)-«(zg)! < 3e; 
this proves the theorem. 
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From this we shall deduce that if So(z), a^{z),. . is a 
sequence of coniinuoua functions which converges uniformly to 8(z) 
in a bounded closed region D, and if L is a contour lying in 

D, then ^ /• 

lim «„(z) dz = I 8{z) dz. 

n-*-<o j j 


The function 8(z) has been shown to be continuous in D and 
so is certainly integrable along L Now, given any positive num- 
ber e, we can, by hypothesis, find an integer M, depending on e 
alone, such that, when n M, the inequality |«(z)— «„{z)| < c 
holds everywhere in D and, in particular, on L. Hence, if i be 
the length of L, we have 


I J a(2) dz- j a„(z) I f {s(z)-»„(z)} dz\ < el 

L L h 

Since, however, e can be as small as we please, this shows that 
hm j s„(s) dz = f s(z) dz 

n i f 


5.13. Uniformly convergent sequences of analytic func- 
tions 

Let us suppose that the sequence of functions So(z), «i(2), s^iz),. . 
converges uniformly to s[z) in every closed region D within a closed 
contour C, and that each member of the sequence is an analytic 
function regular unthin C Then s( 2 ) is also regular within C ..id 
the sequence a,i(s) converges uniformly to s'{z) in D. 

We know that the limiting function s(z) is continuous within 
C, we shall prove that it is also regular there by means of 
Morera’s theorem (§ 4 4) 

Let L be any contour, not necessarily closed, lying entirely 
within C. Since each member of the sequence is a regular 
analytic function, J s„{z) dz depends only on the affixes of the 

L 

end-points of L.'>^ 

But since L lies within C, it lies in a closed domain in which 
the sequence of functions converges uniformly, and so 

hm f «„( 2 ) dz = \ s{z) dz. 
n -^00 j J 

Id 

The value of J «( 2 ) dz depends, therefore, only on the affixes of 

i 
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the end-points of L. Hence, by Morera’s theorem, «(«) is regular 

within C. 

It remains to show that converges uniformly to 8\z) in 
any closed region D within C. We construct a closed contour 
r which lies within C and yet is definitely outside D, let 8 be 
the shortest distance between F and D. Now let a be any pdint 
of Z); then, by Cauchy’s integral for the derivative of an analytic 
function, 1 ^ 

r 

But, by hypothesis, a„(z) converges uniformly to «(z) within 
and on F. Hence, when we are given any positive number c, 
we can find an integer ilf, depending on e alone, such that 
|s(z)— s„(z)| < € when z is any point withm or on F, provided 
that n'^ M. By the result of § 4 14, it follows that, when 

» > , , 

|s'(a)-s;(a)l < Jg,. 


where I is the length of F. The expression on the right-hand 
side of this inequality is independent of a, and therefore s^{z) 
converges uniformly ia Dto the limiting function a'(z). 

A repetition of the same argument shows that «^(z) converges 
uniformly in every closed region within C to a''(z), and so on 
indefinitely. 


5J2. Uniformly convergent series 

OO 

Let each term of the infimte series 2 be a one-valued 

0 

function of z, defined in a bounded closed region D. We associate 
with this senes the sequence of partial sums 8f^{z), Si(z), 

«n(2) = «o(2)+«i(*)+«2(z) + - + «»(2)- 

If this sequence is convergent m D and has the limiting function 
b[z), we say that the series converges in D and that its sum 
is «(z). If, further, s„(z) tends to its limiting function uniformly 
in D, the infinite series is said to be uniformly convergent in 
the boimded closed region D. 

CO 

If each term of the infinite series J «n(2) ^ continuous in a 

0 

bounded closed region D, and if the series converges unifomdy 
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t» D, then the avm of Ihs series s(z) is also eontimums in D. 
Moreover, if Lis any corUour in D, 

00 r 

«(z) dz = 2 «„(z) dz. 

n-o£ 

This important result is obtained immediately by applpng the 
theorems of § 5.12 to the sequence of partial sums of the infinite 
series. ^ 

Similarly, we deduce from § 6.13 that if each term of the infinite 

to 

series 2 “nl*) ^ analytic furuAion, regular within a closed con- 
0 

tour C, and if the infinite series converges uniformly in every closed 
region D within C, then the sum of the series s(z) is also an 
analytic function, regular wtthin C. Moreover, 

s'(z) = f <(z), 

0 

the latter aeries being uniformly convergent in D. This result is 
sometimes called Weierstrass’sf double-series theorem, since his 
proof of it depended on expressing each term as a power senes 
and rearranging the double series so formed. 

It should be observed that we can apply Weierstrass’s 
00 

theorem to the' series J Wn(2)> ^ obtam 
0 

«"’(z) = f <(z), 

0 

and so on indefinitely In other words, a uniformly convergent 
series of regular analytic functions can be differentiated term 
by term as often as we please. 

5.21. Weierstrass’s Jlf -test 

One of the simplest sufficient conditions for the uniform con- 
vergence of a scries is Weierstrass’s Jlf-test, which runs as 
follows. The infinite series ^ u„{z) converges uniformly and abso- 
lutely in a bounded closed region D if each term satisfies there 
an inequality |«,i(z)l where if„ is independent of z and 

2 M„ is convergent. 

t Monatsbenchte dtr Preuta. Akad. Viiaa (1880), 719-43. This paper is 
reprinted in Weieretrass’s Werke, 2, 201-30. See also Bromwich, Infinite Senes 
(1026), 266-7, or Knopp, Theory mid Application of InfinUe Senes (1928), 430-3. 
4111 „ 
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The seriee is evidently absolutely convergent in D. To prove 
that it is also uniformly convergent in D, we observe that, if 
«„(«) is the nth partial sum of the series, then 

ijiH-p I m±p 00 

t«»,+j,(*)-«m(z)l = 2 “n(*> ^ 1 l«n(*)l < 2 

Ifit+l ' m+1 m+l 

for every positive integral value of p. Now 2 is convergent, 
hence, given any positive number e, we can choose m so that 

I < ^. 

m+l 

With this value of m, which depends only on e, we have 

where z denotes any point of D and p is any positive integer. 
The required result now follows by the principle of uniform 
convergence. 

OD 

Example 1. The radius of convergence of the power series 

0 

IS R Show that the senes converges uniformly and absolutely when 
|z| < R', provided that R' < R. Deduce that the sum of the '»eru‘s i"! 
an analytic function regular withm its circle of convergence. 

00 

/ Example 2 . Show that the senes Jw"' converges absolutely and 
uniformly in any bounded closed region m which Rlz > 1. 

5.22. Hardy’s tests for uniform convergence 
The two tests in this section are generalizations of those of 
§ 2.43. They are consequences of the following lemma. 

If, in a hounded closed region D, the function A„{z)v,fz) tends 
uniformly to a finUe hmit as n-*-oo, then if one of the series 

^o(*K(z)+ I {-4„(z)-4„_i(z)}t;„(z), I ^„{z)K(z)-w„+i(2)} 
converges uniformly in D, so also does the othe+. 

The lemma may be proved as in § 2.43. 

The series 2 On(*)*’n(2) uniformly convergent in a bounded 
closed region D, if in the region D 

(i) the series 2 On(*) ^ uniformly bounded partial sums, 

(ii) the series 2 l»n(*)~®n+i(*)l ^ uniformly convergent, and 

(iii) v^{z) tends to zero uniformly as n-+co. 
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If A^(z) «= Oo(*)+ai{2)-h...+o„{2), 

condition (i) means that there is a constant K such that 
l'4n(*) I < for all » and all z in D. Since |y4„(z)t;„(z) ] < K l«„(z) |, 
it follows by (iii) that ^„(z)v„(z) tends to zero uniformly as m ->■ cx>. 
Hence, by the lemma, 2 a„(z)®„{z) converges uniformly in 27 if 
2^n(2){t'„(2)-W„+l(2)} does. 

Now condition (ii) implies that, given any positive number e, 
wc can find an integer N depending only on e such that 

AT+l A 

for any positive integer p and for all z in D. Hence 

lA^+p I N +P 

I ^n(2){««(2)-««+l(2)) < Z l^«(2)M«„(2)-®n+l(2)l 

IaT+I I AT + l 

< K j|j»n(2)-««+l{2)l < £. 

Hence 2 AJz){v„(z)- ®„+j( 2 )) converges uniformly in D, and the 
result follows. 

The series 2 o«(2)®„(2) is uniformly convergent in a hounded 
closed region D if in the region D 

(i) the senes 2 ®h(2) converges uniformly, 

(ii) the senes 2 |Vn{2)— w„+i(2) 1 is convergent and has a bounded 
sum, 

(lii) Vg(z) is bounded. 

If A„(z) = o„+i(z)+a„+ 2 (z)+o„+ 3 (z)+..., 

then, by condition (i), A„{z) tends to zero uniformly as to -> oo. 
Also ®„(z) is bounded in D, for 

l««(z)l = |wo(2)- |Vr(z)-«r+l(2)} I 

< l«o(2)l+ f l»r(z)-W,+l(z)l < K, 

0 

where K is a finite constant by (ii) and (iii). Since 

l^«(2)w«(z)| < K\AJ^z)\, 
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il„(z)v^(z) tends to zero uniformly in i> as n -> oo. Hence 

ao( 2 K( 2 )+ a„(2)»„(a) = ao(z)Vo{z)- | {AJz)-A^_i(z))v„{z) 

converges uniformly in D if 2 ■4n(2){*’n(*)“<'*+i(*)} does. 

Since A^iz) tends to zero uniformly, given any positive num* 
ber e, we can find an integer N, depending only on c, such that 
|j4„(2)| < e/K for all n > iV and for all z in D. Therefore 

CD 

< J 2 l*'n(2)-»n+l(*)l < e 

0 

for all 2 in i) and for every positive integer p. Hence 
1 ^n(2){*'«(2)-t'»+l(2)} 
converges uniformly in D, as required. 

00 

Example 1. The pow<'r scnos whose radius of convergence 

0 

is unity, converges at the point z = 1 Show that the senes converges 
uniformly in the domam |1— z| < cosS, |ajrg(l— z)| < 8, if 0 < 8 < Jw. 
Deduce that « «, 

2 a^z* -► 2 »n 
0 0 

as z -> 1 along any path within the circle of convergence which does 
not touch that circle 

We apply the second test of § 6 22, with a„(z) = o„, v„(e) = z*. Since 
2 a, IS convergent and a„ does not depend on z, the first condition is 
satisfied The third condition is also satisfied smee Vq{z) — 1. 

When |z| < 1, we have 

2 iv„(z)-«»+i(2)i = 11 -*i 2 i*r = 

Now the region defined by the inequalities |1 — z| < cos 8, |arg(l-z)[ <8, 
IS a sector of the circle with centre at z — 1 and radius cos 8. If 
0 < 8 < iw, each pomt of the sector, save z = 1, lies within the circle 
of convergence of the given power senes. In this sector we have 
1— z = pe’*, where 0 < p < cosS and —8 ^ ^ < 8. Hence 
(z[* = I — 2pcos^+p* ^ 1 — 2pco88+p* 

< 1 — 2pcos8+pcos8 < 1— pcos8 + Jp*co8*8, 
and so |z| ^ 1— }pcosS. 

It follows, thcn*fore, that at each pomt of the sector, save z = 1, 

1 = SsecS. 
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This inequality is also satisfied at z = 1, since eaoh term of the series 
2 |Vs(z)— ViM.i(z)i vanishes there. The second condition of the test is 
thus also satisfied, and the proof of the first part of the problem is 
completed. 

By § 5 12, the sum of the senes ^ a„z" is continuous m the sector 
under consideration. Hence 

as z ->■ 1 along any path in the sector. This conclusion also holds when 
z 1 along any path withm |z| = 1 which does not touch the circle of 
convergence; for, by choosing S sufficiently near to Jw, we can ensure 
that such a path lies m the given sector. 

Example 2. Give an example to show that if the power scries 
2 OnZ” has a fimte non-zero radius of convergence, and if the sum of the 
senes tends to a finite limit as z Zg on the circle of convergence along 
a path which does not touch that circle, it is not necessarily the case 
that 2 a„z 5 convcrges.t 

Example 3. Riemann’s Zeta-fimction is defined by the equation 
00 

C(z) = 2 when Biz > 1. Show that the analytical continuation of 

this function mto the region where R1 z > 0 is given by 
(l-2‘-‘)(;(z) = l-*-2-*-t-3-»-4-* + .... 

Hence show that the only singulanty of {(z) in the right-hand half of 
the z-plane is a simple pole of residue 1 at the point z = 1. 

Wo have scon (§6 21, Ex. 2) that the senes definuig ^(z) converges 
uniformly and absolutely in any bounded closed region to the right of 
the Ime Biz = 1. Hence, by § 6 13, {(z) is an analytic function, regular 
when Biz > 1. Now, when Biz > 1, 

(l-2»“*){(z) = f n-*(l-2»-*) = f n-*-2 f (2n)-» 

1 11 

= l-*-2-*-f3-*-..., 

the reordering of the terms of the series bemg valid by absolute con- 
vergence. We now show that the latter senes converges uniformly in 
any bounded closed region D m which Rlz > 5, provided that S is 
positive. We use the first test of § 6.22, with 

On(*) = (-1)". »»(2) = (n-f 1)-*. 

The partial sums of 2 alternately 1 and 0, so that condition 

(i) IS satisfied. Condition (iii) is also satisfied, for 

M*)| = (n-fl)-®'* < (n+l)-*, 
and so v„(z) certainly tends to zero uniformly in D 

t For an account of the conditions under which tho converse of Abel's 
theorem is true, see, for example, Landau, Daratettuiig and BegrUtuiung etmger 
tusuerer JErgebntsse <fer Furtktionentheorie (Berlm, 1929), 62-67. 
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To show that condition (u) also holds, we use the formula 

n+S 

vn(z)-v,+i(z) = (n+l)--(n+2)- = z f /-*-*<*. 

n-J-l 

This gives n+a n+a 

|««(2)-Vn+i(*)l < 1*1 f < 1*1 f |8| (n+ !)-«->. 

«+l n+l 

Since z IS bounded in Z), it follows by Weierstrass's Jl/-test that 
2 converges uniformly. 

We have thus shown that the series 


y(z) = l-*-2~'+3-'-4-*+... 

converges uniformly m any boimded closed region m which Rlz > 0. 
Hence ti{z) is an analytic function, regular when Rlz > 0. But when 
Rlz > 1, we have _ (l-2>-*)£(z) 

Accordmgly this equation provides the analytical continuation of ((z) 
into the region 0 < Rlz < 1. 

Now the function 1 — 2'“* has simple zeros at the points given by 
(1— z)log2 = 2p7«, 

where p is any integer or zero. The equation l(z) == »j(z)/( 1 — 2*”* ) shows 
that a pomt of this set is a simple polo of J(z), provided that tj(z) does 
not vanish there, and also shows that ^(z) has no other singularities in 
the right-hand half of the z-plane 

The point z — 1 ts a simple pole of {(z), since i?( 1 ) — log 2 The 
residue there IS (z~l)r,(z) n(l) , 

e -1 l-2»-* log 2 

But no other zero of 1 — 2*“* is a pole of f(z) To show this, we use the 
7,,{z) = (l-3*-*)5(z), 

where tji(z) - l-*+2-*-2 3-*+4-»-f 6-*-2 , 

which the realor will easily prove. The function 7j|(z) is I'vidently an 
analytic function, regular when Rlz > 0 Henco the poles of J(z) in the 
right-hand half of the z-plane are the points of the set 


(1— z)log3 - 2qni, 

where g is any integer or zero, at which rjiiz) does not vanish 

If 5(z) possessed a pole othi>r than z = 1 in the right-hand half of the 
z-plane, there would be integers p and q such that log 3/log 2 pjq, 
which la impossible Hence f(z) has only one pole in Rl z ^ 0 


5.3. Infinite products 
The symbol 

(14-0i)(l+02)(l-|-®8)'"(l“l"®n)—> 
which involves the multiplication of an infinite number of com- 
plex numbers, has, in itself, no meaning. In order to assign 
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a meaning to the value of such an infinite product, we form the 
sequence of partial products Pi, P 2 > where 

i»»=n(l+®r)- 

T-l 

If Pn tends to a finite non-zero limit p as » tends to infinity, 
we say that the infimte product is convergent, and we write 

r— 1 

If, however, tends to zero or does not tend to any finite 
hmit, we say that the infinite product is divergent. 

In order that tlic infinite product may converge it is neces- 
sary that no factor should vamsh; for if = 0, thenp„ = 0 
when n'^m. We shall suppose this condition is always satis- 
fied. It is also necessary! that a„ 0 as » -> oo, since 

Pn = 

We shall now show that the necessary and sufficient condition 
for the convergence of the infinite product JJ (l-|-®n) “ con- 
vergence of the senes ^ log(l-|-fl„), where each logarithm has its 
principal value 

n 

Let us write «„ = 2 log(l+®r)- 

r-1 

We then have j)„ = exp(«„). But since the exponential function 
is continuous, s„ -> s implies that ->■ c*. This proves the 
Bufiicicncy of the condition. 

Now s„ = ]ogp„+2q„7ri, 

where is an integer Since the principal value of the logarithm 
of a product is not necc^sarlly the sum of the principal values 
of the logarithms of its factors, g„ is not necessarily zero. W'^e 
show that q„ is, however, constant for all sufficiently large values 
of n; from this the necessity of the given condition will follow 
immediately 

Let us write a„ and J3^ for the principal values of the ai;gu- 
ments of l-fa„ and p„ respectively. If the infinite product is 
convergent, a„ -> 0 and -> say, as n oo. The integer 
IS then given by 

“i+“2+“ +«» = ^«+2g„7r. 

t The example of the infinite product JJ (l-f 1/n), for which = (n-f 1), 
shows that this condition is not sufficient. 
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Hence we have 
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2(?„+i— = <»n+l—{Pn+l—Pn) <> 

as n 00 . But since is an integer, this implies that — g, 
for all sufficiently large values of n. 

Therefore, if tends to the finite non-zero limit p as n -»■ oo, 
itfoUowsthat s^^\ogp-{-2q^, 

and so the condition is also necessary. 


5.31. Absolutely convergent infinite products 

The infinite product JJ (l-{-o„) is said to be absolutely con- 
vergent if the series “ absolutely conveigent. 

Evidently an absolutely convergent infinite product is con- 
vergent and its value is not altered when its factors are de- 
ranged. The necessary and suffictent condition for the abadvie 
convergence of the infinite product (l-|-o„) is the absolute con- 
vergence of the senes J 

For smce o„ 0 as « -> cao, we can find an integer N such 
that |o„ I < ^ when n ^ N, Hence we have, when n"^ N, 

1 log(l +oJ 

Q. 

and so i|o„| ^ llog(l-t-aJ| < ilo„|. 

This shows that the senes ^ log(l-l-o„) converges absolutely if 
and only if the series ^ |a„( is convergent, and the required 
result follows at once. 



5.32. Uniformly convergent infinite products 

Let «i(z), uf(z), u^(z), . be a sequence of one-valued functions, 
defined in a bounded closed region D, such that the infinite 
product converges at each point of D If the 

sequence of partial products 

/«(2) =n{l+«r(2)} 

r-l 

converges uniformly in D, we say that the infinite product con- 
verges uniformly m D 

The simplest test for the uniform convergence of an infinite 
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product is the Jlf-test, which states that the infinite product 
JJ {l-)-u„(z)} converges uniformly and absdlvtdy in the bounded 
dosed region D if each function «„(«) satisfies there an inequality 
l“n(*)l ^ -^71 > “udme Mn “ independent of z and ^ is con- 
vergent. 

The absolute convergence of this product is a consequence 
of§5 31. 

n 

Let us write ^’n=n(l+^r) Then since 2 if, is convergent, 

tends to a finite limit as n -> co. 

Now when n > m, we have 

\fniz)-fjz)\ = |/Jz)|.|na+«,{2)}-l|. 

ft 

But if we multiply out XT { 1 +«,(z)} — 1 , we obtain an expression 

m+l 

of the form 

2«r(2)+ 2“r(aK(2)+ 2«r(zK{z)««{2) + - + 

+«m+l(2)Wm+2{2)- 

whose absolute value does not exceed 

2 -^7+ 2 2-^r-^g-^i+ +-^m+l-^m+2- ‘^n 

=n(i+^r)-i. 

»i+ 1 

Hence we have 

m / n X 

l/„(2)-/,«(2)l < IT (1+^r) IT (l+^r)-l = 

r=l 'to+ 1 ' 

But since /*„ tends to a limit, we can assign arbitrarily a 
positive number e, and then choose m so that 0 < P„— P„ < e 
when n> m. This gives 

l/«(2)-/m(2)l < e 

when n > vt and z is any point of D. Since m depends only on 
e, the sequence of functions fi{z), /*(z), fa{z),... converges uni- 
formly. The test is thus established. 

Fmally, it follows immediately from § 5.13 that if the infinite 
product XT {l+«„(z)} converges uniformly to f(z) in every closed 
region within a dosed contour C, and if each factor of the^product 
is on analytic function, regular within C, then f{z) is also regular 
vnOiin C. 
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Example. Discuss the conveigenoe of the infinite products 

<■> (‘-p)(‘-S(‘-§)-- 

1“' (■-i)(‘+i)(‘-|)(*+i)"- 

w ((,_‘)..)((i+J).-.)((i-D..»)((,+|)^») ... 

in any bounded closed region D which contains none of the points 

± 1 , ± 2 ,... . 

There exists a constant R such that jz| < 22 when z lies in D. Since 
|z*/»*l < 22*/»»* and Ryn* is convergent, the product (i) converges 
uniformly and absolutely in D, by the ilf-test. If F(z) is the value of 
the product, it is an analytic function,'!’ regular in D. 

On the other hand, the product (u) does not converge absolutely m 
D, since the senes 22(1 + 1+i+i-t- i+i+ .) is divergent. Lot us wnte 
J'„(z),/„(z) for the nth partial products of (i) and (ii) respectively. Then 
we have , . 

and so the sequences /j(z), /j(z), Mz),. . and /,(z), /,(z),... both 

converge uniformly to F(z), Hence the infinite product (ii) converges 
uniformly in D to F(z). 

To discuss the third product we write 

== 1 -“«(*). 


where 


Then 


2 ^’©' 

!«»(*)! <2(^-2)'© = < Kf)*- 


when n > 22. Similarly we have 

(l + £)«-*/» = l-v„(z). 


where \vj,z)\ < e(Rln)* when z is any point of D and n > R. The 
Jlf-test shows that the product (lu) converges uniformly and absolutely 
in D. 

Finally, since the partial product of (iii) of order 2n is equal to F„(z), 
the third product also converges to F{z). 


SA. Functions depending on a parameter 
Let /(*,«) be a one- valued function of the two complex 
vanablea z and a, defined when z lies in a bounded closed 

t It 18 well known that F(t) = sm nzl(itz). See § 6.83, Ex. 
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region D and a. lies in the circle |a— Ogl < p. If f(z,a) tends 
to a finite limit as a->-ag when z is any point of D, the 
limiting function J'(z) has a definite finite value at each point 
oiD. 

Let us suppose that this is the case. Then, given any positive 
number e, we can find a positive number S(e,z), depending on 
e and on z, such that lf(z,cx)—F(z)] < e when !«— oq! < 8. 

We choose 8 as large as possible.f Then S(e, z) is a one-valued 
positive function of z defined everywhere in D. If there exists 
a positive number A(e), independent of z, such that S(e, z) ^ A(e) 
at each point z of D, we say that /(z, a) tends uniformly in D to 
the limiting function F{z) as a 

By the appropriate modification of the analysis of § 5.12, we 
can show that tff{z, a) is a continuous function of z in the bounded 
closed region D for each value of a in !«— OqI < p, and if 
f(z, a.) -*■ F(z) uniformly as ol-*-(Xo, then F[z) is continuous in D. 
Moreover, if L is any contour lying in D, 



Again, by an argument similar to that of § 6 13, we find that 
if, for every value of a in |«— ool < p, the function f{z,a) is an 
analytic function of z, regular within a closed contour C, and if 
f(z, a) ->■ F{z) uniformly in every closed region D within C, then 
F(z) is regular within C and 

^J^^F'(z) 

dz ' 

uniformly in D. 

5.5. Analytic functions defined by definite integrals 

Let F(z, t) be a one-valued function of the complex variable 
z = x+iy and tlie real variable t defined when z lies withm 
a closed contour C and a ^t^b. Let us wnte 

F{z,t) = f>{x,y,t)+ii/i{x,y,t), 

where and ft are real functions of the three real variables 

t Tho existence of a largest 8 is readily proved by meana of Dedekmd’s 
section of the real numbers. 
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z, y, t. If if) and tji are continuous functions of position in the 
corresponding region of the three-dimensional space in which 
{x, y, t) are rectangular cartesian coordinates, we say that F(z, t) 
is a continuous function of both variables z and t. 

We shall now show that if F{z, t) is a continvoua function p/ 
both vanablea when z lies wxthxn a closed contour C and a ^t ^ b, 
and if, for each svxih value of t, F{z, t) is an analytic function, 
regular within C, the function 

f{z) = jF(z.t)dt 

a 

is also regular within C and its derivatives of all orders may be 
found by differentiating under the sign of integration. 

To prove this, we divide the range of integration into n equal 
parts by points 

<1 = Iq <C ^ <C . <C. 1 In ~ ^ 

and consider the behaviour of 

as n 00. Since F(z, t) is a continuous function of t, 

b 

J F{z,t) dt = f(z) 

a 

as » -> 00, for each value of z under consideration 

We now show that /„(z) tends to its limiting function f(z) 
uniformly in every closed region D within C. Since F(z,t) is 
a continuous function of both variables when z lies in D and 
a ^ 1 ^ it IS uniformly continuous there. Hence, given any 
positive number e, we can find an integer m, depending only 
on e, such that the inequality 

lJ’{z,0-i’(z.t')| < e 

holds when z is any point of D provided that ^ {b—a)jm. 
But, since ^ 

/«(*)-/(*) = i f {F{z.t,)-F(z,t)}dt, 

r-1 / 

Cr.| 
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we have ^ 

l/«(*)-/(*)l<i f \F{z,tr)-F{z,t)\^<{b-a)e 

provided that n'^m, and so the sequence is uniformly con- 
vergent. 

By the theorem of § 5.13, it follows that f(z) is an analytic 
function, regular within C, and also that f'Jfl) -*■ f'(z) uniformly 
in Z). But since « 

/;(*) = 2 

b 

this implies that f'(z) = f (ft. 

J dz 


The derivatives of higher ordera may be discussed in the same 
manner This completes the proof of the theorem. 

Example. Show that the equation 
Sir 

r dt _ 2 it 

J 1-1-asmt ~ .^{1— *•) 

0 


holds everywhere m the s-planc, .supposed cut along the real axis from 
— 00 to — 1 and from -f- 1 to +oo, provided that the branch of 
which reduces to + 1 at the origin is taken 

The integrand is a continuou.s function of both variables, save when 
z — —cosect Now as t varies from 0 to tt, this point moves along the 
real axis from — oo to — 1 and then back to — oo; as t increases from ir 
to 27r, it moves along the real axis from -foo to -t-1 and then back to 
4-00 Tlius the integrand is a contmuous function of both variables 
when t IS real ond z lies in the cut z-plane, moreover, for each such value 
of <, it 18 an analytic fimction whoso only singularity is a pole lying on 
one or other of the cuts. Hence, by § 5 5, the value of the mtegral is 
an analytic function, regular in the cut plane. 

We can, however, show by elementary methods that, when — 1 < z < 1, 
the value of the integral is 2Tr/^(l— z*), the positive square root bemg 
taken. But the branch of 27r/^(l — z*) which is positive when — 1 < z < 1 
18 an analytic function, regular in the cut plane. 

We have thus shown that the expressions on each side of the equation 

2ir 

I* dt 271 

J 1+zsint ~ .y/(l— z*) 

0 

are regular in the same cut plane and are equal when — 1 < z < 1. By 
analytical oontmuation, this equation holds everywhere m the cut plane. 
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5-51. Functions defined by infinite Integralsf 

Let the function F{z,t) satisfy the following conditions: 

{i) U is a continuous function of both variables when z lies 
loithin the closed contour C and a ^ T, for every 
finite value of T; 

(ii) for each such value of t, it is an analytic function of z, 

regular within C; 

(iii) the integral 

f{z) = ^F(z,t)dt 

a 

is convergent when z lies within C and uniformly con- 
vergent when z lies in any closed region D within C. 
Then f{z) is an analytic function of z, regular within C, whose 
derivatives of all orders may be found by differentiating under the 
sign of integration. 

The third condition means that, as the real positive number 
T tends to infinity, y 

J F(z, t) dt 

a 

tends to /(z) when z is any point withm C and that the con- 
vergence is uniform when z hes in Z>. 

Let us consider, then, the behaviour of 




J jF’(z, t) dt 


a 


as the integer n tends to infinity. By § 5 6, /„(z) is regular within 
C and satisfies all the conditions of the theorem of § 5.13 Hence 
f[z) is regular within C, and flf(z) converges uniformly to /'(z) 
mZ>. But „ „ 


and so 




This completes the proof of the theorem. 

t It IS assumed that the reader is acquainted with the theory of the con- 
vergence of infinite integrals, as given, for example, by Hardy, Pure MtUhe- 
mattes (1946), Chap VIII. 
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5.52. Tests for the uniform convergence of integrals 

The simplest test is the analogue of Weierstrass’s if -test. Let 
F{z, 0 be a cowtinvaua function of t when z lies in a bounded 
closed region D and f^a, satisfying at each point of D the 
inequality ^ if(0> where M(t) is a positive function, 

CD 

independent of z. Then, if / M(t) dt converges, the integral 

a 

CO 

J F(z, t) dt is uniformly and ahsolutely convergent in D. 

“ T 

Since F{z, t) is a continuous function of t, J F{z, t) dt exists 

a 

for every value of T (> a) and for each point z ia D. By 

00 

hypothesis, I M{t)dt converges; given e (> 0) we can choose T, 

00 

independent of z, so that J M{t) dt < e. But if T' > T, we have 

T‘ T 00 

J F{z,t) < J J -^(0 dt < e 

T T T 

Hence j F(z, t) dt converges absolutely and uniformly in D. 

a 

The following tests for integrals which do not converge 
absolutely are frequently of service. Let u{z, t) and dv{z, t)ldt be 

continuous functions of t when z lies in a bounded closed region 

00 

D and t'^ a. Then the integral j u{z, t)v{z, t) dt ts uniformly con- 

a 

vergent in D if either of the fallowing sets of conditions is satisfied: 


J. 

I. (i) u[z,t)dt 

J 


< K, where K is independent of z and T, 


(B) J 


dt is uniformly convergent in D, and 
(iii) v{z, t) 0 as t ->• 00 uniformly with respect to z. 

CO 

II. (i) J u[z,t) dt is uniformly convergent in D, 

a 

(ii) J 


dt 


dt converges and is a bounded function of z. 


(iii) v( 2 ,a) is u bounded function of z in D. 
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The proofs of both tests depend on the following lemma. 

If, in a hounded closed region D, U(z,t)v{z,t) tends uniformly 
to a finite limit as t tends to infinity, then if one of the integrals 

J ^ 

a a 

converges uniformly in D, so also does the other. 

This follows at once from the formula for mtegration by parts 

J — 1“ J * 

a a 

= U{z,T)v{z,T)—U{z,a)v(z,a) 

by making T tend to infinity. 

For brevity, we consider only conditions II If we write 

00 

U{z,t) = f u{z,6) dd, 

{ 

then, by II (i), U{z,t) tends to zero uniformly in D as t->oo. 
Also v{z, t) is bounded in D, since 

|«j(z,01 = v(z,a)+ J de < lv( 2 ,a)|+ J 

a a 

< \v{z,a)\+ j^^^^de<K, 

a 

where K is a finite constant by II (ii) and (in). Since 
\U{z,t)v[z,t)\ < a:ii;(z,o|. 

U (z, t)v{z, t) tends to zero uniformly in D as t ->• oo. The lemma 
then shows that 
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Since U{z,t) tends to zero uniformly, given any positive 
number e, we can fi nd a number T independent of z such that 
|Z7{z,l)l < ejK for all { ^ T and all z in D. Hence if T' > T, 





\dv{z,t) 



dt < 


if 


dv{z,t) 


at 


dt <Z e 


for all z in D. Therefore 


j U(z,t)^^dt 


converges uniformly in D, as required. 


Example 1 . Show that 



when R1 z > 0, provided that the branch of Vz which is positive on the 
real axis is taken. 

Let D Ik* any boundeil closed region which contains part of the real 
axis and lies entirely to the right of the imaginary axis, so that the 
inequality Rlz > S, where 8 > 0, is satisfied at each point z of D. Now, 
if z = x+ii,. ^ g-xi* ^ 

Qb 

and / e“*’ dt is convergent. Hence, by the Af-test, the given integral 
0 

converges uniformly and absolutely in D, and its value is an analytic 
function of z, regular m D. 

When z is real and positive, we can evaluate the integral by the 
substitution z<* = which gives 




the square root being positive. Hence the expressions on each side of 
the equation ^ 


j 





0 


are analytic functions of z, regular m D, which are equal on the positive 
part of the real axis, provided that we take that branch of the square 
root which is positive when z > 0. It follows, by the principle of 
analytical contmuation, that the equation still subsists everywhere 
m D. 

4U1 


I 
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Example 2> Show that the result of Ex. 1 holds wheu Bis > 0, 

CO 

provided that s # 0. Deduce the value of J cost* dt. 

0 

00 

We prove, first of all, that, if o > 0, J e""* dt converges uniformly 

O 

when r < |s| < i2, |arg 2 | < no matter how small the positive 
number r may be. The Jlf-test is obviously inapplicable here, smce 
le"***! = 1 when His = 0. 

Now if S IS any positive number less than r, we have seen that the 
mtegral converges uniformly when Biz > S, |s| < /?. Accordmgly it 
suffices to demonstrate its uniform convergence m the two rectangles 
defined by 0 < Biz < S, p < |Imz( < R, where p = > 0. 

This we do by wntmg the integral m the form 

00 

a 

where z = a:+iy, and then applying the second test of § 5 62, with 
ti(z,t) = v{z,t) = 


Now, when 0 < * < 8, p < |y| < ii, we have 
T 


I «(*.<) 


dt 


^ (6-»vo*_e-«vr*) 


1 

P 


so that condition I(i) is satisfied. Again I(ii) also holds, for Sv/dt is ol 
constant sign and 


8v{z, t)^_ e-*!’ _ e-“* _ c-"' 

J dt ' t a a 


as T->ao, uniformly with respect to z. Finally, smce lv(3,0l < l/^ 

00 

condition I (in) is satisfied, and so J dt converges uniformly 

a 

oo 

We have thus shown that J dt converges uniformlyf whei 

0 

r < |z| < B and |argz| < in, and so represents a regular analytic 
function But in the part of this region for which Rlz > 8, the value 
of the mtegral is iylin/z). Hence, by analytical continuation, this is the 
value of the mtegral when Rlz > 0, provided that z^ 0. 

Putting z = 6®*, we have 


J exp(— 6**<*) dt = 
0 


t Actually we proved this result with a as lower linut. This, obviously, 
does not a&ect the result but considerably simplifies its proof It should be 
observed that the integral diverges when z = 0 and also when B1 z < 0. ■ 
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601(1 BO 
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00 

J dt = 

0 

00 00 

J" cost® dt= J suit* (ft = 
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MISCELLANEOUS EXAMPLES 
00 

1 Sliow that the senes 2 ze""® converges absolutely but not uni- 
0 

formly in tlio sector |3| R, |arge| < 8, where 0 < 8 < iir. Is the 
convergence uniform when r <; |z| < R, |arg 2 | <8? 

2. Prove that the sum of the senesf 


1 LLH) 


, an apalytiQ function wliose only singularities oro simple poles at the 
oints 3 — 0, i 1, ±2, .. . 

09 

3 Show that, if 2"n eon%erg<‘nt, the senes ^a„n~‘ converges 
1 

vhen Rl3 0, but is not necehsarily toniergent when Rls = 0. Prove 
Iso that th(' eonvergenee is unifonn in any bounded closed region 
’ 'r which Rls 8 where 8 >.0 

• 4. The senes 2 o«( 2 *— 2®) ( 3 *— n®) is known to converge for 
non-integial \ulue of 3. Show that it converges uniformly in any 
junded closed region. 

5. Discuss the convergence of the following in&ute products 

(0 


fl (”“" 3 - 

1 

n (n+^^■ 
1 

n((‘+,ir(-3)' 

00 

(iv) PJ (1+2®"). 


Show also that, when |3| < 1, the value of the product (iv) is 1/(1— 3 ) 

00 00 

6. If J ^(t) dt converges, show that J dt is umformly conver- 

0 0 

gent when \z\ < R, |arg3| < 8, if 0 < 8 < Jtt. 

t The accent mdicatee that the term corresponding to n = 0 is omitted. 
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00 

7. Show that J dt is uniformly and absolutely convergent in 

->CD 

any bounded closed region and that its value is Vire*’. Deduce that 

00 

J e~‘’co8 2ty = ^ntr^, 

— flO 

8. The function F(z, t) satisfies the conditions of § 6.6 save that it does 
not tend to a finite limit as t a, but 

h 6 

f Fla.t) d< = lim f F{z,t)dt (8 > 0) 

J S“*0 Y o 

a a+a 

exists. Show that if this lunit is approached uniformly when z lies m 
any bounded closed region withm C, the function 


b 

S(z) = ^ F(z,t)dt 

a 

IS an analytic function, regular withm C, whose denvatives may be 
calculated by difTcrentiation under the sign of integration. 

00 00 

9. Show thatf J<*“*cos<d<, 

0 0 

represent analytic fimctions of z which are regular when 0 < Rl* < 1 
and —1 < Rls < 1 respectively. 

10. Prove that the equation 

00 

1(2) -= J dt 

0 

defines an analytic function of z, regular when RI 2 > 0, which satisfies 
the difference equation r( 2 +l) = 2 r(z). 


1 «o 

t Consider / and / separately. 
0 1 



CHAPTER VI 

THE CALCULUS OP RESIDUES 


6.1. Cauchy’s theorem of residues 

Let f{z) be anUinuoua within and on a dosed contour G and 
regular, save for a finite number of poles, within C Then 


J f{z) dz = 2in X {sum of residues of f{z) at its poles within C). 



If we denote by z^, Zj, z„ the poles of f(z) within C, we can 
evidently draw a set of circles C^, of radius e and centre z^, 
which do not intersect and all he witliin C, provided that c is 
sufficiently small. Then /(z) is regular in the domain bounded 
externally by C and internally by the circles C,.. We can, there- 
fore, deform C continuously without crossing a singularity of 
/(z) until it consists of the circles Cy joined together by a poly- 
gon P, as shown in the figure. We then have 

dz = f f{z) dz + '^ J f(z) dz = '2 j /(«) dz, 

the integral round the polygon P vanishing since /(z) is regular 
within and on P. 

Let z, be a pole of order m, say, so that 


J/M 


/(.) = #(.)+ 2 


a. 

(z-z,)*’ 
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where ^(z) is regular within and on Cf. Then 



Now on Cf, z — z,+fe®‘ where 6 varies from 0 to 2ir. Making 
this substitution we find that 


2w 


J /(z) dz — '^ J idd — 27riOi 

= 27ri X (residue of /(z) at z,) 
From this it follows that 


J /(z) dz = 
c 


i jf{z)dz 


n 

= 1in% 2 (residue of/(z) at z,). 

r^l 

This completes the proof of Cauchy’s theorem of residues 


6.2. The number of zeros of an analytic function 

An important deduction from Cauchy’s theorem of residues 
is a formula for the number of zeros of an analytic function 
within a given closed contour. Let /(z) be regular within and 
on a closed contour C, save for poles b^, b^, , 6„, none of which 
lie on C. Moreover, let /(z) not vanish on C but have zeros 
Ui, O 2 ,..., Om within G. Then, by the theorem of residues, 


j_ rf(2) 

27n j /(z) 


dz 


is equal to the sum of the residues of/'(z)//(z) at its singularities 
withm C. 

Now the only possible smgularities of this function are the 
poles and zeros of /(z) If o is a zero of order r, we have 
/(z) = (z-o)’-^(z) 

where is regular and non-zero in a certain neighbourhood 
ofo. ItogiT.* r_ .m 

f{z) z-a'^ <f,(z) ■ 

But since ^'(z)/^(z) is regular in the neighbourhood of o, the 
function /'(z)//(z) has a simple pole of residue r at z = o. Simi- 
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larly, if 2 = 6 is a pole of order a of the function /(z), then 
/'(z)//(z) has a simple pole of residue — « at z = 6. 

If, therefore, the order of the zero at z = Oj, is and the 
order of the pole at z = is we have shown that 

c 

This result takes a particularly simple form if we agree to regard 
each zero of order r as equivalent to r simple zeros and each 
pole of order a as equivalent to a simple poles; for, with this 
convention, j » 

2in J f(z) 

V 

is equal to the excess of the number of zeros of /(z) within G 
over the number of poles there. 

If we actually carry out the mtegration, we find that this 
excess is equal to 

^[log/(3)]o = ^Jlogl/(2)l+»arg/(z)]p = ^[arg/(z)]£,, 


2 fp- 2 «p- 


since logl/(z)l returns to its original value when we go once 
round C. Hence the excess of the number of zeros over the number 
of poles of f(z) untinn C is (l/2rr) times the increase in arg/(z) as 
z goes once round C. This result is sometimes called the principle 
of the argument. 

Example 1 . If g(z) is regular within and on C and f{z) satisfies the 
conchtiuns of § 6 2, show that 


1 r f'(z\ ® ** 


Example 2. If /(z) is regular within and on C and docs not vanish 
on C, show that tho sum of the alfixes of the zeros of /(z) witliin C is 

2,71 J J(z) ’ 
c 

the affix of a multiple zero bomg repeated accordmg to its order. 


21. Rouch^’s theorem 

Rouch^t has proved that, if f(z) and g{z) are two fundUma 
regular within and on a closed contour C, on which f{z) does not 
t Journal dt I'^eoU Pol. 39 (1862), 217. 
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vanish and also \g(z)\ < |/(z)|, thtn f{z) and /(*)+fl'(z) have the 

same number of zeros within C. 

For let f{z) and f{z)+g(z) have respectively m and n zeros 
within C, multiple zeros being counted according to their order. 
Then the function . 

F(z) = 


has n zeros and m poles within C, and is regular and never 
zero on C By the principle of the argument, 2Tt(n—m) is 
equal to the increase m the argument of F{z) as z goes round C. 
But, when z is on C, we have 

Rl{F(z)}=l+Rl[^|j 





> 0 . 


Hence as z goes round C, F(z) describes a closed path entirely 
to the right of the imaginary axis, so that its argument returns 
to its origmal value; and this proves Rouch6’s theorem 
In particular, if we take 


we have 


0* f 

g(z) ■■ 

?(z) 

_ 1 

/(Z) 

1*0*1 


*m> 


ai+— + .+ 


which can be made as small as we please by taking |z| suffi- 
ciently large Hence there exists a circle |z| = on which /(z) 
does not vanish and also \g(z)\ < |/{z) |. But/(z) has one zero of 
order m within this circle, therefore, by Rouch^’s theorem, the 
polynomial a^z”'-\-a.^^z”'-^-\- . 4-0!^ precisely m zeros within 
the circle |z| = i2 for all sufficiently large values of R. If these 
zeros are z^, z^, , z^, multiple zeros being repeated according 
to their order, the function 


OoZ”»-}-giZ"»-i-f...-|-a^ 

(z-zi)(z-z2)...(z-z„,) 

is an integral function which tends to Og as |z| -> oo, and so has 
the value Og for all values of z, by Liouville’s theorem. Hence 

OoZ”*-t-OiZ”-i4-..+am = »o{*-*i)(2-Z2)-(*-2m)- 
We have thus proved the fundamental theorem of the algebra 
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of complex numbers, that a polynomial of degree m has m zeros 
and can be expressed as a product of m linear factors. 

Example 1 . Prove that a rational function takes any given value 
p times where p is the number of its poles, including the pomt at infimty, 
a pole of order s being counted a times. 

Example 2. Each function of the sequence fo{z), /i(z), is 

regular m the closed domain D bounded by a closed contour C. The 
sequence converges uniformly to /(z) in D. Show that, if f(z) does not 
vanish on C, then /(z) and the functions /„(z), for all sufficiently large 
values of n, all have the same number of zeros withm C. 

Prove also that a zero of /(z) is either a zero of /„(z) for all sufficiently 
large values of n or else is a limiting pomt of the set of zeros of the 
functions of the sequence. (HtJiiwiTZ.t) 

6.22. Inverse functions 

Let f(z) be an analytic function, regular in a neighbourhood of 
the point Zg, at which it takes the value Wg. The necessary and 
sufficient condition that the equation f{z) = w should have a unique 
solution z = F{w), regular in a neighbourhood of w^, is that f'{Zg) 
should not vanish 

The condition is obviously necessary. For if F{w) were regular 
in a neighbourhood of u*g, F'{wq) would be fimte, since, however, 
F'(it’g) = l//'(2o). /'(zq) cannot be zero. 

The proof of the sufficiency of the condition is much more 
difficult; the one given below is due to Landau J We shall sup- 
pose that Zg and Wg are both zero, for, if they were not, we co\ild 
make the transformation z' = z — Zg, w' = w—Wg. By hypo- 
thesis, /(z) IS regular when |z| < iZ, and so can be expressed 
there as a convergent Taylor series 

f(z) = a^z-\-a^z--]r..., 
where l/'(0)| = |oi| = a > 0. 

Now if Zj and Zj are any two points of the region |z| < \R 
where A < 1, we have 

= ki+ 

Zi — 22 I 2 I 

^ a— 2 n|o„!A"“^i2"~^. 

2 

t Math. AtmaUn, 33 (1889), 240-66. 

i Berlin Sitzung^enehte (1004), 1118-33; (1026), 407-74. Math. Zeitaehnfi, 
30 (1020), 610-17. 
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Hence if A is so small that 


»la„|A“-*ii’‘-i < a, 

the equation w =f{z) can have at most one root in [si < A5. 
Moreover, if such a root exists, it is not a multiple root; for 

|/'(2)| = jai+ 2 > o— J; > 0. 

I 2 2 

But, by hypothesis, j{z) is regular in [z] < and so satisfies 
there an mequahty \f(z)\ < M, where ilf is a fimte constant 
Hence, by Cauchy’s inequalities, we have 

a < M/R, lo„l < M/B^, 

and therefore 


2 


00 



B “ 


3fA(2-A) 

i?(l-A)^ 


2MA 

^ J?(l-A)^' 


If we now take A = ^RajM, so that A ^ J, we easily find that 


2 »la„lA'*~^i?"~^ < 8a/9. 

2 

Hence the equation w = /(z) has at most one simple root in the 
region \z\ < IRra/M. 

This, of course, imphes that /(z) has but one zero when 
|z| ^ ^IPajM, namely the known simple zero at the origin We 
deduce from this, by the aid of Rouche’s theorem, that f(z)—w 
has precisely one simple zero in the same region, provided that 
w IS not too large. 

Now when |zl = \R?alM, we have 


|/(2)1 ^ |OiZ|- 2 Kz"! 

2 

> a\z\—M'^ lz/-B|” 

4M ^ \iMj 
Wl M 

4ilfl 4Jlf-i2a/ ^ 4J1/ ^ m' 


by making use of the fact that Ra < M. We now see, by using 
Bouche’s theorem, tliat/(z ) — w has just as many zeros aa f{z) 
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in the region \z\ < provided that In 

other words, it has precisely one simple zero there; let us denote 
this zero by F{w). 

Fmally, by § 6.2, Ex. 2, we can obtain an explicit formula 
for F(w), namely 


F{w) = ^ f dz, 

2»rt J f(z)—w 


c 


where C denotes the circle \z\ = ^B^ajM On the contour C, 


z = iiPoe*VJf, 

where t varies from 0 to 2n-, and so the integrand is a continuous 
function of t and w. Hence, by § 5.5, F{w) is an analytic func- 
tion of w, regular when \w\ < \B?d?jM. This completes the 
proof of the sufficiency of the condition 

It should be observed that we have not proved that 
is the radius of convergence of the Taylor series for F{w) in 
powers of w All we know is that the radius of convergence is 
not less than 

Example. The function f(z) is regular in a neighbourhood of the 
point 2 g, at which it takes the value Wg Show that, if the first p— 1 
derivatives o£f(z) vanish at Zg, the equation /(z) = to has a solution 


z— Zg = 2 
1 

where the series of powers of converges in a neighbourhood 

of Wg. Deduce that z is a p -valued function of w, having a branch -point 

at Wg. 


6.23. Lagrange’s formula for the reversion of series 

We have just seen that, if 

/(«) = Wo-\-ai(z—z^)+a^{z—Zaf+ .. {a^ ^ 0 ) 

is regular near Zq, there is a uiuque function 

E(u)) = Zo+6i(w— Wo)+^2(w— w^o)®+ ■ . 
regular near Wo> ^uch that z = J^(w) is the solution of the equa- 
tion w = /(z). It is possible to obtain the coefficients 6„ by 

00 

substituting in the equation w—Wq — ^ o„(z— Zo)" the power 

1 

series for z—Zq, and equating coefficients. A more elegant 
method can, however, be obtained by means of Cauchy's 
theorem, as we shall now show. 
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In the notation of § 6.22, we have 

F(w) = — f dz, 

27 n] f(z)-w‘' 

c 

where C is the circle |2— «o| = From this it follows, 

by integration by parts, that 

J ITw-^’ * " ~ * 

c c 

27rt J f(z)—w’ 

c 

and so 

c * 

We have, however, shown that 

\f(z)—Wo\ > ^R^a^jM 
when z lies on the contour C. Hence if 

\w-Wo\ < iXR^ayM, 

where 0 < A < 1, the infinite series under the sign of integra- 
tion in the formula for F'{w) converges uniformly with respect 
to z and so can be integrated term by term. This gives 


F'{w) = 2 »6„(w— Wo)""^ 


n«i 


where 


, _ 1 f dz 

” ” “ 2 vi J {f(z)-w,r- 


Since f(z)— Wo has a simple zero at Zg and vanishes nowhere 
else withm or on C, the coefficient »6„ is evidently the residue 
of {/(z)— Wo}-" at the point Zq. A simple method of finding 
is to proceed as follows. If we write 

^(z) is regular within and on C, and therefore 

_ I f «»))’ _ 1 r<*-‘ 
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If we substitute this value of 6„ in the series for F'(w\ we 
find that if f(z) ia regular in a neighbourhood of Zg and iffizg) — Wq, 
f\z^ ^ 0, thm the equation 

f(z) = w 

has a unique solution, regular in a neighbourhood of Wg, of the form 


z = 


where 


ll»l *“ 

f{z)-Wo = (2— 2o)/^(2). 


This is Lagrange’s formulat for the reversion of a power 
series. It is a particular case of the following more general 
expansion 

= «^.)+ 2 . 

n=l •- -‘•-e, 

which is also due to Lagrange. The proof of this is left to the 
reader. 


6.3. The evaluation of definite integrals 

The rest of this chapter is devoted to one of the first applica- 
tions which Cauchy made of his residue theorem — the evalua- 
tion of definite integrals. The method to be adopted in any 
particular case should be clear after a consideration of the 
typical examples discussed below 

It should, however, be observed that a definite integral which 
can be evaluated by Cauchy’s method of residues can always 
be evaluated by other means, though generally not so simply. 
On the other hand, quite simple definite integrals exist which 
cannot be evaluated by Cauchy’s method 

We discuss here three main types of definite integral, namely 

8ir * 00 

/(eos 6, sin 6) dd, J f{x) dx, J x“-^f{x) dx. 

0 — OD 0 

We also show how the values of certain integrals, usually deter- 
mined by a complex change of variable, can be easily found by 
means of Cauchy’s theorem. 

t Mimoiret de I'Acad. Roy dot Sci, {Berhn) 24 (1768), 261. 
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8ff 

6.4. The evaluation of J f{ooaB, sind) dO 

0 

If /(cos 8, sin 0) is a rational function of the two variables cos 8 
and sin 8 which is finite on the range of integration, we make 
the transformation z = The integral becomes 

J ?(z) dz, 

c 

where g(z) is a rational function of z, finite on the circle C 
whose equation 18 1*1 = 1. The labour of evaluating the residues 
of g{z) may often be considerably lightened by preliminary 
manipulation of the integral, before introducmg the complex 
variable z. „ 

Example 1. Evaluate J" where a is positive. 

0 

If wo denote the required value of the integral by I, we know that 

2w 

_ 1 f 

“ 2 J o*+8in*0’ 

0 

Since the integrand is periodic, of period ir Wo may now evaluate the 
integral by the method of contour mtegration by making the substitu- 
tion 2 — c** This, however, leads to an integrand containing a poly- 
nomial of degree 4 m the denommator, so that the -vtork would be rather 
laborious. 

A simpler method is to write 


TT 

. ^ r ad^ _ I* 

J o»+smV ■“ J 


2ad<j> 


l-t-2a*— cos2^ 


Zir 

f add 

J l+2o»- 


cosB’ 


and then to put z = e**. In this way we find that 




2ai 


■22(l-t-2o*)+l 


dz. 


where C denotes the circle jz] = 1. 

The mtegrand has simple poles at the points l + 2o^+2aV(l-fo*) and 
(l-)-2a*)— 2o^(l-f o*). If we take the positive square root, the former 
pomt lies outside C, the latter within C, moreover, the residue at the 
pole withm £7 is ^ 

2»V(l+of)* 

From this it follows, by Cauchy’s theorem of residues, that 


I = ir/V(l+«*). 
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Jixample 2 , Evaluate J e«**coB(n9— sintf) dO, where n is a positive 
0 

integer. 

Consider 2 ir 

J = J e<”B*{cos(n0— Bind)— isin(n0— 8in0)}dd 
0 

2v 

— J e«««4{8lnfl-n8t(2g 

0 


= I J* e‘2“"^‘ d2. 

C 

The origin is a pole of order n + 1 of the function and the residue 

there is 1/n' Since the integrand heis no other singularity, I = 27TjnK 
Equating real and imaginary parts, we have 


J e““*cos(n5— 8m9)d0 = 
0 


2jr 

J e<^^sm{nd— Sind) dO = 0. 


CO 

6.5. The evaluation of J /(x) dx 

— 00 


If the function f{z) is regular m the half-plane Imz > 0 save 
possibly for certain poles which do not he on the real axis, we 
can evaluate „ 


J /{*) 


by considering the integral of f(z) round a closed contour, con- 
sisting of the real axis from —RioR and a semicircle in the 
upper half of the z-plane on this segment as diameter, provided 
that the integral round the semicircle tends to a hmit as i2 ->■ oo. 

The simplest case occurs when the integrand is 0(lz|-*) 
for large values of jz]. Since the length of the semicircular 
part of the contour is nR, the integral along it is when 

R is large, and this will certainly tend to zero as i2 -> oo, pro- 
vided that i > 1. When, however, the integrand is not of the 
order of \z\-^, where ft > 1, a more delicate type of argument 
is needed to determine the limit of the integral round the semi- 
oirole. 
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It will be observed that this method gives 


If 


Si 

lim j f(x)dx. 

R^ao 
00 

J f{x)dx 


exists in the ordinary sense.f it is necessarily equal to this limit. 
It may, however, happen that the limit exists, even though the 

integral does not. In this case we call the limit the Cauchy 

00 

principal value of J f{x) dx, and write 


R 00 



Fmally, it should be noticed that there is no special merit m 
a semicircle. All we need is a curve joining the pomts 
which tends to the point at infinity as iJ -> oo. For some pur- 
poses, the rectangle with vertices is more con- 

venient. 


Example 1. 


Evaluate 


f 


x^—x+2 


dx. 


— 00 


We consider 


J = 


r z*-_z+2 
j z*+l0z* + 9 


dz. 


where F is the contour consisting of the real axis from — JB to jB and 
the semicircle m the uppier half-plane on this segment as diameter. The 
integrand has simple poles at the pomts ±St, when it > 3, the poles 
» and 3t, which have residues — (l-f»)/16 and (3— 7i)/48 respectively, 
he within F. Hence, by Cauchy’s theorem of residues, 

I = 671/12. 


t The integral exists m the ordinary sense when 

J /(*) dx, J /(*) dx 

0 — ® 

converge separately ; that is, when 

s 

J 

-R 

tends to a limit as B and S tend to infinity mdependently. 
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Now, when \t\ is large, the integrand is 0{ |s|~*); we should, therefore, 
expect that the mtegral round the semicircle would be 0(1/ R) when B 
is large, and so would tend to zero as ->■ oo. To put this argument in 
a rigorous form, we write z = Refi* when z lies on the semicircle, to obtam 

R 

•-ar +2 


where 


~R 

It 

=/ 


rdx +, 7 , 


**+ 10 a :*+9 


%dB. 


Bemembermg the important rnequalityf 

1 


a—b 


io{-l6l 


we fold that the modulus of the mtegrand does not exceed 


when i? > 3. Hence 


\J\< 


(R*-1)(R»-B) 

7r(ie»+B»+2i?) 


(R*-l)(R»-9)’ 


so that J -> 0 as jB -*■ 00 
We have thus proved that 
B 


hm r ~ 

ii-*-® J * ■ 

-B 


■^—x+2 5n 

4-10x*+9‘“ “ 12 


But, since the mtegrand behaves like 1/x* for large values of x, 

x^—x+2 




:dx 


x*+l0x*+9 

> 

exists m the ordmary sense and has, therefore, the value 5n-/12. 


Example 2. Evaluate 


Let us consider 


C cos X - 
•00 

J 


where o > 0. 


dz 


taken round the contour of Ex. 1. When R > a, there is only one pole 
of the mtegrand within F, namely a simple pole at ai of residue 
6-»/(2 oi): hence j ^ 


4111 


t See § 1 . 32 . 
K 
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Now, when z = x+iy and y > 0, we have 

|efa| = = e-» < 1. 

BO that is bounded m the upper half-plane. We should, therefore, 
expect that the integral round the curved part of F would be 0(1 /jB), 
when R is large, and so would tend to zero as oo. To prove this, 
we write z = Be^ when z lies on the semicircle to obtam 

-R 


where J 

From this it follows that 

\J\< 


It 

= J 


eiSoosS— JisInS 


ir 

J 




so that J 0 as if -»• 00 . 

We have thus proved that the mtegral 


00 

J 


x^+a’ 


dx. 


which obviously exists in the ordinary sense, has the value 7re“®/o If 
we now equate real and imagmary parts, we find that 

CO oo 

r cosa: . we”® f sinx 

_ 00 ~ GO 

00 

r zBinx 

J xHa* 


Example 3. Evaluate 


dx, when a is positive. 


We shall find the value of this definite mtegral by considermg the 
contour integral 


r ze*® 

J z*+o* 


dz. 


Here F denotes a closed contour consisting of the segment of the real 
axis from —if to if and a curve a m the upper half-plane which joins 
the ends of this segment and tends to the pomt at mfinity as if ->■ oo. 
Evidently, for sufiiciently large values of if, there is no singularity of 
the mtegrand on F and one smgularity, namely the simple pole at. 
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within r. By Cauchy’s theorem of residues, it follows that 

/ = «e““ 

I 

for all sufficiently large values of S. 

We can also express J in the form 

R 

J,tx 


where 


~Ji 


To determine the value of the given definite mtegral, it is necessary to 
consider the behaviour of J as il is increased mdefinitely. 

Now when Im* > 0 and \z\ is large, the integrand is 0(|*|~') It 
follows that, if O’ lb a semicircle, J is bounded as -> oo To see whether 
J actually tends to a limit, a more delicate type of argument is needed. 

One method of doing this is to keep the semicircular contour a and 
apply Jordan’s inequality, this is explamed in § 6.52, below. A more 
elementary method is to use a rectangular contour F with vertices 
i In this case a consists of three sides of this rectangle, 

and we easily find that 

<R ft 

■ J (iZ+ij/)*+o’ J 

0 -R 


-Jf- 


( — RH-iy)*+'o» 


idy 


— 

say We then have 


Kil < 






a* 


dy 


NV2 

< Bt 


R 


Idy 




so that Jj ■ 


i ?V2 

• 0 as i? 00 , similarly - 


’ 0. Agam 


, r. . r BV2 r , 


-R 

R^S 


i-R. 


and so >0as B -*■ eo Adding these results, we find that J tends 
to zero as R is mcreaised indefinitely. 
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Another simple method of obtainmg the hmit of •/ is to ke^ the 
semicircular contour a and integrate by parts, t This gives 

r **** j r ***** 1® I f (o’— **)**“ j 

o e 

and the two terms on the right-hand side of this equation clearly tend 
to zero as J? ^ 00 . 

We have thus shown that 

R 

xe'‘ 


1 f 

J *’+o* 

-B 


dx = Trie" 


This, however, implies that 


eo 

J 






dx =■ mt 


the existence of this mfinito integral in the ordinaiy sense being an easy 
consequence of Dmchlet’s test.J Equating real and imaginary parts, 
we obtain „ ^ 

t XQOsx , . fasin® , 


From this it follows that 


OC 

/ 


4;om;r _ 


when a is positive. 

Example 4. Prove that 


OD 

J 


X*dX TT 

(i’+o*)* - 8a»’ 


provided that Bla is positive. What is the value of this integral when 
HI a IS negative? 

Example 5. Show that 


«0 

I 


dx 


— *>[(20+6) 

(ie*+o»)>(x*-f6») “ 2a»6(o+6)’ 
when the real parts of a and 6 are positive. 


t I owe this remark to Dr. W L Farrar 

j See Bromwich, Infinite Senea (1926), 477. This test is essentially the 
second test of § 5.63, above, under conditions I with the references to uniformity 
omitted. 
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Example 6. f{z) is an anal}rtic function whose only singularities in 
the upper half-plane are poles, finite in number, and which has no 
singularity on the real axis. Show that, if Bf{Refi*) tends to zero as 
B-*- 00 , umformly with respect to B when 0 ^ 6 ^ it, then the pnncipal 

CO 

value of J f(x) dx is equal to 2m times the sum of the residues of f{z) 

— oq 

at its poles m the upper half-plane. 


6.51. Cauchy’s definition of an improper integral 

The ordinary definition of the integral of a function /(») of 
the real variable x over a finite interval a presupposes 

that/(x) has a definite finite value at each point of the interval. 
We shall now explain how Cauchy extended this definition to 
cover cases when f{x) is infinite at a finite number of points of 
the interval. 

It suffices to consider the case when there is only one point c 
at which f(x) becomes infinite If c is not an end-point of the 
interval, we take two small positive numbers e and rj and con- 
sider the expression 


I f{x) dx+ j f{x) dx. 

a c+Tf 

If this expression exists and tends to a umque limit as e and rj 
tend to zero independently, we say that the improper integral 
of f(x) over the interval exists, its value being defined by 


O C-€ O 

f /{*) dx = lim r f[x) dx -f hm f f(x) dx. 

J *-*-1-0 J ■n-*+0 I 

a a ' c+ii 

If, however, the expression does not tend to a limit as c and 
ri tend to zero independently, it may still happen that 

» 


lim I f f{x) dx+ \ f{x) dzl 

I J ^ I 


exists. When this is the case, we call this limit the Cawihy 
principal value of the improper integral and denote it by 


p]S(^) 


a 


dx. 


Finally, if /(*) becomes infinite at an end-point, a say, of 
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the range of integration, we say that f(x) is integrable over 

a < sc ^ 6 if t, 

lim j f(x) dx 
€-♦ + 0 

a+< 

exists. 

When we attempt to determine the value or principal value 
of an improper integral by means of Cauchy’s theorem of resi- 
dues, we have the difficulty that the integrand has a singularity 
c on the contour of integration. We avoid this difficulty by 
modifying the contour in the following way we delete from the 
area within the contour the portion which also lies withm a 
small circle |z— c| = e and then integrate round the boundary 
of the remaining region This process is called indenting the 
contour 

The integral round the indented contour is calculated by the 
theorem of residues and then the radius of each indentation is 
made to tend to zero This process gives the Cauchy principal 
value of the improper integral, and the question of the existence 
of the improper integral m the ordinary sense requires further 
investigation The details of this method will become obvious 
from a consideration of the following examples 

Example 1 . Prove that, if a > 0, 


We consider 


, f cosx 

J 


dx ■ 


TTSina 

a 



where the closed contour P consists of the real axis from —R to R and 
a semicircle m the upper half of the z-plane on this segment as diameter. 
Smee the integrand has poles at z ±a, which lie on this contour, we 
modify r by makmg an indentation of radius e at a and another of 
radius 1 ) at —a The mtegrand is now regular withm and on F, and so 
I IS zero 

Evaluating the various parts of the integral I, we obtain 


w —Q—V a — I R 

r giRcnS-Reiue /* /* /* 

“-j- a’ - IP.* J + J + J 


0 — B — o + 7| 0 + e 

where Ji and denote the mtegrals round the indentations at a and 
— o respectively. 
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The modulus of the first term or the right-hand side of this equation 
IS less than o*) and so this term tends to zero os i? — >• oo. To 

evaluate JJ, we observe that, on the indentation at a, z = o + ee®* where 
6 decreases from tt to 0. Hence 


J exp(ia+tee®*) 


( dB 


0 
me' 


So+ee® 


ita 


as e tends to zero f Similarly, J, tends to —\me~^la as tends to zero. 
Making H oo, < -> 0, ij -»• 0, we find that 


f — 

J 


. irsmo 

dx __(e»-e-“) = , 


where, so far, the integral is a principal value with respect to the mfinite 
limits and also with respect to the singularities at ±o But since the 
integrand behaves like l/.r* for large real values of x, the integral is an 
ordinary infinite integral as regards the limits If, however, we write 
r = a+^, we find that the integrand behaves like a constant multiple 
of 1,^ wh<‘n^ IS small Thus the integral exists only as a Cauchy prmcipal 
\alue with respect to the pole a, a similar remark applies to —a. 

Finally, equating real and imaginary parts, we obtam 



Example 2. The function/(z) has a simple pole of residue r at a point 
c on a simple closed contour F If F be indented at c, show that the 
integral of /(i) round the indentation tends to —rcti as the radius of 
the indentation tends to zero, a being the mtemal angle between the 
two paits of F inivting at c. 

•Example 3. By integrating e’*/z round the rectangle with vertices 
at ±/{. ±R+lti indented at the origin, prove that 

(S 

r sina: , 

I CKT = TT. 

J * 

— 00 


Example 4. Obtain the result of Ex 3 by using an indented semi- 
circular contour. 


t Evidently has, os limit, —-ni times the residue of the integrand at a. 
See Ex 2, below. 
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6.52. Jordan’s inequality 

Since coad decreases steadily as 0 inoreaaes from 0 to Jtt, 
the mean ordinate of the graph of y = cos* over the range 
0 < a: 0 also decreases steadily. But this mean ordinate is 


O 


sin^ 


cosx dz = 

0 

We have therefore proved that, when 0 ^ ^ 



1 , 


that is, that — < sin0 < 9. 

7F 

This is known as Jordan’s inequality,'^ 

The importance of Jordan’s inequality lies in the fact that 
it enables us to evaluate integrals of the type exemplified by 
§ 6 5, Ex. 3, without having to use a rectangular contour or 
integration by parts. 

00 

Example 1. Evaluate J where o > 0. 

— 00 

We have already proved that 

A w 

J x*+a* * J = Tne"®. 

-iC Q 

Now the absolute value of the second integral on the left-hand side does 
not exceed 


R» 

S»- 


f-at I e-«-"9de = j 

0 0 

iv 

2i?« C 

^ 5*^ J by Jordan’s inequality, 


v-R „ _E, nR 


t Coura i’Analyee, 2 (1894), 286. 
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which tends to zero as ii — oo. We have thus proved that 

Ji 

r 

1 . dx = itiir*, 

ji-*« J a:*+o» 

-a 

from which the value of the given integral follows at once. 

es 

J SUl X 

Example 2. Evaluate I —^dx, by the aid of Jordan’s inequality. 
— 00 

Example 3. Prove Jordan's lemma, that, if a denotes the semioircle 
| 2 | = B in the upper half-plane and if m > 0, then 

lim f e'"‘*/(*) dz = 0, 
r-*<d j 

a 

provided that, as B -*■ oo, /(Be®*) -*■ 0 umformly with respect to 6 when 

0 < ^ TT. 

00 

6.6. Evaluation of integrals of the form J dz, 

where a is a real constant o 

Let /(z) be a rational function which has either no poles or 
else only simple poles on the positive part of the real axis. Then 

eo 

if x“/(«) 0 as X -> 0 and also as x -> oo, J dx converges 

0 

at the upper and lower limits of integration and possesses a 
Cauchy principal value with respect to each singularity on the 
range of integration. 

There are three main methods of evaluating such integrals. 
First method If we make the substitution < = e*, we find that 
00 00 

I <“-1/(0 dt = j €'«/(c*) dz. 

0 —00 

The latter integral may be evaluated by considermg 

Jc“*/(e*)dz, 

r 

where F consists of the segment of the real axisf from — .B to 
M, and the semicircle in the upper half-plane on this segment as 
diameter. 

But if a IS a pole of f(z), the function /(e®) has a pole at each 

t Indented if necessary. 
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point z — logot-f 2n7ri, where » is any integer. The contour 
integral is thus expressed as a sum of an infinite series of resi- 
dues, which often diverges.f 

This difficulty is overcome by observing that, since /(c*) is 
a rational function of 


that is, the values of the integrand on the real axis differ from 
those on the line Im z = £» only in the factor 
We consider, therefore, 

J c"/(e®) dz, 

V 


where F is the rectangle with vertices 2iTi, — S, 

and then make the positive numbers It, 8 tend to infinity 


8econd method The function z°~^f(~z) has, in general, a 
branch-point at the origin. If z"~^ is taken to be real and 
positive on the positive part of the real axis, the branch of 
z“~V(— z) so defined is regular, save for poles, in the whole 
z-plane cut along the negative part of the real axis 

If, then, r consists of the real axis from — R to R indented 
at the ongin (and elsewhere, if necessary) and the semicircle in 
the upper half-plane on this segment as diameter, we can 
evaluate 


J dz 


by Cauchy’s theorem of residues But the contribution of the 
real axis to this contour integral is 
R € 

j x"-^f{—x) dx J re’”)c"* dr 

( u 

R R 

= I x“-^f{—x) dx — e""* I r“-^f{r) dr 

e e 

since arg z has increased to it when z reaches the negative part 
of the real axis in going round F. The value of the given integral 
is then obtamed by equating imaginary parts. 


t It may, however, be summable by one of the conventional methods of 
summation of divergent senes. 
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Third method. If F denotes the contourt formed by the circles 
\z\ = R, \z\ — f, joined together along the upper and lower 
sides of the cut along the negative part of the real axis, we may 
evaluate r 


where 2®“^ has its principal value, by Cauchy’s theorem of 
residues, since the integrand is regular, save for poles, within 
and on F The contributions of the two sides of the cut are 


€ R R 

j dr -f- j e~°”‘r“-Y(r) dr = — 2i8ina7r J r^~^f(r) dr. 

Re e 

since arg 2 is equal to on the cut The value of the required 
integral now follows at once It should be observed that the 
contour in the third method may be derived from that of the 
first by the substitution e= = — ^ 

These three methods are illustrated in the following examples. 
00 

w r 

Example 1. E^aluate "heie 0 '' o < 1 

u 

JF'trsi method If we put t - we ha\e 


CO 00 



0 —00 


We consider therefore 



1 


where 1’ is the rectangle with \eitice5 at if, R-\-2m, —i> f 27ri, —5 
whole if and S are positive The integrand has but one singularity 
within r, a siinjile pole at z wi, the residue is 


Inn 

Z 


t"(:— TTi) 

eH 1 


Z— ‘TTt 

K*** lim . . . = — e®". 


,e^ + l 


and so / = — 27 rte“*‘. 

But we may write 

It 

J = j + 

-s 


r 

J 1 


1 dy — 


2 ir 


■f Cf Fig 4 on p 141 
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e^+iv 


I 


eB-Mv-l-l 


* dj/ 


^e*-r 


which tends to zero as R -> co, since a < 1 ; moreover 
2ir 


/ 


g-aS+tr 




2^e"®s 


«-«+»»+! 

I 

which tends to zero as S -*■ <x>, since a > 0. Hence we have 

e" 


so that 


- 27rte“"‘ = ( 1 — 6“”) J 

— CO 

<D 00 

J 1+1 J e«+l 


dx. 


amoTT 


It should be observed that, by the principle of analytical contmua* 
tion, this equation also holds when 0 < R1 a < 1 , since the expressions on 
each side of the equation are analytic functions of a, regular m this strip. 
Second method We consider the value of the contour mtegral 


r*-r‘ 

jl-i 


de. 


where has its prmcipal value and F is the contour of Fig. 3,' the 
radii of the indentations at 0 and 1 bemg e and tj respiectively. Since 
the mtegrand is regular withm suid on F, I is zero. 

This contour integral can be written in the form 


= J ^ld.+J+ J g«ix + 


J + J T+T*^*^ + J 


0 R n 

where J denotes the integral round the indentation at z = 1. Now 


J 


l-He®* 


d0 < 


7rR“ 


which tends to zero as i2 -> oo, since a < 1. Again, since a > 0, we have 
0 


/ 


l-ee«* 


d0 


< 


7r«® 

r^e' 
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as e ->■ 0. Also, by appl 3 ring the result of { 6.61, Ex. 2, we find that the 
limit of J as 1 } — > 0 18 m. 

Hence, if we make jR -»• oo, « ->• 0, jj 0, we obtain 


QO 00 



Fig. 3 



Fio. 4 


the first integral being a Cauchy principal value with respect to the 
singularity a; = 1. Equating real and imaguiary parts m this formula, 
we find that n 

C 

smair I -—dx = ir 

J 

0 

as before, and cdso that 


CO CD 

P I , dx = oosewr i ^ dx = ircotair. 

J 1-* J 1+* 
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It should be observed that the second method gives us the values of 

two definite integrals at once. 

Third method. If F is the contour of Fig 4, we liave 

r 2®-* 

I ; — dz = — 2in 

J 

r 


when has its principal value Evaluating this contour integral, we 
obtam 


W € —TT R 

J + J T+r- + J 1 - + J ~l + f 


dr. 


in which the second and fourth terms arise from integiating along the 
upper and lower sides of the cut If wc now make R -*■ <xi and e -> 0, 
we evidently arrive at the same result as before 


6.7. Complex transformations of definite integrals 

When a given definite integral has been evaluated, it is often 
possible to deduce formally the values of certain related integrals 
by means of a complex change of variable Cauchy’s theorem 
of residues provides a simple means of jiroving the validity of 
this formal process We shall illustrate this by considering two 
transformations of the well-known integral 

00 

J e”®' dx = Vtt 


In the first place, let us consider 

7 == J e-»’ dz. 

r 


r being the rectangle whose vertices are ±i?, where 

b IS real Since the integrand is regular withm and on P, 7 is 
zero. Hence we have 


It h J7 b 

J c~®’ dx -{- J dy = J dx -f- J dy. 


-It 0 

But since 

h 


-B 


b 161 

J e-<^^^vhdy ^ J dy < |6|e“^’+6‘ 
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which tends to zero as JR -»• co, this equation gives 
00 00 

j e-®“+**(oo3 26a:— tsin26a;) dx = j e-^’dx = Vtt. 

— OO —CO 

Thus, equating real and imaginary parts, we obtam 
00 

J e“®*cos 2bx dx= •Jn 6“®*, 

— 00 

J e-®‘8in26x(ia; = 0. 

— 00 

Secondly, let us take the same integrand in the case when 
r is the sector of the circle \z\ — R, bounded by radii argz = 0 
and argz = a, where — Jv ^ a ^ As before, / vanishes, 
and so 

R a 

J c"®’ + j d0 


Now 


_ J g-r*co82a-(r*8lD2afgat 
0 

a Ini 

I g-^IVoaezS-xIPsiaze ^ R j dP 




R ]■ de = I d<f, 


< — , by Jordan’s inequahty. 
4ii 

Hence, making i? ->■ oo, we deduce that 


e 


-r*coB2a-ir*sln2a , 


and so 


‘ dr = e““' J e~®‘ dx = 

0 

CO 

j g-r«ooa2a(jog(,.2gij^2a) dr = ^V-ffCOSa, 

0 

00 

J c'^*®®®2agiu^^2gjn 2a) dr — ^ Vasina, 


provided that — Jtt ^ a ^ Jw. 
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6.8. Cauchy’s expansion of a function as a series of 
rational functions 

One of Cauchy’s most important applications of his theorem 
of residues is concerned with the expansion, under suitable con- 
ditions, of an analytic function as a series of partial fractions. 
Let us suppose that 

(i) the function /(«) is regular, save for poles, in any finite 
region of the z-plane; 

(li) there exists an increasing sequence of positive numbers R„ 
such, that -> 00 n 00 . and such that the circle C^, 
whose equation is \z\ ~ R^, passes through no pole of f{z), 
for any value of n; 

(iii) the upper bound of \f(z) \on C„ie itself bounded asn-^oo; 

(iv) |/(i?„e^*)| ->0 as n~^co, uniformly with respect to 6 in 

0 < fl < 27r, or, more generally, in every portion of this 
interval which does not include one of a finite number of 
exceptional values of 6. 

Then, if I is not a pole off{z), we have 

M) = limS„($). 

nr^OD 

where S^{^) is the sum of the residues of f{z)/(^—z) at the poles 
of f{z) within Cn- 

That this theorem does provide the required representation 
of /(^) in partial fractions is easily seen. For if a is a pole of 

m 

f{z) with principal part 2 i'lic contribution of a to 

the sum /S„(C) is 2 6r(C— 

Let us now suppose that I is any point of a bounded closed 
region D which lies in |z| ^ R and contains no poles of f(z). 
Then since R„^oo with n, we can choose an integer N such 
that R^ > R, the point $ lies, therefore, within all the circles 
for which n^ N Since the smgularitiea of f(z)J{C—z) are 5 
and the poles of/(z), we have, by the theorem of residues. 

Cm 

t Exercieea de Math (Fans, 1827) , reprinted m (Euvrea de Cauchy (He B4ne), 
7, 324r-44. 



THE CALCULUS OF RESIDUES 145 

provided that N. It Temains to show that the integral on 
the left-hand side of this equation tends to zero as n oo. 

For simplicity, we shall suppose that there is only one excep- 
tional value of 8, a say; the method of proof is, however, 
applicable in the general case. By hypothesis (iii), there exists 
a positive number M, independent of n, such that |/(z)| < M 
when z lies on moreover, by (iv), if S is any positive number, 
the upper bound of |/(iZ„c®*)| when a-f-S < 0 < 2ir-fa— S 
tends to zero as n -> oo It follows that, when n'^ N, 


I 


M. 

5-2 


dz 




Rn-R 



e^')\de 




R,-R 


< “t* 

2lT + 0t — S 1, 

A 

MdB + 


'<*-8 

01+8 




and so 



< 2J»f8. 


But as 8 is quite arbitrary, this implies that 


lim r M rfz = 0 
fl-»® J 5 — 2 

C'« 

It should be observed that we have shown incidentally that 
S„($) converges uniformly to/(0 when 5 lies m the region D. 

By this theorem the function f{l) is expressed as a senes of 
the form * 

'S'i(5)+ I {-s„«{5)--sr„(5)}. 

11. =-1 

which converges uniformly in any bounded closed region which 
contains no poles of/(z). But <Sn+i(5)— is the sum of the 
residues of/(z)/(^— z) at the poles of/(z) between and C'n+i. 
We have, therefore, expressed /({) as a series of partial fractions 
which converges uniformly, provided that the terms are suitably 
bracketed. 

4111 


L 
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6.81. The expansion of cosec z as a series of partial frac- 
tions 

As an application of the theorem of the previous section, we 
consider the expansion of cosec z as a senes of partial fractions. 
This function has simple poles at the points 0, ±ir, ±27r, , so 
that the circle C„, whose equation is | 2 | = (w+J)7r, does not 
pass through a pole of cosec z for any value of the integer n. 
In order to apply the theorem, we must consider the behaviour 
of cosec z on this circle 

Let us draw, with each pole as centre, a circle of radius e, 
where e is less than We shall show that cosec z is boundedf 
in the region T exterior to all these circles 
In the first place, if z = we have 


jcosec z 





1(6-"-^/} I 


= cosechlyl 


so that the inequality | cosec zj < cosecha holds in the part of 
T outside the stnp |Imz| < a On the other hand, [cosec zj is 
obviously bounded in the portion of T within the rectangle with 
vertices therefore, by periodicity, is bounded m 

the part of T for which jlmz |<o Combining these two 
results, we find that an inequality [cosec z [ < Jf holds every- 
where in the constant M being obviously dependent on e. 
As the points on the circle C„ are all at a distance not less 
than € from the circles defining T, this inequality also 
holds everywhere on C„, independently of the value of n 
Agam, when z = (n+Dne^', we have 


[co8ecz[ ^ cosech [(n-(- J)7rsin 0[ < cosech{(n-|- J)7r8inS}, 

provided that S ^ 0 n—S or w~f-8 ^0 5 ^ 27r— 8 , where 8 is 
any small positive number It follows that, as « go, [cosec z[ 
tends to zero uniformly with respect to ^ in the two given 
angles 

All the conditions of the theorem of § 6 8 are thus satisfied. 


t The method of proof is taken from the footnote on p 32 of Lmdelof’s 
Borel tract, Le Calcid des Hindus (Pans, 1905) 

A similar result can be proved m the same manner for each of the functions 
secz, tanz, eotz, e®*/(p*— 1) (0 < o 1), in the regions obtained by excluding 
their poles by small circles. 
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Hence, if C is not a pole of coaecz, 

n 

cosec ^ = lira 2 (residue of cosec 2 /(^— 2 ) at z = mn) 

»-^oo — n 



(-ir 

i—mn 


= 1 I y2(-1K 

By Weierstrass’s Jlf-test, this series converges uniformly and 
absolutely when C hes in any bounded part of T, and so may 
be integrated term by term. This gives 

logtan^ = log4 +loglC+ f (-ll^log/l 

Wt—l \ Itl V*l 


or 


tani^ - lAC I J 

»n-=l 


f I 


Since tan ->■ 1 as ^ 0, the constant of integration A is 

unity Hence, if we write $ = 2z, we have 


tanz 

2 




which represents tanz as a quotient of two infinite products, 
each of which is an integral function f 


6.82. An extension of the theorem of § 6.8 

Cauchy also showed how the theorem of § 6 8 may be used 
when the function f(z) satisfies conditions (i), (ii), and (lii) but 
not condition (iv) In this ease the function 



is considered, it obviously satisfies conditions (i) and (ii) But 
on (?„, z = i?„ e®', and so 


■«« -«« 

hence, as « -> oo, e®') tends to zero uniformly with respect 
to 0 in 0 < 0 2 it The function F{z) satisfies, therefore, all 


t CL the resuItH of Exx, 35, 36 at the end of this chapter. 
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the conditions of § 6.8, and we conclude that 

= lim (sum of residues of at poles of — within ClI. 

Z n-tcl tiz—t) ^ t 

A particularly important case of this arises when f(z) is 
regular at the origin and has only simple poles. If we suppose 
that the poles Oi, Oj, Og, , of residues by, b^, 63, . respectively, 
are arranged m order of increasing distance from the origin, so 
thatO < lUil < Ifljl < (“al ^ •• , we easily find that the residue 
at o, of f{t)l{zt—^) is 

br ^bJJ_ . 1 \ 

o,(z-a,) z\z-a^'^aj' 

whilst the residue at the origin is /(0)/z. The partial fraction 
formula for/(z)/z now becomes 

z z 

and so, finally ,| 

/W=/(0)+p,(j^+i). 

More generally, if the condition (iii) of § 6 8 is replaced by the 
boundedness, as n->-oo, of the upper bound on C„ of |z~^/(z)|, 
where p is a positive integer, the function /(z)/z*’+^ satisfies all 
the conditions of § 6 8, and the representation of f{z) as an 
infimte senes of partial fractions follows immediately. 


6.83. The representation of an integral function as an 
infinite product 

Let F(z) be an integral function which does not vamsh at 
the ongin but has simple zeros Zj, z^, Z3,. , arranged in order of 
increasing modulus As these zeros can have no limitmg point 
of finite affix, |z„ | ->c» as n -> 00 

If we wnte F{z) = (z— z,.)®(z), then •I>(z) is regular and non- 
zero in a certain neighbourhood of z,.. Hence we have 

F{z) z-z^'^ ft>[z)’ 

I Thia aerien convergoH uniformly in any bounded closed region which con- 
tains none of the poles of /(z), provided that the terms are arranged m groups 
corresponding to polos of equal modulus. 
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and BO the only singularities of F'(z)IF{z) are simple poles of 
residue 1 at the points z,. 

Let us now suppose that F'{z)IF{z) satisfies the conditions of 
§6 8. It follows that 


1 

the series being umformly convergent in any bounded closed 
region which contains none of the zeros of F(z), provided that 
the terms are suitably bracketed. If we now integrate term by 
term, we find that 


logJ’{z) = 


logf’(0)+ 2 


Hence F{z) = F(0) 

the infinite product being uniformly convergent m any bounded 
closed region which contains none of the zeros of F(z). 

If, however, F'(z)/F(z) satisfies only conditions (i), (ii), (hi) of 
§ 6 8, it follows by § 6 82, that 


F'(z)^F'((i) , y / 1 , r 

i’(z) 

and so 


logF(z) = A + ^^ 
* ' ' ^ F(0) 




where is a constant of integratioh, whose value is easily seen 
to be logi’(O). Fmally, taking the exponentials of the expres- 
sions on each side of this equation, we deduce that 

F(z) = F(0)c*^'<«W<» 


Example. Prove that emirz =m 



Let us consider the integral function 



{- 1 )» 


M)*" 

(2n+l)! 
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which IS equal to (Bin7rz)/(wE) when z 0 and to 1 when z = 0. It has 

simple zeros atz = ±li±2,±3 Moreover, its logarithmic derivative 

F'(z) ^ 1 

F(z) z 

satisfies all the conditions of § 6 8. Hence 

F(z) ^\z—n z+n\ 

1 1 

Integratmg, we obtain immediately 

1 

We cannot, however, writef 

— 00 

smce this infinite product diverges 
Agam, by § 6 82, we havej 

'■n-l n = l 

1 1 

each of these series bemg uniformly and absolutely convergent in any 
bounded closed region which contains none of the zeros of F(z). From 
this it follows at once that 

1 1 

and so smirz = ttz rri( 

— CO 

the latter product bemg absolutely convergent. 


REFERENCES 

E. Lindklof, Le Calcul des Rimdus (Borel tract. Fans, 1905). 

G. N. Watson, Complex Integration and Cauchy's Theorem (Cambridge, 
1914). 

t The accent indicates that the term corresponding to n =: 0 is omitted. 

$ F'(0)/F(0) = lun jircotirz — = 0. 

kfl \ z f 
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MISCELLANEOUS EXAMPLES 

1. If the function /(z) is regular 'within and on the level curve 
1 /( 2 ) I = -M, show that is a double point of this curve if and only if 
it is a zero of/'(z). 

2. If C IS a simple closed level curve of the function /(z) which is 
regular within and on C, show that /(z) has at least one zero withm C. 
Prove also that, if J(z) has »i zeros within C, f’(z) has m—\. (Mac- 
DONALD.t) 

3 Show that, if ib > 1, the equation 

^ z*>e*“» = 1 

has n roots in |z| < 1. 

4 The function f(z) is regular m [zj < 1 wliere it has only one zero a, 
whose modulus is less than I. Show that, if (tj < 1, the function 

has exactly one zero in |z| 1, provided that the constant c be suffi- 

ciently small. (Cambridge, 1932 ) 


5. Express as a series of powers of w the solution of 

2(z— p) 


w ■■ 


z*-l ’ 

which reduces to p when to = 0. Hence prove that 

(1 — 2pi<;-|-w*)~*/* = 2 


where 


dp" 


6 Show that the solution of the equation 

z = a+w^ 


which reduces to a when u> = 0 is 


ic* • Ml" 

z = a-|-we«-|-|y2e“-|-. + — 

the expansion bemg valid when 

]u>| < 


t Proc London ilfatA. i9oc. (1), 39 (1898), 676 See also Watson, ibid (2), 15 
(1916), 227-42. 
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7 Show that, if |a| < 1, 

2ir 

d6 


I 


l+a>— 2acosff 1— o*’ 


and deduce the value of the integral when |a| > 1. 
'8^ Show that, when B1 a > 0, 


J tan(6 +at)d& = n». 


Show that, if m be real and — 1 < a < 1, 

Str 




r «*' 
J l+a*-- 


^0080 


i{ain(maind)+aoos(tn8ind+6)} dd = 2irsinTna. 


n2asm6'^ 

(Edinburgh, 1931.) 

10, By using Cauchy’s formula for the derivative of smot or other • 
wise, prove that 

Sir 

J {cosSsm(a+cos0)oosh(8m5)+sin9co8(Qi+co8P)sinh(8in0)} dff 
0 

= 271 cos a. 
(Edmburgh, 1930.) 

11, Prove that 


f coBxdx It [e 

-b 

J (a:H «•)(»’+<>’) “ a*-b*\ 1 

i a ) 


when the real parts of a and b are positive and a is not equal to b. Show 
also that „ 

77(1 +o) 


J coszdr 
(x*+a*)* ~ 


2o»e“ 


when the real part of o^ is positive. 

12, Show that the Cauchy principal value of 


OD 

h 


gtia 


■dx, 


(x-$){x—q) 

where f, tj, and p are real, is A7n(e’*’f— e*i”')/(f — tj), the value of A being 
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1, 0, or— 1 according aa p ja greater than, equal to, or less than 
zero. 

Deduce that 


«0 

f 8m»»i(x— 8inn(*— ■»}) ij) 

I ;; — 7 ; — uX — TT 

J 


when w > m > 0. 
^S.lProve that 


-I) (*-7) 

«00 

/ 


($-n) 


sinffg 
a:(l— aj*J 


dx =! 


(Math. Trip , 1919.) 


CO 

l4jShowthat j ^ dx = — n(p — q) 


when p and q are positive. 

Improve that the residue of the function e"‘*/( 2 *— 2*co8a+l)*, 
(n'> 0, 0 < a < w), at the pole which lies in the upper half-plane is 
where r 

48m®a 

Hence show that 


00 


/ 


x(x*+I)8in>ia:dx 
(** — 2a:* cos 2a + 1 )• 


liy Prove that 


7rA8ui(nco 8g) 

4 cos a 

(Edinburgh, 1930 ) 


00 

r dx 

e«>‘*8in(sina:) — =i7T(e— 1). (CAtrcny.) 

0 


^ By integrating round the rectangle with vertices c±iii, —S±tR, 
where c, R, and .S arc positive, prove that, when a > 0, 

j e“^=27rta, 

c— x( 

the path of integration being a straight line parallel to the imaginary 
axis 

Show also that the integral is zero when a < 0. 

ISj Show that, if Rla > 0, |Ima| < v, 
e+<*>l 

J BUlTTZ l+e“* 

C— OOi 

the path of integration being the straight Ime R1 a = c, where 0 < c < 1. 
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IMBy integrating e^cosechirz round the rectangle wifli vertices 
show that, if 0 < a < w. 


00 



cosha a; 

coshwj 


dx = ^cosl-a. 


0 

20 ^ Show that, if — 1 < o < 1 and 0 < a <. w, 

3^dx TTSinaa 


(Math. Trip., 1932.) 


/ 


l + 2a:co8o£4-i®* sincTrsinot 


21. Prove that, if 0 < a < 3, 6 > 0, c > 0, 

« . 

0 

r dx 

Pj x“~'am(i7ra—bx)^fi^^^'=- incf‘ •oo8(i7ra— 6c). 

0 

(Cauchy.) 

22. Prove that, if 0 < a < )3 and 0 < o < 2, 

J 01/ t smo7r( \aj j 

a 

23J By making the transformation ( = g S show that 

QC 

Joog«)’Y^ = K- 

u 

24. /(z) IS a rational function with no poles on the real axis and is 
such that z /(z) tends to zero as z -> oo and also as z — >■ 0. By integrating 
logz/(— z) round an appropriate contour, prove that 

00 OO 

J log* {/{*)+/(— *)}d* +wt J/(x) dx 

0 0 

18 equal to 27ri tunes the sum of the residues of logz/(— z) at its poles 
in the upper half-plane.f How is this result to be modified when there 
are simple poles on the real axis? 

t This result is of particular value when /(z) is an odd function, as it enables 

OO 

ua to evilbate f/(x) dsCt whereas the method of § 6 5 fads. 

0 
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15S 


Ss) Show that 


oc 

/ 


log* , , ^ dx . , 


{ 1 +®*)* 


J (1+®*)* 


'^6 Find the theorem corresponding to that of Ex 24, obtained by 
integrating (log 2 )'/(— z) round the same contour. 

Hence evaluate the integral of Ex 23. 

.^7. By integrating z/(l— ae~'^) round the rectangle with vertices at 
±7r, ±ir+iB, prove that, if o > 1, , 


IT 

J 


oxsm* 


1 — 2a cos a:+a* 


dx = iTlog(l+a~*). 


What IS the value of this integral when 0 < a < 1 ? 


(Cauchy.) 


28. Integrate logsin z round the rectangle with v ertices at 0, ir, ir+tB, 
*R. indented at 0 and tt, and so prove that 


TT 

J logsin a: li® = — 7rlog2 


291 By mtegratmg «“/(e"”*— 1) round a suitable contour, prove that 


J 


dj/ = iwcoth Jtto— ia. 


10J Prove that, if — tt < a < ir, 
0 

smhax 
sinhTT® 


J 


dx — tanja. 


31. The Gamma function is defined by 

CO 

r(a) = J *““*e"* dx 
0 

when a > 0. Integrate round a sector, indented at the origin, 

and so prove that, if o > 0 and — < a < Jtt, 

GO 

r cos « cos 

I (*8ina)d* = r(o) (oa). 

J sm am 


Show that this formula still holds when « = ±^if0<a< 1. 
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32. Integrate the principal value of round the contour of Fig. 6, 

and so prove that, if 0 < a < 1 and c > 0, 

00 

J dy = 2e“*Bmo7rr(o), 

— 00 



Deduce that 

j" oo8{tantf— (1— o)^}8ec*+®^ dtf = e“*8ina7rr(o). 

« (Cauchy.) 

33. By mtegratuig the branch of c"'(c+o— c)“® which is real when 
0 < z < c+o, roimd the contour of Fig 6, prove that, if c > 0, a > 0 
ondp < 1 < p-\-q, then 

00 00 

/ (.+n»w* -.»)■ - 

— 00 0 

34. Prove that secz = 4^2 (— l)"(2n+l)/{(2»+l)*7r*— 42*}, 

0 

35. Show that, if A is not an integer or zero, 

00 

sm7r(»+A) = 7' 
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36. Prove that tanr = fe ^ l/{(2n+l)*jr*— 48*}. 


Deduce that 


UJ 

-u{‘ 


^ \ 
(n+i)‘W' 


37. Sho-w that, if 0 < a < 1, 


— = 


n— 1 


28 COS 2n7ra — 4n7r sm 2nffa 
2*+4n*w* 


38. Prove that 


1 


cosh 8 — cos 8 z' 

39. Prove that, if —tt < ot < it. 


1 , . \r' ( — l)"nco8echwir 

n»l 


Binoa 

fim7r2 


HU 

2 , ...nsinna 


coBoa 1 , 28 'V' . ...cosna 

= — — > / — I)** ^ 

sm7r2 irz it Z-t 8*— n* 

n-l 

40 Prove that, if b is not an integer, 

00 

sinm __ aunrb8mir(8— 6) 1 

8 ~ It Z (8— 6— n)(64-w)' 

ns — oo 

41 A function /(r) is regular for all finite values of z and satisfies the 
inequality |/(8}oosecw8[ <3/00 the circles \z\ = n+i, where n is an 
integer and M is independent of n. Show that 


1 

F{z) IS an integral function such that {P(8)}* can be expanded in a 
senes of the above form for every positive integral value of k. Show 

that, if |P(n)| < K when n = 0, ±1, ±2 K being independent of n, 

then F{z) is a constant. (Cambndge, 1933.) 

42. /(s) IB a penodic analytic function of period tt whose only singu- 
lanties m the strip 0 < R1 8 < ir are simple poles Oj, Oi,..., a„, of residue 
Cl, c„ .,, c„ respectively. Show that, if /(r+ty) -»■ 1 as y -> +oo and 1' 
as y -> — 00 , uniformly with respect to x, then 


I'— I = 2t^Cf. 

1 

By applying this result to the function /(8)cot(8— 8,), where Sg is not 
a polo of/(8), prove that 


/(*) = i(*+0+ Z c,cot(8— o,). 
1 



CHAPTER VII 
INTEGRAL FUNCTIONS 


7.1. The factorization of integral functions 

The most important property of a polynomial is that it can be 
expressed uniquely as a product of linear factors of the form 




where ^4 is a constant, p a positive integer or zero, and Zj, Zg. , 
r„ the points, other than the origin, at which the polynomial 
vanishes, multiple zeros being repeated in the set according to 
their order. Conversely, if the zeros are given, the polynomial 
is determined apart from an arbitrary constant multiplier. 

Now a polynomial is an integral function of a very simple 
type, its singularity at mfinity being a pole We naturally ask 
whether it is possible to exhibit in a similar manner the way in 
which any integral function depends on its zeros It has been 
shown in § 6 83 that such a factorization is possible under 
certain circumstances 

There are, however, two rather senous difficulties to be con- 
sidered The first is that if an intt'gral function has an infinite 
number of zeros Zi, Z 2 , , z„, , say, it is not necessarily the case 

00 

that the infinite product JJ (1— z/z„) converges, much less that 

1 

the value of the product is independent of the order of its 
factors. For example, the function (sin 77z)/(7rz) has zeros ±1, 
±2, ±3> j but the infinite productf 


defined as the limit of 

as M and N tend to infinity independently, diverges This pro- 
duct can, however, be made to converge by grouping its factors 


t Here and m the sequel, the accent indicates that the infinite term, given 
by n = 0 , 18 to be omitted. 
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suitably, but, even so, the value of the product then depends 
on the mode of grouping f 

It was shown by Weierstrass that the appropriate method of 
expressing (smw2)/(7r2) as a convergent infinite product whose 
value does not depend on the order of its factors is 

Evidently it will not suffice, m the solution of our problem, to 
consider only simple factors of the form {\ — zjz„). 

A second difficulty is due to the fact that there exist integral 
functions which never vanish, e® being a simple instance of this. 
It follows that a knowledge of the zeros of an integral function 
cannot determine the function save for an arbitrary constant 
multiplier, the multiplier is now an integral function with no 
zeros. 

The most general integral function with no zeros is of the form 
where g{z) is itself an integral function For if f{z) is an 
integral function which never vanishes, the function 

m =r(z)iM 

is also an integral function Integrating the expressions on each 
side of this equation along any path from Zq to z, we find that 

Z 

log/( 2 ) log/(ro)+ J F(z) dz 
*0 

But as the expression on the nght-hand side of this equation 
IS an integral function, the result stated is now established 
Example!. P^o^<■that. 

!)(■ -])(■+ IK' '-jK'-D • ' 

We ha\ o 


2» B 

1 1 


t See the examples at the end of this section. 
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2n 

— n 

flO 

->7rse**‘w*| I 
— 00 

as n -»■ 00. The required result now follows by Weierstrass’s formula 
for smirz 

Example 2. Prove that 

“(‘+i)(*+i)('+j)(‘-i)('+a)('+5)(‘+8)(‘-|) 

7.2. The construction of an integral function with given 
zeros 

If f{z) IS an integral function with only a finite number of 
zeros, Zi, Zji- •> Bay, the function 

/(2)/{2-2i)(2-22) .(2-2„) 

is an integral function with no zeros, hence 

f{z) = (2-2i)(z-Z 2) (z-Znle"'*) 
where g(z) is an integral function. 

If, however, an integral function has an infinite number of 
zeros, the set of zeros cannot have a limiting point in ajny finite 
region of the plane, since such a limiting point would be a 
singulanty of the function The only limiting point of the set 
IS, therefore, the point at infinity. 

We now prove Weierstrass’s theorem,! that if z^, Zg, , 2„,... 
be any sequence of numbers whose only limiting point is the point 
at infinity, it is possible to construct an integral function which 
vanishes at each of the points z„ and nowhere else The construc- 
tion involves the use of Weierstrass’s primary factors 
E{z,0) = 1—2, E(z,p) — (1— z)e®+‘'/-+ {p > 0) 

Each primary factor is an integral function which has but one 
zero, a simple zero at z = 1. 

Now when \z\ < 1, we have 

E{z,p) = expjlog(l- 2 )+z+^-f 

( zP+i zJ»+2 ) 

t Abh. der Preuas Akad. Wtaa zu Berlin (Math Klasse) (1876), 11-60; 
ropniited m Weierstrasa’s Werke, Z., 77-124. 
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gP+^ gP+S 
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i)+l i)+2 
From this it follows that, when |z] ^ 


\\og E{z,p)\ < 


|2|f+l 

3>+l 


(l+HH-) < 2|zp+i. 


We may suppose that the origin is not a zero of the integral 
function to be constructed; for if we require a function which 
vanishes at the origin, we need only multiply the function G(z) 
determined below by an appropriate power of z. Let the given 
zeros Zx, Zg,. . be arranged in order of non-decreasmg modulus, 
multiple zeros being supposed to be repeated in the set according 
to their order. Then, since = |z„| increases indefinitely with 
n, we can always find a sequence of positive integers 
Pn>— such that the series 

^ » 
r\p» 


converges for all positive values of r. In fact, it suffices to take 
p„ = n, since for any given value of r the inequality rlr^ < | 
holds for all sufficiently large values of to. 

We next assign arbitrarily a positive number B and then 
choose the integer N such that < 2i? < Hence, when 
n > N and |z| ^ R, we have 

|£U£<A<1 


%+x 


and so 


It follows, by Weicrstrass’s iH-test, that the series 

converges absolutely and uniformly when Jz| < 12. This implies 
that the infinite product 




41U 


M 
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conveiges uniformly and absolutely in the circle |z| < i2, no 
matter how large R may be, and so represents an integral 
function 0(z). 

With the same value of R, we choose another integer M such 
that rjf < iZ < Then all the functions of the sequence 

vanish at the points z^, Zji—i ^^<1 nowhere else in jz] < R. 
Hence, by Hurwitz’s theorem (§ 6.21, Ex. 2), the only zeros of 
0{z) in |z| < H are z^, Zj, Zj^. But since R is arbitrary, this 
means that the only zeros of 0(z) are the points of the sequence 
Zi, Zj This completes the proof of the theorem. 

Since there are many possible sequences p„, the function 0{z) 
is not umquely determined But when such a sequence has 
been fixed, the most general integral function with the given 
zeros is G(z)e^^\ where H{z) is an integral function. 


7.3. The principle of the maximum modulus 

Let f{z) be an analytic function, continuous within and on a 
closed contour C and regular within O. Let M he the upper bound 
of |/(z)l on C. Then the inequality |/(z)| ^ M holds everywhere 
within C. Moreover, |/(z)| — M at a point within C if and only 
if f{z) is a constant. The following proof of this result, which 
is known as the principle of the maximum modulus, is due to 
Landau. 

If n 18 any positive integer and a any point within C, we have 

c 


by Cauchy’s integral formula. If a is at a distance 8 from C, 
this equation gives 


where I is the length of C. Hence 

/ I \i/n 

The expression on the Iqft-hand side of this inequality is 
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independent of n, so that, making n tend to infinity, we 

|/{a)( < M, 

the first result of the theorem. 


Again «/'(o){/{a)}"-i "" 2L J 


ar 


and so 




MH 

27rS2' 


Now if there exists a point a within C such that )/(<*) ] = M, 
this inequality gives 

Ml 


\m\ < 


2ir8^n 


making n -> 00 we obtain /'(o) = 0 . Similarly we can show that if 
|/(a)| = M, all the derivatives of /(z) vanish at 2 = a. By 
Taylor’s theorem it follows that /(z) is constant in a neighbour- 
hood of a and hence, by analytical continuation, is constant 
everywhere within and on C. This completes the proof of the 
theorem 

It should be observed that the principle of the maximum 
modulus holds also when/(z) is continuous in the closed annulus 
and regular in the open annulus bounded by two non-inter- 
secting closed contours Ci and Cj Bor if o is any point of the 
open annulus, we have 

t’l V B 

and the proof follows the same lines as before, M being now 
the upper bound of 1/(2) | on and Cj. 


7.31. The maximum modulus of an Integral function 

lf/{z) is an integral function, its modulus is continuous on 
the circle |z| = r and so actually attains its upper bound M{r) 
on that circle M(r) is a steadily increasing unbounded Junction. 
For, by the principle of the maximum modulus, we have 

|/(riC®*)! < 

where and hence 

M(rj) < MiXi), 
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save in the trivial case when/(2) is a constant. Moreover, M{r) 
cannot be bounded; for if it were, /(«) would be a constant, by 
Liouville’s theorem. Thus M{r) increases indefinitely with r. 

We can, however, prove very much more than this; in fact, 

= log Jf(ef) is a cmtiinuous function of f, whose graph is convex 
downwards. To prove this, we consider the behaviour of 2 “/(z) 
in the annulus < I®! ^ "where a is a real constant to be 
fixed later. 

The function 2“/(z) is not, in general, one-valued. But if we 
cut the annulus along the negative part of the real axis, we 
obtain a domain in which the principal branch of this function 
is regular. The maximum modulus of this branch m the cut 
annulus is attained on the boundary of the domain. 

Now since a is real, all the branches of z“/(2) have the same 
modulus. If we consider a branch of this function which is 
regular in the part of the annulus for which hn < argz sj 
we see at once that the principal value cannot attain its maxi- 
mum modulus on the cut, and so must attain it on one of the 
boundary circles of the annulus. We have thus shown that, 
when fi < jzl < r^, 

|z“/(2)| < max{rj Jf(ri), r“if(r2)}. 

Using an obvious notation, we deduce at once that 
r’^M{r) < max{rf ilfi, 
when < r < Tj. 

We now choose a so that rJJHj = rg Jlfo; thus 

_ _logW^) 

We then have r°-M(r) < rf J/j, and so 

or, finally, 

The result contained in this inequahty is known as Hadamard’s 
three-circles theorem.^ 

t Bulletin de la Soc. math, de France, 24 (1896), 186. The result obviously 
holds not only for integral functions^but also for any function which is regular 
in an annuIuB. 
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Since Jfj < M{x), we may write this inequality in the form 

^ 1 Jf J ^ UJ ’ 

from which it follows that ilf(r) -► a's r r^+O. Similarly 
we may show that ilf(r) ->■ Jlfj as 0. Since, however, 

and are arbitrary, this implies that M(r) is a continuous 
function of r. 

Finally, if we write ij(f) = IogJlf(ef), we find that, when 

so that the graph of ij = log iJf(ef) is convex downwards. We 
express this property by saying that logJlf(r) is a convex func- 
tion! of log r. 

Example. M(r) is the maximum modulus of the mtegral function /(z) 
on |z| = r, and A is a constant between 0 and 1. Show that M{Xr)IM{r) 
decreases steadily as r increases, and that 

hmM{Xr)jM{r) = 0, 

f -»00 

save when/(z) is a polynomial. What is the limit of the quotient in 
this case? 

7.4. The order of an integral function 

An mtegral function is said to be of fimte order if there exists 
a real number k, independent of r, such that its maximum 
modulus M{r) on the circle \z\ = r satisfies the mequahty 

log M{r) < 

for all sufficiently large values of r. If there exists no such 
number k, the function is said to be of infinite order. 

If /(z) is of finite order, the constant k occurring m the 
mequaUty ^ ^ 

must be positive. For if it were zero or negative, M{r) would 
be bounded and so f(z) would be a constant, by Liouville’s 
theorem. Moreover, if the inequality holds for one value of k, 
it evidently holds for all greater values of k 

t For an account of the properties of convex functions, see J L W. V. 
Jensen, Acta Math. 30 (1906), 176, or Hardy, Littlewoou, and Polya, In- 
equalxtiea (Cambridge, 1934), 70-8, 91-6. 
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By means of a Dedekind section of the real numbers, we 
can determine a number p with the property that, for a given 
integral function f{z) of finite order, the inequality 

\ogM{r) < r* 

holds for all sufficiently large values of r when k> p but not 
when k a p This number p is called the order of /(z). The 
definition implies that, when k a p, the inequality 

log Jf(r) > r* 

holds for a sequence of values of r which increase indefinitely. 
In other words, ^ loglo gil/(r) 

^ logr 


When /(z) is of infinite order, we have 

_ +K. 

r->oo log r 

Many of the elementary functions of analysis are integral 
functions of finite order For example, a polynomial is of order 
zero; c*, sinz, and cosz are of order 1, cos Vz is of order J. On 
the other hand, c*’ is of infimte order 

Example, /(z) is an integral function of finite order p. M^(r) is the 
maximum modulus of f'{z) on |z| = r Provo that, if R > r, 

^ ^ M(R) 

R-r' 


M‘{r) 


Deduce that /'(z) is also of order p. 


7.41. Integral functions of finite order with no zeros 

We shall now show that is an integral function of finite 
order with no zeros if and only if H{z) is a polynomial. We have 
already seen that is an mtegral function with no zeros if 
and only if H(z) is an integral function, moreover, if H{z) is 
a polynomial of degree k, is obviously of finite order k. 

To complete the proof of the theorem, it only remains to show 
that if the real part of an mtegral function H{z) satisfies the 
inequality Rli/( 2 ) <; 

for every positive value of e and for an indefinitely increasing 
sequence of values of r, H{z) is a polynomial of degree noi 
exceeding p. This analogue of Liouville’s theorem is due to 
Hadamard.f 

t Journal de Math (4) 9 (1893), 186-7. 
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By Taylor’s theorem, we have 

H{z) = ao+®i*+«22‘'+- 

where ^ | 

c 

C being the circle | 2 1 = r . Now, when » > 0, 

^ ^ »«=0 
CD 

m-oJ 
= 0 . 

the term-by-term integration being valid since the series 
2 dm 2“ converges umformly. By addition, it follows that 

2ir 

= 1 f RlHiz) = 1 f Rli^(re»‘)- • 

" -m J '2»+i ttJ ^ 

0 

2ff 


Hence we have 


On the other hand 


V 0 

2ir 

Rlff^r^JLJ Rl//(re»')d0. 


and so 

Hence we see that 

2Rlao+|aJr»<- f {IRl^l+Rlif} d0. 


277 


0 


But the integrand is equal to 2 R1 ^ or 0 according as R1 Z? > 
or < 0 Since R1 H < r^+', we have, therefore, 

2 R1 a(,4- |fl« |r" < * 

for every positive value of e and for an indefinitely increasing 
sequence of values of r. 

If we now write this inequality in the form 


\a„\ < 4r>’+*-”— 2 R] Oq 
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and then make r ->> oo, we see that = 0 when n> p, and so 
H(z) is a polynomial of degree not exceeding p. This completes 
the proof of the theorem. 

Example. Prove that, if /(z) ib an integral function of finite order, 
it attains any assigned value, with at most one exception, infinitely 
often. Show also that, if the order is a fraction, there is no exceptional 
value.f 


7.42. Jensen’s inequality 

Let f{z) be an integral function which does not vanish at the 
origin. Let its zeros, arranged in order of increasing modulus, be 
*!> 2*1 23.—1 multiple zeros being repealed. Then if 

\Zff \ < R ^ I^AT+lli 

we have iJ^|/(0)| < M{R)\ZiZ^ • 2jvl- 


For the function 


JV 




n-1 


is also an integral function, and \F(z)\ — \f(z)\ when |z| = JB. 
Hence when |2| ^ i?, we have, by the principle of the maximum 


modulus. 


|F(z)| < MiR) 


where M{R) is the maximum modulus of f{z) on \z\ = R. 
Putting z = 0, we find that 


R^ifm 

IZlZj. z.vl 


< M{R), 


as stated above. This result^ is known as Jensen’s inequahty.§ 
Let us now denote by n(r) the number of zeros of /(z) in 
|z| ^ r; evidently n(r) is a non-decreasing function of r which 
is constant in any interval which docs not contain the modulus 
of a zero of /(z). Then 


log 


R^ 

1*1 Z2...Zy\ 



R 



0 


f The result contained in this example is a particular case of Picard’s 
theorem, to which reference was made m § 4.65. 

t The inequality evidently also holds if /(z) is not an mtegral function, but 
18 regular when |z| < S, See also p. 90, Ex 15, for a more general result 
§ Acta Math. 22 (1899), 359-64. 
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Accordingly Jensen’s inequality can be written in the form 

li 

j^dx^logM(R)-log\m\. 

0 

From this we deduce that »/ /(«) is an integral function of 
finite order p, then n{r) = 0(7^+*) for every positive value of e and 
all sufficiently large values of r. 

For if we put R = 2r, we have 

2r 

J dx < logJlf(2r)-log 1/(0) I < ArP+* 

0 

for every positive value of c and all sufficiently large values of r, 
A being a finite constant independent of r. But since n(x) is 
a non-decreasing function, we have 

n(r)log 2 ^ J da: < J dx < ArP+^, 

r 0 

and so n(r) = 0(rP^^). 


7.43. The exponent of convergence of the zeros of f{z) 

Let f{z} be an integral function with zeros z^, Zg,... arranged 
in order of increasing modulus We associate with this sequence 
of zeros a number p^ defined by the equation 


Pi — lim 


logn 

logr,/ 


where r„ = |z„|. This nuinlicr p^ is called the exponent of con- 
vergence of the zeros of/(z), since it has the following important 
property Jf p^ is finite, the series 2 converges when t > pi 
and diverges when t < p^, but if pi is infinite, the senes diverges 
for every real value of t 

For if Pi IS fimte and t > pi, the inequahty 


log» 


< W+Pi) 


holds for all sufficiently large values of n, and so 


r^ > »i+». 
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where p = (t— > 0. Hence 2 converges when 

T>pi. 


On the other hand, if pi is finite and r < /d^, or if pi is infinite 
and T has any real value, there exists a sequence of integers for 
which rJJ < » Let N be such a value of n and let m be the 
least integer greater than ^N. Then since increases with n, 
we have v ~ j 

2‘ 


JV 


m 


m 


>x-.> 


N 


But as there are values of N as large as we please, this implies 
that 2] r~'' diverges. 

If Pi is finite, the senes ^r~i^ may be cither convergent or 
divergent. For example, if r„ = », we have Pi = 1 and 2 
diverges, but if = n(logM)*, we again have Pi = 1, but 
m this case the series converges 
Finally, i/ /(z) is an integral function of finite order p, pi is 
finite and does not exceed p. For, by § 7.42, 


n-»«logr„ r-*^ logr logr 


P+e, 


for every positive value of e, and so pi^ p 

CO 

Example. Show that the senes 2 and the integral J n{x)x~^~'^ dx 

0 

converge or diverge together. 


7.5. Canonical products 

If/(z) is an integral function of fimte order p with an infinite 
number of zeros z^, Zj,..., there exists a least integer p such that 
the series 2 i® convergent. If pi is not an integer, p is the 
greatest integer less than pi, if pi is an integer, p may be either 
Pi or Pi— 1. But, in any case, Pi— 1 ^ p ^ Pi < p. By § 7.2, 

converges uniformly and absolutely m any bounded closed 
region of the plane which contains none of the points z„, and 
represents an integral function which vanishes if and only if z 
is a zero of f{z). We call it the carumicdl product formed with 
the zeros of f(z), the integer p is called its genus. 
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7.51. Borel’s theorems on canonical products 

Borelt has proved two fundamental theorems on canonical 
products which we shall deduce from the following lemma4 
If G(z) is a canonical product of genus p with zeros z^, Zj,..., 
and if N is a positive integer suxh that |zjv| < 2]z| < then 




-I^log\G{z)\ ^ 


I 


where I is equal to 


JV . .to 

2‘4+r +"2 

1 ' " ' 


or 


N „ to 

y - +2 y - 


JV+l' " 


p+i 


A being independent of z. 
The canonical product is 

N 


(p = 0). 
(p > 0). 


«(.) = n*(i,.)n.(^„) = n.n. 


say. We shall denote |z|, \z„\, |z/z„| by r, r„, respectively. 
In ITj, we have u,^ < ^ and so 

00 

lioginaii ^ iiogn^i < y 

it+i 

by the inequality of § 7.2. 

To obtain inequalities satisfied by Hi we have to consider 
separately the cases > 0 and p = 0. Now when > 0 and 
1.11 > 2 , we have 

l^(2.J^)l ^ (l + |z|)exp||zl + l|z|2+. 

and so 

log\E{z,p)\ < Iog(l + |i|)+|z| + i|z|®+.. +l\z\P < A\z\P 


loget.j.) < 2j 


t Acta Math 20 (1897). 357-96 

t Tho proof of this lemma is a modification of that of \aliron, Integral 
FuncHona (Toulouse, 1923), 53-8 
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where A is independent of 2 ; similarly 

\og\E{z,p)\ ^log\l-z\~\z\-l\z\^-...-~\z\i> 

P 

^ log \l~z\—A\z\P 

Since ^ in 11]^, we deduce from these inequalities that 


N 


Viog|i_A 

when p > 0 If we combine this with the other inequahty 

-2 1 < login^i < 2 f «p+s 

JV+l JV+1 

the result stated in the lemma for p > 0 follows at once. 
When = 0, we have 

log 1 0{z) 1 = log 1 III I+log I Ila 1 

N 


N 




1 — — 


+2 2 

N+l 


and also 


2 log 

1 * 

< ^ log(l+«„)+2 = I, 

N 

log I <9(2) I ^ 2 log 

I 

N . 

=2 log 


1 — — 


-2 2 «« 
JV + l 


1 

N 


1 — — 




2 log 


+ 2l0g(l+“H)--l 


-I. 


This completes the proof of the lemma. 

We shall now prove the first of Borel’s theorems, that the 
order of a canonical prdduct is equal to the exponent of convergence 
of its zeros. 

Let ju be a number such that p < /x < + 1 and also such that 
2 IB convergent. Then, when jp > 0, we have 

I = 2«"'*H-2 2 


A' + l 


A' 


< 2 '*-m 2 :<+ 2 '*-*' 2 <> 

1 JV+I 
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since ^ I when n^N, and «„ < J when n> N. This gives 

/ < 2i^-Pr>^fA 2 r-i^+ f f-A = 0{ri^) 

' 1 JV+l ' 

A similar proof can be given when p = 0 and leads to the same 
result. 

Let the exponent of convergence of the zeros of (?(z) be p^. 
It follows from the lemma that, when p. > pi, the inequality 

\G(z)\ < 

holds for all sufficiently large values of r, and so the order p of G{z) 
cannot exceed p. Since p is any number greater than p^, this im- 
phes that p p^. We have, however, already proved that Pi ^ p 
for any integral function. Hence, for a canonical product, pj = p. 

From this theorem, in conjunction with the lemma, we deduce 
that, given a canonical prodvot G{z) of order p and an arbitrary 
positive number e, there exists an infinite number of circles of 
arbitrarily large radius on each of which holds the inequality 

|G(z)l > 

This theorem sets a lower bound to the minimum value, wt(r) 
say, of lG(z)| on |z| = r 

Since wi(r) vanishes whenever r is the modulus of a zero of 
G(z), we cannot expect that m{r) will behave quite as simply as 
M(r) To overcome this difficulty, we describe a circle 
|z— z„| = about each zero z„ for which r„ = |z„| > 1, 
h bemg any real number greater than p. Since 2 is con- 
vergent, these circles do not cover the whole plane, and so there 
exists an infinite number of circles jz| = r of arbitrarily large 
radius which do not intersect any of the small circles having 
zeros of G{z) as centre It will, therefore, suffice to prove that 
the inequahty m question holds for all sufficiently large values 
of |z|, provided that z lies outside all these small circles. 

The proof of the theorem depends on the inequality 

loglG(z)i>logr[ 

^1 

estabhsbed in the lemma As we have shown, 

/ < rP+u 

for all sufficiently large values of r. 



174 INTEGRAL FUNCTIONS 

It Will be recalled that the integer N was defined by the 
inequality rjv < 2r < Now when r„ < 1, we have 

|1— z/z„| > 1 provided that r > 2, and so 



But when 1 < r„ < 2r and z lies outside all the small circles, 
we have 

i-i. = ^ ^ 

Hence log | | 1 — — 2? — iV(l+A)log2r. 

Wc have, however, shown in § 7.42 that, for all sufficiently large 
values of r, ^ ^ 

Combining these results, we find that 

N 

logH ^1 > -^(l+^)log(2r)r/"K 

It follows that, when z lies outside all tlie small circles and 
r is sufficiently large, 

log [Cr(z)| > — r#’+**{l+(.4+fe)log(2r)} > — rP+*. 

This result is due to Borel. 

7.6. Hadamard’s factorization theorem 

ifm IS an integral function of finite order p which, has zeroi 
Zj, Zg, .. and does not vanish at the origin, it can he factorized in 
{he form _ (?(z)c^^w 

where G(z) is the canonical product formed loith the zeros of f(z) 
and H{z) is a polynomial of degree not exceeding p. 

It has already been proved that such a factorization is pos- 
sible, H{z) being an integral function. It remains to show that 
H(z) is a polynomial. 

Let Pi be the exponent of convergence of the zeros of /(z). 
Then the canonical product 0(z) is of order p^, and p^ does not 
exceed p. If e denotes an arbitrary positive number, there exists. 
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as we have just seen, an infinite number of circles |z| = r of 
arbitrarily large radius on which the inequality 


is satisfied. But since f(z) is of order p, the inequality 

m\ < 

holds for all sufficiently large values of r. 

From these two inequalities it follows that 


|eHC.)| == 


m 

G(z) 


grO^‘+rP,'‘ 




on a sequence of circles \z\ = r of indefinitely increasing radii. 

R1H(2) < 2rP+‘ 


for every positive value of e and for an indefinitely increasing 
sequence of values of r By § 7 41, H(z) is a polynomial whose 
degree does not exceed p This completes the proof of 
Hadamard’s factorization theorem. 

If G(z) is of genus p and II(z) of degree q, the greater of the 
integers p and q is called the genus of /(z). Since p ^ p and q ^ p, 
the genus of an integral function does not exceed its order. It 
can be shown that, when p is not an integer, the genus is the 
greatest integer less than p But when p is an integer, the genus 
is either p or p — 1, the actual determination in any particular 
case being sometimes difficult. 


7.7. The Taylor coefficients of an integral function of 
finite order 

T/ie necessary and sufficient condition for 

/(2) = So«»” 

0 

to be an integral function of finite order is that 
„l.oo nlogn 
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The condition is necessary. For suppose that /(z) is of finite 
order p. Then, when k > p, the inequality 

M(r) < e*^ 

is satisfied by the maximum modulus of /(z) for all sufficiently 
large values of r Hence we have, by Cauchy’s inequality, 

Kl < 

The expression on the nght-hand side of this inequality has 
a maximum value {ek/n)^^, attained when r** = njk, and so 

I 1 ^ 

Kl<(-) . 

From this it follows that 


laedlla.. 


SO that the condition is necessary. 
It remains to show that, if 


I, = 

~ nlogn 

is positive, f(z) is an integral function of fimtc order. We con- 
sider separately the two cases, (i) p, finite, (ii) p infinite. 

Let us suppose that p is fimte The definition of p implies 
that, if e is an arbitrary positive number less than p, there exists 
an integer N such that the inequahty 

log(l/|a„|) > (p-f)n\ogn 

holds whenever n> N. This mequahty may be written 


|a„| < 

But since p—€ is positive, this implies that tends to zero 
as » -> 00 and hence that f{z) is an integral function. 

Now, when r > 1, we have 

where .4 is a constant. Let us choose an integer M such that 


< 2r < 

If r is sufficiently large, M will be greater than N, When 
iV^-f-1 < » < iH, we have 

r“ ^ ^ exp{(2r)*^^"*^logr} 



and so 
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n M 

^ exp{(2r)i'(/*-*^logr}^ »-(/*-<)» 

< exp{(2r)^^<M-*>logr} 2 
1 

= fiexp{(2r)'/f#*-*>logr} 
where B is independent of r. Also 

'_r \“ ^ / r_ \“ V 2 

^ ' AY-H" >> I JV/ + 1 

Combining these inequalities, we find that 

|/(z)| < Ar^+Bexp{(2r)i«>‘-*)logr}+l, 
from which it follows that 

M(r) < exi>{2(2r)i'('^-*)logr} 

for all sufficiently large values of r. Let us now denote the order 
of f(z) by p. Then wc have 

^ loglogjlf(r) ^ J-- log 2 + log(2r )^<^-«>+ loglogr^ 

^ r-.co logr " logr 

and so p < lj{fi—e) 

Again, it also follows from the definition of ja that there exists 
an mfinite number of positive mtegers n such that 
log(l/l««l) < (jii+e)nlogn, 
or lfl„| > 

Using Cauchy’s inequality we find that, for each such value of n, 

M(r) > la„|r» > . 

If we take r — 2w/*^ *, we now have 

M(r) > 2" = exp((Jr)'/^*‘''*>log2} 
for certain arbitrarily large values of r. This, however, implies 
that p 5; l/(/a+e). 

We have thus shown that the order p of /(z) satisfies the 
inequahty , , 

-J- < p < 

/i+e n—€ 

for all positive values of e less than /x. Making e tend to zero, 
we find that/(z) is of finite order 1/p 

4111 W 


1 
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To deal 'with the case when p, is infinite, we observe that the 
inequality log(l/Kl) > Knlogn 

holds for any given positive value of K and all sufficiently large 
values of n. A rei)etition of the first part of the previous argu- 
ment shows that/(z) is an integral function of order not exceed- 
ing 1/A. Since K can be as large as we please, the order of /(z) 
must be zero. This completes the proof of the theorem. 

It should be observed that we have proved incidentally that 

nlogn 

n~^ao log(i/KI) 

is the order of the integral function /(z). 
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MISCELLANEOUS EXAMPLES 
1. Prove that, if la| > 1, the integral function 




IS of order zero. 

2. Show that, if a > 1, the integral function 


IS of order 1/a 
3. Prove that,t if 




— logn 


the function is an integral function of order not exceeding l/«. 

0 

Show also that the order is 1 /k if 

= x > 0. 

logn 

t Use Stirling’s approximation to the Gamma function, that when x is large 
and positive, r(l-t-iB) = e-»z».^(2wa:){l+o(l)). 
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4. Determine the orders of the following integral functions: 


(i) cos Vz; 


QO 



(<X > 0), 


2r(IT^) 

0 

00 

(iv) * ‘‘'•^■('^2) = 2 2-^»;irr(i/+n+l)’ 

0 

6. /(z) IS an integral function of fimte order p. Show that, corre- 
spondmg to any positive number e, there exists an miimte number of 
circles |z| = r of arbitrarily large radius on which the lower bound m(r) 
of |/(z)| satisfies the inequality 

m(r) > e”''*'*’'. 

6. Prove that, if the order of an mtegral function is not an integer 
or zero, it is equal to the exponent of convergence of its zeros Deduce 
that such a function has an infinite number of zeros 


7. By moans of Hadamard’s factorization theorem prove that, if A is 
not an integer or zero, 

CO 

sinTr(z+A) = f**«>‘’'AsinffA 

— 00 


sintrs — 772 




and also that 



CHAPTEB VIII 

CONFORMAL REPRESENTATION 

8.1. Isogonal mapping 

Let us suppose that the functions u{x, y) and v{x, y) are con- 
tinuous and possess continuous partial derivatives of the first 
order at each point of a domain /S' in a plane in which x and y are 
rectangular Cartesian coordinates The equations u — u{x, y)^ 
V — v{x, y) set up a correspondence between the points of S and 
the points of a set S m the {u, v)-plane The set S is evidently 
a domain and is called a map of 8 Moreover, since the partial 
derivatives of the first order of u and v arc continuous, a curve 
in 8 which has a continuously turning tangent is mapped on 
a curve with the same property in S The correspondence 
between the two domains is not, however, necessarily a one-to- 
one correspondence. 

A simple example of this is given by taking u — x^, v ~ y^. 
The domain a:*-f j/* < 1 is mapped on the triangle bounded by 
tt = 0, « = 0, u+v = 1, but there are four points of the circle 
corresponding to each point of the triangle 
A method of ma])ping /S on S is said to be tsogoml if it 
is a one-to-one transformation which turns any two intersecting 
curves of 8 into two curves of 2 which cut at the same angle In 
order that the correspondence may conserve angle m the sense 
just defined, it is both necessary and sufficient that the involution 
of orthogonal directions at each point of 8 be transformed into 
the involution of orthogonal directions at the corresponding 
point of 2 This is equivalent to saying that the isotropic 
directions at each point ot 8 transform into the isotropic direc- 
tions at the corresponding point of 2, and conversely 
Now the differential equation of the isotropic directions in 
the {X, 2/)-plane is (dxy-+{dyr = 0. 

Hence = h-{{dxy-\-[dyY) 

where h depends only on x and y and is not zero. 

To determine the properties of the functions u and v for which 
this equation holds, we make the substitution 

du — Uj^dx +Uifdy, dv — Vj.dx +Vydy, 
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where suffixes denote partial differentiation, and then equate 
coefficients. It follows that the functions u and v satisfy the 
partial differential equations 

= = 'U'j.Uy-\-Vj.Vy = 0. 

If we satisfy the first two equations by putting 
ttj. = Acosa, «j. = A.sina, Uy = hcos^, Vy — hsinp, 
we find that the third equation is also satisfied if a— )3 = 
Hence, if the correspondence u = u{x,y), v = v{x,y) is one- 
to-one, it is also isogonal if and only if, at each point of 8, the 
four first-order partial derivatives satisfy one of the following 
sets of equations 

(a) Uj, = Vy, Uy = —V^, (b) = —Vy, Uy = V^, 

and do not vanish simultaneously 

The equations (a) are, however, the well-known Cauchy- 
Riemann differential equations. In virtue of the initial restnc- 
tions on u and v, the conditions (a) and (b) are, therefore, 
equivalent to 

(a') u+iv =/(x+iy), (b') ti—iv =/(x-l-iy), 

where /(x+ty) is an analytic function, regular in 8 Moreover, 
since l/'(xi-ty)l^ — u^+Vj, the denvative f'(x-j-ty) vanishes 
nowhere m 8, In other words, the only isogonal transformations 
of a domain 8 of the z-plane mto a domain S of the w-plane 
are of the form w = f(z) or w’ = /(z), where /(z) is an analytic 
function whose derivative is finite and non-zero at each point 
of 8 Actually it suffices to consider only isogonal transforma- 
tions of the former type, since the transforination w =f(z) is 
equivalent to w = /(z) followed by a reflection in the real axis 
of the it’-plane. 

Now if/( 2 ) IS an analytic function, regular in a neighbourhood 
of the {loint Zg at which /'(z) does not vanish, we know, by the 
inverse-function theorem (§ 6 22), that the equation 'u> = f(z) 
sets up a one-to-one correspondence between a certain neighbour- 
hood of Zg m which f'{z) does not vanish and the region within 
a certain closed contour within which the point Wg /(Zg) hes. 
Thus the neighbourhood of Zg is mapped isogonally on the region 
within the closed contour. 

It must not, however, be supposed that, if f'(z) is finite and 
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non-zero at each point of a domain S, then w = f(z) necessarily 
maps 8 isogonally on a domain X of the w-plane. For, although 
a neighbourhood of each point of 8 is mapped isogonally, it is 
not necessarily the case that the mapping of the whole of 8 
is a one-to-one correspondence. For example, the function has 
a derivative 2z which is finite and non-zero when 1 < 1*1 < 2, 
— Itt < argz < Itt; yet w = z^ maps this domain on an over- 
lapping region 1 ^ |u'| < 4, — < argw < ^tt, and so the 

transformation is not one-to-one. 

Example. Show tliat w = maps |2| < 1 isogonally on the 

whole w-plane, supposed cut along the real axis from — oo to —1-. 


8.11. Conformal mapping 

Let us suppose that w — f(z), where f(z) is an analytic func- 
tion, maps a domain 8 of the z-plane isogonaUy on a certain 
domain X of the ic-plane. If (7 is a regular arc z = x(t)-\-iy(t) 
in 8, the equation of its map is 

w = f{x{t)+iy{t)), 

so that C IS mapped on a regular arc F, say. 

Let us now denote by if> and tfi respectively the angles which 
the tangents to C and F at the points of the same parameter t 
make with the real axis Then we have 


and 


^ = arg 


<f> = tan-i^ = oig{x{t)-\-iy[t)} 

X 

= “•rg[/'(z){i(<)-l-iy(<)}] 


^+arg/'(z) 

Thus ^ IS equal to a,TgJ’{z) and so depends only on the affix 
of the point z and not on the jiarticular curve through that 
point. This, however, implies that the transformation conserves 
not only the magnitude of the angle of intersection of two curves 
but also the sense of the angle 
But since the transformation w = f{z) is equivalent to 
w = /(z) followed by a reflection in the real axis of the «i-plane, 
this transformation conserves the magnitude of the angle of 
intersection of two curves but reverses its sense 
A conformal iransformalton is defined to be an isogonal trans- 
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formation which conserres the sense of an angle as well as its 
magnitude. It follows that the only conformal transformations 
of a domain of the z-plane into a domain of the w-plane are of 
the form w = f{z), where /(?) is an analytic function. 

Returning now to the regtilar arc C and its map F, let us 
denote by s and a the lengths of C and F respectively up to 
the point of parameter t. Then we have 


and — = 


da 

dt 




= l/'(2){*(0+»2/(0}l; 


hence we see that 




We have thus shown that the conformal transformation 
^ = /(2) maps a small neighbourhood of a point Zg on a neigh- 
bourhood of the corresponding point Wq, which, correct to the 
first order, is obtained by a magnification in the ratio |/'(Zo)| : 1 
and a rotation through the angle arg/'(Zo). 


Example 1 . Tlie domain 3 of the z-plane is mapped conformally on 
the domam E of the w-plane by w = /(z). Show that the curves m E 
corresponding to x == constant and y =■ constant form two orthogonal 
families. Verify that this is the case when (i) w = coshz, (ii) w = z*. 
Explain the apparent contradiction m (u) when x = 0 and y = 0. 

Example 2, Prove that, in the notation of Ex. 1, the area of E is 

IJ \nz)\*dxdy. 

s 

Example 3. The function w — /(z) maps |z| < i? conformally on a 
domain of area A. Prove that A > »rj/'(0)j*J?*. 

Example 4. Prove that the quadrant |z{ < 1, 0 < argz < Jtt is 
mapped conformally on a domain E in the ui-plaiio by w = 4/(z-f-l)'* 
Fmd E and determine the length of its boundary. 

The derivative of the function 4/(z-i-l)’ is fimte and non>zcro at each 
point of the quadrant. Accordmgly w = 4/(z-|-l)' maps the quadrant 
conformally on a domain E provided tliat w docs not take any value 
twice in the quadrant. Now if 

4/(z+l)> = 4/(z,+ l)', 

then either z = z, or z = — Zi— 2 But if z^ is a point of the quadrant, 
— z,— 2 certainly is not. Hence w — 4/(z+l)* maps the quadrant con- 
formally on a domain E m the w-plane. 
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The boundary of £ is evidently a closed contour F. But since w is 
infinite only when z — — 1| the quadrant is mapped on the domain 
within r. 

When z moves along the real axis from 0 to 1, tr moves along the 
real axis from 4 to 1, and so the length of this port of F is 3. 

When z moves from 1 to t along an arc of \z\ = 1, we have 2 — 
where t mcreases from 0 to ^ir. Then tv moves from 1 to — 2i along the 
arc whose parametric equation is id = secV e~*^. From this we deduce 
that |tD| — 2— Rlw, so that the path is an arc of the parabola with 
focus at the origin and directrix Rite — 2. The length of this part 
of r IS ,/4 „/4 

2sec’t dt = V2+log(l-|- V2) 

0 0 

Fmally when z moves along the imaginary axis from i to 0, w goes 
from — 2t to 4. If wo wnto z = — itan/, where t mcreases from — Jw 
to 0, we find that the parametric equation of this portion of F is 
w = 4cos*ie*^ This curve is, however, the inverse of the parabola 
to = 8eo*le~*^ with respect to the circle |u)| = 2, and so is a cardioid 
with cusp at the origm. The length of this portion of F is 
0 0 

Scosf d( = 4V2 

— ir/4 — »r/4 

Combining these results, we see that the length of F is 
3+6V2+log{l + V2) 

8.12. Simple functions 

If to = /(z) maps a domain S conformally on a certain domain 
S of the in-plane, we say that f{z) is aimplef in S The charac- 
teristic property of such a function is that it takes no value 
more than once m S. The general theory of simple functions 
is too difficult to be included in the present book { It is, how- 
ever, quite easy to show that tf f{z) is regular within and on 
a closed contour C and takes no value more than once on C, then 
f{z) is simple within and on C. 

The relation w = /(z) evidently sets up a continuous one-to- 
one correspondence between the points of C and the points of a 

t Tho French and German words are untvalerUf and achluht respectively 

t For an account of work on this subject, see, for example, L Bieberboch, 
LthHnvih der FwUettonenthaone, 2 (I'>27), 82-94, P Dienes, The Taylor Senes 
(1931), Cliap VIII, E Landau, Datxlellung tmd Begrimdung einvger netterer 
Ergehntsae tier Funkltonentheone (1929), 107-14. 
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closed contour F. If «>o is any point of the tc-plane which does 
not lie on F, the number of zeros of/( 2 )— within C is 



m 

/(2)-M>0 


dz = 


1 r dw 

2iri J w—w^ 
V 


the direction of integration round F bemg that which corre- 
sponds to the positive sense of description of C. 

If Wq iies outside F, then m = 0, and so no point within C is 
mapped on a point outside F But when Wq lies within C, 
we have m = ±1. Since m cannot be negative, f the equa- 
tion /(z) = Wq has precisely one root within C when lies 
withm F. 

To complete the proof of the theorem it only remains to show 
that /(z) cannot take a value t/'i on F at any point z^ within C. 
If this were the case, a neighbourhood of z^ would be mapped 
conformally on a neighbourhood of w^, this is impossible since 
the neighbourhood of contains points outside F. 


8.2. Rlemann’s theorem on conformal mapping 

The fundamental problem m the theory of conformal mapping 
is concerned with the possibility of transforming conformally 
a given domain S of the z-plane into any given domain X of 
the wi-plane Actually it suffices to consider whether it is pos- 
sible to map conformally any given domain on the interior of 
a circle For if C = /(z) maps iS on |f( < 1 and w — g{Q maps 
2 on 151 < 1, then the equation w — ?(/(«)} provides a con- 
formal transformation of A' into 2 
• It is not, however, possible to map a completely arbitrary 
domain on the interior of a circle, there must be some restriction 
on the nature of the boundary For example, we cannot map 
a domain whose boundary consists of a single point conformally 
on 151 <C 1 , for if the domain had a single boundary point, 
which we may take to be the iiomt at infinity, J the mapping 
function 5 = /(z) would be an integral function which satisfied 
everywhere the inequahty l/(z)[ < I and so, by Liouville’s 
theorem, would be a constant Thus, in order that a domain 


t This implies that the sense o{ description of F is the positive one. 

X If s = a is the boundary point, it can be transformed into the pomt at 
infimty by *, = l/(z— a). 
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may be mapped conformally on a circle, it must possess more 

than one boundary point. 

The simplest case occurs when the boundary is a simple closed 
Jordan curve. It can be shown that if S is the domain hounded, 
by a simple closed Jordan curve C, there exists a uniqrie analytic 
function f(z), regular in 8, such that w = f{z) maps 8 conformally 
on |w| < 1 and also transforms a point z = a within 0 into the 
origin and a given direction at z = a into the positive direction 
of the real axis. This theorem was first stated by Biemann in 
his inaugural dissertation| at Gottmgen in 1851, but his proof, 
which depended on the Calculus of Variations, was shown by 
WeierstrasB to be incomplete. 

Whilst it is difficult to give a rigorous proof of this theorem, 
its truth will become obvious to the reader who is content to 
rely on physical intuition Let us suppose that such a function 
does exist and consider what properties it must have. 

In the first place, /(z)/(z— a) is regular and non-zero in 8 and 
so IS of the form where <f)(z) is regular within C. Thus 

/(z) = (z— a)e>'®>. 


Moreover, since |/(z)| = 1 on C, the function ^(z) satisfies there 
the condition log|z-a|-f-Rl(^(z) = 0 

Now the real part of an analytic function satisfies Laplace’s 
equation Qzy 

dy^ 


— -f — = 0, 


where z — x-\-iy If, therefore, it could be shown that there 
exists a unique real solution of Laplace’s equation, V say, which 
vanishes on <J and is finite within C save at the point z = o, m 
whose neighbourhood it behaves like log | 2 — a|, the real part of 
^(z) would be given by the equation 

V — log jz— aj-f-Kl^(z). 


The Cauchy-Riemann differential equations would then enable 
us to find the imaginary part of ^(z), save foi an additive 
constant. 

A physical argument renders intuitive the existence of such 


t See Riemann's Qta. Werke (1876), 3—13. 
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a solution of Laplace’s equation. For consider an earthed 
oylindncal conductor of infinite length whose cross-section is 
the curve C. Then Y is uniquely determined as being the 
electrostatic potential within this cylinder due to a line-charge 
of density — which is parallel to the axis of the cylinder and 
passes through the pomt of affix o. Unfortunately, however, it 
IS just as difficult to give a rigorous proof of the existence and 
uniqueness of the electrostatic potentialf as it is to prove Rie- 
mann’s theorem on conformal representation. 

If the reader is prepared to accept this argument from physi- 
cal intuition, it is easy to complete the ‘proof’ of Riemann’s 
theorem. It only remains to choose the arbitrary additive con- 
stant occurring in the imaginary part of <f>{z) so as to make the 
given direction at a = a correspond to the real axis in the 
itf-plane. We shall not attempt to give here an adequate proof 
of Riemann’s theorem, which can be found in various easily 
accessible works J 

8.3. Homographic transformations 

We shall now consider whether it is possible to map con- 
formally the complete z-plane, apart from a finite number of 
exceptional points, on the complete w-plane. If it is possible, 
it will be effected by a relation w — f{z), where /(z) is an analytic 
function which has only a finite number of singularities. 

The function /(z) cannot possess an isolated essential singu- 
larity, for, by Weierstrass’s theorem (§ 4 55), a function ap- 
proaches as near as we please to any assigned value in every 
neighbourhood of an essential singularity, and this is clearly 
inadmissible here The only singularities of /(z) are, therefore, 
poles, of which the point at infimty may be one, and so /(z) is 
a rational function (§ 4 56) 

But, by § 6 21, Ex 1, a rational function takes any assigned 
value p times, where p is the number of its poles. Hence the 
function /(z) has but one singularity, a simple pole, since a con- 
formal transformation is one-to-one. If the singular point is at 

t Soe O. D. Kellogg, Fount/attona of Potential Theory (Berlin, 1929). 

t Soe, for example, C. Carothfiodoiy, Conformal Pepreaentation (Cambridge, 
1932), Chap V, L. R, Ford, Automorphtc Functuma (New York, 1929), 
Chap, VIII; G. Julia, Le<;ona sur la reprilaentation conforme (Pans, 1931), 
Chap. III. 
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a finite distance, the transformation is of the form 

w = {az-\-h)l{cz-^d), 

where o, h, c, and d are constants such that ad— be ^ 0; but 
if the singularity is at infinity, then 

w = Az-\-B, 

where A 0) and B are constants. In either case the trans- 
formation IS homographic .f 


8.31 . Homographic transformations which leave the unit 
circle invariant 

Homographic transformations which map the circle lz| = 1 
on \w\ = 1 are of particular importance in the theory of func- 
tions. The transformation w = (az+b)l{cz+d) will be of this 


type if 


az-\-b 


cz-f-d 


= 1 


whenever \z\ = 1 ; using conjugate complex numbers, we require 
{az-\-b){dz-\-b) = {cz-\-d)(cz-{-d). 


The constants a, b, c, and d must, therefore, satisfy the equations 
ad-i-bb = cc-{-dd, ab = cd. 


as well as the inequality ad ^ be. 

Now, if a 18 not zero, the second equation gives b = cdja and 

hence 6 = Hjd. Substituting these values in the first equation, 

we find that , _ , j. ,, 

{aa—cc){aa—ad) = 0, 


and so |«| = |c| or \a\ — \d\. 

When |a| = |c|, we can wnte c = oe>", where y is real Sub- 
stituting this in the equation o6 = cd, we deduce that d = 6ey*. 
Hence, when |ol = |c|, the transformation degenerates into 
w = e~y', which is not a homographic transformation. 

To deal with the case \a\ = |d|, we write d = de-®S where 
S IS real We easily find that c = so that the transforma- 


■f For an account of the elementary proporlies of Iiomogruphic transforma- 
tions, BOO G H Hanly, Pure MalhemcUics (Cambridge, 1946), 97 -9 Some of 
theHB proportioh are given in exumplob 6, 7, 8, 9 at tho end of Chapter I of the 
present book. 
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tion is of the form 


w = c** 


oz -)-6 

a+bz 


iA) 


where |a| 7^ |6|. A similar investigation shows that this formula 
also holds when a = 0, the transformation then taking the 
particularly simple form w = ^jz, where a is real. 

When w and z are connected by the homographic transforma- 
tion {A), it can be shown without difficulty that 
{\—ww)\a-\-bz\^ = (1— 22)(ad— 66). 

Hence when |2| < 1, we have |m;| < 1 or |m>[ > 1 according as 
|a| > |6| or |a| < |61 Thus the homographic transformation 
{A) maps \z\ < 1 conformally on |w| ^ 1 only if \a\ > |6|. 
In § 8 33 we show that no other conformal transformation has 
this property. 


8.32. Schwarz’s lemma 

The proof of the result stated at the end of the previous 
section depends on the following lemma due to Schwarz f If 
f{z) IS regular in l2| < B, v'here it satisfies the inequality 
|/(z)( ^ M, and if /(O) = 0, then the inequality |/(z)| ^ M\z\IR 
holds whenever |2| < i? Moreover, equality can occur only when 
f{z) = Mze°‘'jR, where a is a real constant 

It follows from the data of the lemma that f{z) is expansible 
as a power senes a-^^z-^-a^z^-^- , whose radius of convergence is 
not less than R The function <f>{z) — f{z)lz is, therefore, regular 
when lz| < i? 

Let a be any number whose modulus is less than R. If we 
choose r so that |a | < r < ii, then, by the prmciple of the 
maximum modulus, the function ^(2) attains its maximum 


modulus in 
we have 


|z| ^ r at some pomt on the circle |z| = r. Hence 


1 ^( 0 ) 


< max 

|s|-r 




1 


= -max 1/(2) I 


and so l^(o)| < if/r. 

This last inequality holds no matter how near r is to R, and 
^(o) 18 independent of r. Making r -*■ R, we deduce that 
\m\ ^ MjR, the first result of the lemma. 


t H. A. Schwarz (1869), Qea. Math Abkandlungen, 2, 109-10 
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If there exists a number a of modulus less than R, such that 
\if>{a) \ = MjR, we know that ^(z) is a constant of modulus 
MjR. Hence we have /(z) = Mze^'^fR, where a is a real con- 
stant This completes the proof of the lemma 

Example. Prove that, if f{z) aatisfiea the conditions of Schwarz’s 
lemma, |/'(0)| < M/H Show also that equality occurs only when 
f{z) = where a is a real constant. 

8.33. Riemann’s theorem for a circle 

Let us suppose that w =f{z) maps lz| < 1 conformally on 
|mi| ^ 1 and turns the interior point z = c into the origin We 
shall now show that such a transformation is necessarily homo- 
graphic 

We know that f = (z—c)({l—cz) maps [z|< 1 conformally 
on Itt'l ^ 1 and transforms z — c into the origin Eliminating 
z, we obtain a transformation to = which maps ^ 1 on 
\w\ ^ 1 and conserves the origin This function satisfies 
all the conditions of Schwarz’s lemma, and so 

H < la 

when 1^1 < 1. 

But we can also write this transformation in the form 
C = where 4)(»’) again satisfies the conditions of Schwarz’s 
lemma Hence we have 

ICI < h«l 

when !«)] < 1. Combining these two inequalities, we find that 

\C\ < \W\ % \i\ 

when 1^1 s., 1, and so [m’| |^| The second part of Schwarz’s 
lemma now gives w — where « is a real constant Thus 

the transformation w ~ f{z) is of the form 

to = «“* , 

1— cz 

and so is hoiiiograpliic 

If, in addition, we require that tJie direction arg(z— c) = at 
c is to be transformed into the jiositive dii’cction of the real axis, 
we must take a = ~p. 

We can now show that there is a unique function w = f{z) 
which maps |z— o| ^ R conformally on |j/’| 1 and also trans- 
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forms an interior point z = c into the origin and a given direc- 
tion at c into the positive direction of the real axis. For the 
transformation 2 ' = (z— a)/jB maps \z—a\ < iZ on |z'| ^ 1, 
transforms z = c into an interior point z' = c', and leaves the 
prescribed direction unaltered. We have only to apply a 
homographic transformation to get the result stated. This com- 
pletes the proof of Riemann’s theorem for a circle. 

Example. Show that the region jz— a| < 12 is mapped conformally 
on hi < 1 by ^ 

in =s : - — 

lt*-{zn.a){c-a) • 

where a is real and 2 = c is the point which is transformed into the origin. 

8.34. The conformal representation of a half-plane on 
a circle 

We shall now consider the problem of mapping the half-plane 
Imz > 0 conformally on 1 m>| < 1 and simultaneously trans- 
forming a given point c of that half-plane into the origin w = 0 . 
By choosing R sufficiently large, we can make c lie within the 
circle |z — = Jt As jB tends to infinity, the interior of this 
circle mcreases until it fills up the whole half-plane. 

Now the transformation 

.Rc“’(z— c) 

_ Z i 

R^—(z — %R){c-\-iR) 

maps \z—iR\ ^ R conformally on |w| ^ 1 and turns z = c into 
w = 0 If we write this transformation in the form 

te“‘(z— c) 

w = — 

{l—tclR)z—c 

and then make R-> 00, we find that 

»z— c 

W = A - , 

z—c 

where [A| = 1, maps the half-plane Im 2 > 0 conformally on 
Iwj < 1 and turns 2 c into m? = 0, as can be readily verified. 

It should be observed that, by suitably choosing A, we can 
make any presenbed direction at z = c correspond to the 
positive direction of the real axis at w = 0. Making the appro- 
priate changes in the argument of § 8.33, we easily show that 
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Biemann’s theorem on conformal representation is also true for 

a half-plane. 

Finally, by making a preliminary translation and rotation, 
any half-plane can be mapped conformally on the interior of 
a circle. 

Example 1. Show that Imz > 0 is mapped conformally on Imw > 0 
by w = (az-t-6)/(cz-t-d), provided that o, 6, c, and d are real and 
ad— be > 0. What happens if ad— be <0? 

Example 2. Show that w — (1— 2 )/(l-|-z) maps \z\ < 1 conformally 
on R1 w > 0. Determme the curves m the u)-plane which correspond to 
|z| = r and to argz — a. 


8.4. Schwarz’s principle of symmetry 

Let r be a closed contour consisting of a segment AB of the 
real axis and a curve m the upper half-plane joining the ends 
of that segment. Let f{z) be an analytic function which is 
regular within F and continuous within and on F, and which 
also takes real values on AB. We shall now show that we can 
continue f{z) analytically across ABhy means of the equation 
f{z)=f(z). This result is known as Schwarz’s pnnciple of 
symmetry.! 

If we reflect F in the real axis, we obtain a closed contour 
Fj consisting of the segment AB and a curve in the lower half- 
plane We define the function ^(z) by the equation tf>(z) = f(z) 
when z is within or on F, and by ^(z) = /(z) when z is within or 
on Fj. By hypothesis ^(z) is regular within F It is also regular 
within Fj; for when z and z-j-fc lie within Fj, z and z-f-^ lie 
within F and so 

lim «^(z+fe)-«^(z) ^ Ijp^ /(z+^)-/^ ) 

h/ ^ 


« J 

If we denote by C the closed contour formed by the curved 
parts of F and Fj, <^(z) is evidently continuous within and on C. 
Hence, by § 5 5, the function 


m = 


2irt J t—z 
c 


t Journal Jur MtOi. 70 {1869), 106-7. 
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is regular within C. But, when z lies within F, we have 

2ni J t — z ' 2Tn J t — z 

r i\ 

the value of the first integral is ^(z) and the second integral 
vanishes. Hence we see that F(z) = ^(z) when z lies within F, 
and, similarly, also when z lies within F^ Fmally, by continuity, 
it follows that this equation holds also when z is an mterior 
point of the segment AB, but not necessarily when z is an end- 
point of that segment 

We have thus shown that the function ^(z) is regular within 
G. Since it is equal to /(z) within F, it provides the required 
analytical continuation of/{z) across AB. This completes the 
proof of the principle of symmetry. 


Example 1. F is a closed contour consisting of an arc AB of the 
circle |2| = 1 and a curve within that circle joining A to B. The func- 
tion f(z) 18 regular within F and continuous within and on F. By 
mapping the arc AB on a segment of the real axis, prove that, if/(z) is 
real on A B, it can be contuiuod analytically across AB by means of the 
relation /(z) = f(ljz). 

Example 2. The function /(z) satisfies the conditions of Ex. 1, save 
that it now takes values of modulus 1 on tho arc Afi. Show that the 
analytical continuation of /(z) across AB is given by/(z) = l/f{}/z). 
Example 3. Show that, if 0 < a < 1, the angular region 
— av < argz < an 

lb mapped conformally on the right-hand half-plane by w = 


8.5. The conformal representation of a polygon on a half- 
plane 

Let us suppose that the relation w = J[z) enables us to map 
the domain within a closed polygon F in the z-plane conformally 
on the region Iinw; > 0 We propose to investigate the pro- 
perties of this function /(z). Actually it turns out to be more 
convenient to consider, not /(z), but the inverse function 
z = F{w) 

Now the function F{w) is regular and F'{w) does not vanish 
when Im w > 0. From this it follows that 




F'{w) 


4111 


O 
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is regular in the upper half-plane. We next show that this is 
also true at any point on the line Imw = 0 which does not 
correspond to a vertex of P. 

Let X be a side of P making an angle d with the real axis. 
Then if 6 is any point of L which is not a vertex of P, ( 2 — 
is real on L. Hence if w = /3 is the point corresponding tp 2 = 6, 
the function {F{w)—b}e-^^ is real and continuous on the segment 
A of the real axis corresponding to L, and is regular when 
Im w > 0 By Schwarz’s principle of symmetry, this function 
can be contmued analytically across A ; it is, therefore, regular 
in a neighbourhood of /3 and can be expressed as a Taylor series 
of the form a, 

{F{w)-b}e-^^ = 2 a^{w-py, 

r=l 

where the coefficients a, are real Now if the first non-zero 
coefficient in this expansion were a^, this would imply that the 
two segments into which L is divided by the point b intersect 
at an angle w/p. Hence is not zero, and so d\ogF'{w)jdw is 
regular in a neighbourhood of ^ and is real when w is real 

When the point corresponding to z = 6 is the point at in- 
finity,! we have similarly 

r=l 

where the coefficients c, are real and This gives 

F'iw) w~^ ^ vf’ 

Hence, in this case dlog F'{w)(dw is regular in a neighbourhood 
of the point at infinity and is real when w is real. 

Next, let us suppose that L and L' are consecutive sides of 
P intersecting in the vertex z' where P has an angle om The 
function F{w) cannot be regular in a neighbourhood of the point 
w' corresponding to z = 2 ', since an angle air at z' is mapped 
on an angle ir at w' But since arg{ ( 2 '— z)c"®’} is equal to zero 
and air on L and L' respectively, the function [{z'— 
is real and continuous on the segment of the real axis corre- 
sponding to the consecutive sides L and L'. Moreover, this 

t In this case A consists of two segments of the real axis, each of infinite 
length. 
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function is regular when Imw > 0, since F(w)—z' is regular 
and does not vanish there. Applying the same argument as 
before, we see that 

is regular in a neighbourhood of w' and can be expressed as 
a Taylor series of the form 

[{ 2 '— = 2 bf(w—w'Y, 

r=l 

where the coefficients 6, are real and is not zero. But this 
gives * 

F{w) = 2'+c®*(i»— «)')“ 2 K{w—w'Y, 

r=0 

where b'^ is not zero Hence we have 


F'{w) ~ 


where 0(w) is regular and does not vanish in a neighbourhood 
of w', and so 




a— 1 ,0'{w) 
w—w''^^(w) ’ 


Hence if w' corresponds to a pomt at which P has an angle aw, 
the function dlogF'{w)ldw has there a simple pole of residue 
a — 1. 

In a similar manner the reader will readily show that, if the 
point at mfimty corresponds to a vertex of P of angle aw, then 


Ai„gr(») 


w vf' 

2 


Now suppose that the points a, b, c ,. ., I (aU of finite affix) lie 

on the real axis of the «;-plane and correspond to the vertices 

of P, and let o ^ 

aw, pw, yw, , Aw 

be the corresponding angles of P Then the function 


d\ogF\w)jdw 

must satisfy the following conditions 

(i) It IS regular when Imw ^ 0 save for simple poles of 

residue a— 1, j8— 1, y — 1, , A— 1 at the points a, b, 
c , .., I respectively. 

(ii) It is real when w is real. 
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(iii) It possesses an expansion of the form 


A 

dw 


iogf» = -i+y£t 

W £-iVlf 
r = 2 


valid in a neighbourhood of the pomt at infinity. 

Since the function is regular when Imu; > 0 and real when 
Ini tt; = 0, we can continue it analytically across the real axis 
by Schwarz’s principle of symmetry, and we find that the only 
singularities of the function m the complete w-plane are the 
presenbed poles on the real axis. Hence, by § 4 .>6, the function 
IS a rational function and so is of the form 


A 

dw 


logi?''(i/') 


a-l R~1 
w—a^w—b 


+• 


+ 


A-1 

w—l 




where is a polynomial 
Now when lie| is large, we have 

^, logrH -<!>(«')+ 2 

r-l 

where = (a-l)+(^-l)+(y-l)+ +(A-1) 

But since air, ytr, . , Att are the internal angles of a closed 
polygon, 2,r 

and so ei — — 2 Hence in order to satisfy condition (in), O(w') 
must be identically zero. 

We have thus shown that the mapping function F(w) satisfies 
the differential equation 


jLlogrW 


w—a'w—b~^' 


Integrating this equation, we deduce that 


+ 


A— 1 
w—V 


F{w) = A j {w-a)'^-^w-bf-K. dw +B, 

where A and B are constants of integration The integrand is 
not one-valued in the complete w-plane, but has branchpoints 
a, 6, c, ,l on the real axis. But if we take a definite branch of 
the integrand and suppose that the path of integration never 
passes below a branch-point, F{w) is regular when Imw > 0, 
save at the pomts correspondmg to the vertices of P. 

It remains to show that the constants A, B, a, b,..., I can be 
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suitably determined. Now, with any set of real numbers a, 6, 
c, . , Z in the correct order, the relation z = F(w) maps the line 
Im MJ = 0 on a closed polygon F', not necessarily simple, whose 
angles are the same as those of F. But, in order to construct 
a polygon similar to a given polygon of n sides, it does not 
suflSce to make corresponding angles equal; there are n— 3 other 
conditions to be satisfied We can, therefore, choose three of 
the numbers a, b, c, , I arbitrarily and then choose the rest to 
make F' similar to F This done, the scale, onentation, and 
position of F' are determined by |.4|,arg.4, and B respec- 
tively We can therefore choose A and B to make F' comcide 
with F 

Let us denote by C the closed contour in the ic-plane which 
consists of the segment of the real axis from —BtoB, indented 
at the points a, b, c, ., I, and the semicircle in the upper half- 
plane on this segment as diameter The function 

z = A j (u’— 6)^-* dw -hi? 

is regular within and on C Moreover, when goes round C, 
z describes the polygon F, indented at the veitices and also at 
the point corresponding to «) = oo It follows, by § S 12, that 
the region within C is mapped conformally on the region 
within F. If we now make R tend to infinity and the radius 
of each indentation of C tend to zero, we find that the region 
IniMJ > 0 15 mapped conformally on the interior of the closed 
polygon F of angles aw, jSw,. , Xw, by the relation 


z — A j (mj— ..{w—l)^-^ dw -\-B, 


provided that the constants are suitably determined. This result 
was discovered independently by Schwarzf and C'hristoffel J 
It IS often convenient to suppose that a is the point at infinity. 
In this case, condition (iii) has to be modified, we now require 
that the expansion 


AlogJ5’'(tt;) = -“+^ 
dw w 



t Journal fur Math 70 (1869), 105-20 
t Annah dt Math. (2) 1 (1867), 06-103; 4 (1871), 1-0. 
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should hold near the point at infinity. Making this change, the 

reader will readily prove that 

F{w) — j dw -\-B. 


8.51. Examples of the use of the Schwarz -Christoffel 
formula 


The region within a tnangle ABC, of angles ocir, yir where 
ot+P+Y — mapped conformally on the upper half of the w-plane 
by taking . 

a = D I (w— o)““*(w — dw +^1. 


The constants a, b, e can be chosen arbitrarily, and D and E are then 
fixed by the scale, orientation, and position of the triangle. In particular, 
if we take b at infimty, the relation connecting w and a becomes 

z — D j (w—a)“~\w—c)‘>^^ dw +E 

The only non -degenerate triangles for which this integral can be 
simply evaluatedf are the equilateral triangle, the right-angled isosceles 
triangle, and the right-angled tnangle with one angle Itr. In each of 
these cases w is on elliptic function of a 
There are, however, certain mter^ting degenerate triangles for which 
the integral can be easily evaluated. These are discussed below 


(i) Let us keep A and C and the direction of fixed and make y 

tend to 1. The tnangle becomes the region between two straight lines 

intersecting at ^ at an angle an. Taking a ~ 0, the relation connecting 

w and a becomes m , et 

a = Fftf‘+E. 


The reader wiU easily verify that this relation enables us to map the 
angle 0 < arg{(a— JSj/F’} < an conformally on Imic > 0. 

(ii) Let us keep A and C fixed and make j3 tend to zero. The tnangle 
becomes the region between two parallel Imcs on one side of a trans- 
versal , the correspondmg relation between w and a is 

z = D j (w— dw -\-E, 

where a+y = 1. 

The simplest case occurs when the transversal cuts the parallel lines 
at nght angles, so that a = y = J. Taking c = — l,a = l,we then liave 

z = Z> j , E = Dcosh-^w-i-E. 

J VK-1) 

To verify that this is the case, we take D = 1, E = 0, so that 
111 = cosh a. Writing a = ar-f-iy, w = u-{-iv, we find that 
it = cosh a: cosy, v = smhxsmy. 


t See Love, American Journal of Math 11 (1889), 168-71. 
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Keeping the positive number z fixed, let y vary from 0 to ir. Then ti> 
evidently moves round the upper half of the ellipse 


_u*_ 

cosh’z 


sinh'a; 


= 1 . 


Moreover, as x increases from 0 to oo, this arc of the ellipse sweeps out 
the upper half of the u)-plane. Thus w = coshz maps the half-strip 
Bis > 0, 0 < Ims < ir conformally on Imu> > 0. The discussion of the 
correspondence of the boundaries of the two regions is simple and is left 
to the reader. 

(ill) Let us keep C and the direction AB fixed, and then make a and /3 
tend to zero and y tend to 1. In this way the triangle degenerates into 
the stnp between two parallel Imes, which is mapped conformally on the 
upper half of the ui-plane by taking 

z — D j (w—a)~^ dw -^E. 

As a verification, let us consider the case when D = 1, £ — 0, a = 0, 
so that w =■ e*. If Bis is kept fixed and Ims increases from 0 to it, 
w moves round the upper half of the circle |m> 1 = e®'*. Moreover, as 
Bla increases from — oo to oo, this circular arc sweeps out the upper 
half of the «i-plano Thus = c* maps the strip 0 < Im« < ir con- 
formally on Imw > 0 


8.52. The conformal representation of a rectangle on a 
half ‘Plane 

The theorem of Schwarz and Christoffel shows that it is possible to 
map the interior of a rectangle conformally on the upper half of the 
w-plaiie by a transformation of the form 

z = D j [{w—a)(‘w—b){w—c)[w—d)'\~^l* dw -\-E. 

Wo shall now consider the pa,rticular transformation of this type 
10 

2 = j" [(l—w*)(l— &•»•)]"■*/* dti;, 

0 

where 0 < ifc < 1. 

This mtugral is on elliptic integral and its value cannot be expressed 
in terms of the elementary functions of analysis. At the present stage 
wo cannot discuss the transformation by expressing w explicitly m terms 
of z, as this mvolves a knowledge of the theory of elliptic functions. 

Let us suppose that the integrand is positive on the real axis when 
— 1 < w < 1, and that it is defined elsewhere on the real axis by con- 
tinuation along a path in the upper half-plane. It is easily seen that the 
integrand is equal to 1)(1— when 1 < to < l//fc, and is 

equal to — [(to*— l)]~^/*whento > 1/k. We now consider how z 
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behaves when w descnbes the complete boundary of the positive quadrant 

of \w\ < B, where R > Ijk. 

As w moves along the real axis from 0 to 1, « moves along the real 
axis from 0 to K, where 

1 

K = j dw. 

0 

This integral converges, and so K is finite and positive. 

When 1 < 111 < Ijk, the corresponding path of s is given by 
1 w 

z = J [(1-«)*)(1 -*»«)*)]-»/» dw +t J l)(l-jfc*tD*)]-»/2 dw. 

0 1 

The first integral is equal to K, whilst the si'cond is real and increases 
from 0 lo /i' ai w increases from 1 to 1/A, where 
ilk 

K' = j [(w*-l)(l-A:*«>*)]->/®dw. 

1. 

The number K' is evidently finite Thus as w moves along the real axis 
from 1 to 1/A', s moves along the line RIs - K from K to K+iK'. 
When w > 1/A, the jiatli of z is given by 

to 

z = A'+jK'- J f(w»-l)(A'V-l)]-V2dw. 

Ilk 

But if wc wnfe Aw = IJt in this integral, we find that 

to 1 

I [(w2-lKA=w2- 1 )!->/■! dm - J [(!-(*)(] 

1/^ l/ih0 

I'kw 

^ K— I l(l-«*Hl-W)]-V*d(, 

U 

likw 

and so s -= iA'+ J [(I -«*)(! (A) 

0 


Hence as w moves along tlie real axis from Ijk to R^z moves along the 
line Ims — K* from to the point of affix 

IHR 

iK'+ j [(1 -t*)( 1 -**«*)]-»/* d«. 

u 


By analytical continuation, the formula (A) holds everywhere in 
lw[ > ijk Hence z is regular there and can bo represented by a con- 
vergent senes of inverse powers of w, m fact, if we expand the mtegrand 
and integrate term by term, wo obtam 


z 



(1+fc*) , 

6ifc»w» 
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This sho-ws that *~*'*^^ ~ 

when |w| is large, and so the path of z, as w moves from S to iB, lies 
within a circle of centre tK' whose radius tends to zero as JB — >• oo. 
Moreover, the argument of z—iK' decreases by Jir m moving along this 
path. 

Finally when vi — vu where v is positive, we have 

z = » J [(l+t.>)(H-fcV)]-i/*dv. 

0 

Since tins mtcgral is real and positive and deereases as v decreases, 
z moves along the imaginary axis from the pomt near xK' to the ongm 
as w moves along the imaginary axis from %B to 0. We have thus 
shown that, as w moves round the complete boundary of the positive 
quadrant of |u)| < ii, z moves round the rectangle with vertices 0, K, 
X+iA'', %K' , indented at tiC', and tliat the radius of the indentation 
tends to zero as iJ -> oo From this it follows, by § 8 12, that the region 
0 < argw Jtt IS mapped conformally on the mterior of this rectangle. 

Now z IS purely imagmary when Rltu = 0. By usmg Schwarz’s prm- 
ciplo of HVniinetry, wo find that the region Jtt < argu) < ir is mapped 
confonnally on tlio interior of the rectangle with vertices 0, %K' , 
—K+tK', —K Combining these two results, wo see that the relation 

to 

z = J L(l-«’*)(1-A:*w*)]-V*dw 

u 

enables us to map the interior of tho rectangle with vertices K, K+tK', 
—K+xK', — K conformally on the upper half of the «i-plano 
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MISCELLANEOUS EXAMPLES 

1. Show that stereographic projection maps the surface of a sphere 
conformally on a plane. 

2. Prove that it is possible to map a surface of revolution conformally 
on a plane in such a manner that the meridians and parallels on the 
surface correspond to Imes parallel to the axes of coordmates. 

Show that, m the case of the sphere 

X = Bsm6coe<j>, Y — Bsm6am<l>, Z = BcoaB, 

where O<0<ir, O<0< 2ir, a conformal mapping of this type is 
provided by Mercator’s projection x = <^, y = logtan 

3. Prove that, when w = tanhz, the curves correspondmg to lines 
parallel to the real and imaginary axes m the z-plane form two families 
of coaxal circles. 

Show that this relation maps the strip 0 < Imz < Jw conformally on 
the upper half of the w-plane. 

4. Prove that w — cosz maps the strip 0 < Rlz < tt conformally on 
the whole w-plane, supposed out along the real axis from — oo to — 1 
and from + 1 to +oo. 

6. The circles |z— 1| = V2, [z+ll == V2 divide the z-plane mto four 
domains, of which one contains the origm, show tliat this domam is 
mapped conformally on |«)| < 1 by «; = 2z/(l— z*) 

(Math Tripos, 1932 ) 

6. Fmd a function w = f{z) which maps |s| < 1 conformally on the 
exterior of the parabola v* = —4 m, where w = u-\-%v, with z = 0 corre- 
spondmg to w = 3 and the positive directions of the real axes at these 
pomts correspondmg to one another. (Math. Tripos, 1932 ) 

7. Prove that, if o > 6 > 0, the equation 

(a-(-5)z’— 2i»z-|-(a— 6) = 0 

provides a conformal map of the annulus «J{(a~b)l{a+b)) < |zl < 1 
on the interior of the ellipse x*la*-\-y*/b* = 1, cut along the real axis 
between its foci. 

Discuss the representation in the w-plane of the curves |z| = r, 
argz = a, and, in particular, the behaviour of the transformation at 
points on the boundary of the annulus. 


8 Prove that 


(l+z»)>-»(l-z*)» 
(l-fz*)*-!- »(!-«»)* 


maps the region |z| < 1, 0 < argz < in conformally on |m»| < 1. Dis- 
cuss the correspondence between the boundaries of the two regions. 

(Edmburgh, 1932.) 
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9. A domain S contammg the circle |z| = 1 is mapped conformally 
on a region S by w = /(z), the circle bemg transformed mto a curve F. 
Show that the curvature of F is 

[l+Bl{z/'(z)//'(z)}]-|/(z)|. 

to 

10 Show that * ~ 

0 


maps the upper half of the w-plane conformally on the interior of a 

square of side J ^(cosec B) dO. 

0 

to 

11. Prove that * ~ 

0 

maps |u>| < 1 conformally on the mterior of a square of diagonal 
1 

2 J (\-w^)-^fidw 

0 

12 Show that the region outside a square m the z-plane con be 
mapped conformally on |w| < 1 by 


. _ (■ 

J U' 

»• 


13. The function f(z) is regular m |z| < J2, where it satisfies the 
inequality |/(z)| < M, moreover, /(O) = c. By applymg Schwarz’s lemma 
to the function M{/(z)-c} 


prove that 


Jlf-|/(z)| ^Af(M-|c|) 
R~p ^ MR+p\c\ 


when |z| < /B < iJ. (Cabath^odoby.) 


14. Show that, if A > 0, the relation mw = 2Alogz maps the half- 
plane Rlz > 0 conformally on the strip —h < Rlw < A. Deduce that 

l+z 

mw =2Alog— — 

1— z 


maps |z| < 1 conformally on —A < Rlw < A. 


15. The function /(z) is regular in |z| < R, where its real part 
satisfies an inequality lRl/(z)l < A; moreover, /(O) = 0. Show that the 
inequality „ , 

|Im/(z)l -2A,„R+| 




holds when |z| < R. (Cabath^odoby.) 
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16. The function/(z) is regular m ]z| < B, where its real part is never 
negative; moreover, /(O) = 1. By considering the function 


show that the mequalities 


F{z) = 


!-/(*) 

!+/(*)’ 


R- z 
B-\~ z 


< l/(*)l < 


R+ z 

R- z ’ 


IT t, ,1 21?|zl 

|Im/(«)| < jj|» 
hold when |z) < R. (Lindelot.) 



CHAPTER IX 

THE GAMMA FUNCTION 


9.1. The definition of r( 2 ) 

The problem of finding a function of a real variable x -which is 
continuous when x is positive and reduces to when x is 
a positive integer, was first solved by Eulerj in 1729, when he 
sliowed that the limiting function^ 11 (x) of the sequence 


n(x,n) = , , , t {n = 1,2,3,...) 

(x+l)(x-f-2) (x+n) 

has the desired property. To prove this we observe that, when 
X is a positive integer and n > x, 

„ . m'xI _ x'n® 

(7i+x)t” (7? + 1)(«-(-2) (n+x) 




■xl 


as n ^ 00 . 

Euler also gave a definite integral formula for this function 
n(x), which IS most simply obtained by considering the expres- 
sion 1 

J (1— T)"-VrfT, 

0 

which is now called an Eulerian integral of the first kind. When 
n IS a positive integer and x > — 1, it is easily shown, by in- 
tegration by parts, that the value of this integral is n(x, n)/n‘^+K 
Writing t — nr, we deduce that 

n 

n{x,«) J 

0 

from which it follows (cf § 9 21) that 



t He announced his discoveries in two letters addressed to Goldbach. These 
are printed in Correapondanee mathimatique et phymqua de grtelptea eilibrea 
giomitrea du XVIH^ atide (Samt-Fitersbourg, 1843), 1, 1-18. 

X This notation ia due to Gauss. 
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This infinite integral is called the Eolerian integral of the 

second kind. 

In the present chapter we consider the properties of the 
Gamma functionf of a complex variable, defined by the 
Eulerian integral of the second kind 

OQ 

r{z) = j dt 
0 

whenever this integral converges (it being understood that 
has its principal value), and defined by analytical continuation 
elsewhere. 

Example. Show that T(n) = (n— 1)' when n is a positive integer. 

Si . The analytical character of r(2) 

To discuss the convergence of the integral defining r(z), it is 
most convenient to write 

r(2) = 0(z)+'F(z), 

1 00 

where ^(z) = J di, T(z) = J dt. 

0 1 
We consider the function ^( 2 ) first. 

Let us suppose that z lies in a quite arbitrary bounded closed 
domain. Then there exists a constant A such that KI 2 ^ A 
when 2 hes in this domain, and so 

= fKi*-i ^ 

when t^l. But smce tends to zero as / ->■ + 00 , there 

exists a constant C, depending on A, such that ^ ^ when 
< > 1 Hence we have 

< Ce-v 

when 2 lies in the given domain, and so, by the JH-test {§ 5 52), 
the integral defining Y(z) is umformly and absolutely con- 
vergent. It follows, by § 5.61, that T(z) is an analytic function, 
regular in every bounded closed domain, and so is an integral 
function 

t The notation r(z) is due to Legendre. For some puTposes it is stiU found 
more convenient to use the older notation of Gauss and write II(z— 1) for the 
function denoted here by r(z). 
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To deal with the integral for 0(z), it is simplest to make the 
transformation t ~ l/u, which gives 


d)(z) = J du. 

1 

This integral obviously does not converge when Rlz < 0. It is, 
however, uniformly and absolutely convergent in any bounded 
closed domain which lies definitely to the right of the imaginary 
axis. For in such a domain an inequality R1 z > 8, where 8 > 0, 
is satisfied, and hence 

when It ^ 1. The result stated follows immediately by the 
Jf-test, and implies that 0(z) is an analytic function, regular 
when Rlz > 0 

We have thus shown that r(z) is the sum of an integral func- 
tion T'(z) and an analytic function 0(z) which is regular to the 
right of the imaginary axis. We next show how to continue 
<I)(z) analytically across the imaginary axis. If m the formula 

1 

<[)(z) = j dt 
0 

we replace e~‘ by its Taylor senes and then integrate term by 
term, as we obviously may when Rlz > 0, w'e find that 


■!>(») = 2 

0 


(- 1 )™ 

n^{z+n)' 


But this senes is uniformly and absolutely convergent in any 
closed domain which contains none of the points 0, —1, —2,..., 
and so provides the analytical continuation of <l>(z). 

The Gamma function is therefore of the form 


where W{z) is an integral function The only singularities of 
r(z) are thus simple poles at the points 0, — 1, — 2 ,..., the residue 
at z = —n being (— . 


9.2. Tannery’s theorem 

In order to prove the identity of the Gamma function and 
Euler’s limit (§ 9.1), we need the following lemma, which is the 
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analogue of a well-known theorem concerning series, due to 
Tannery .f 

If \im f(t,n) = g(t), limA„ = +oo, 

n— n~^cD 

A, 00 

then lim f f(t, n)dt = f g{t) dt, 

n— J J 

a a 


provided that f(t, n) tends to its limit g[f) uniformly in any fired 
interval, and provided also that there exists a positive function M{t) 

swih that \f{t,n)\ ^ M(t) for ail values of n and t, and also such 
00 

that / M{t) dt is convergent. 

a 

Let T be any number greater than a Then if n is chosen 
large enough to make \ > t, we have 
A« » 

^f{t,n)dt— J g{i)dt 

a a 

= / (J-9) dt-\- j fdt — j gdt 

a r r 



But since !/(<,«) | ^ M{t) for all values of n, we also have 
lgr(<)| ^ M{t) This gives 
A« 00 

jf(t,n)dt — J g{t)dt 

a a 




T W 

J + 2 j M(t)dt 


Now f{t, n) converges uniformly to g{t) in the fixed interval 
a < i < T, and so the first term on the right-hand side of this 
inequality tends to zero. Hence we have 



2 


CO 


J M{t) dt. 


f Bee Bromwich, InflntU Series (2nd edition), §§ 49, 172. 
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Since the integral J M{t) dt converges, we can make the expres- 

a 

sion on the right-hand side of this inequality as small as we 
please by making r sufficiently large. But as the expression on 
the left-hand side of the inequahty does not involve t, this 
implies that 


lim 


i f{t,n)dt — J g{t)dt 


= 0 , 


and so the lemma is proved, 

p 

Example. Lot F(n) = ^ v^in), where p tends steadily to infinity 

f = 0 

with n. Then if i>,(n) m), as n oo for each fixed value of r, prove that 

lim F(n) = 2 Wf, 
n-*aa t=0 

provided that |t>r(w)| < Af,, where Af, is independent of n and ^Mf 
converges (Tannery.) 

9.21.*^Euler’8 limit formula for r( 2 ) 

We shall now show that, if 


riz,n) 


n'n® 

2 (z-f 1 )( 2 - 1 - 2 ) (z-\-n) 


(n 1,2,3,...), 


then r( 2 , n) tends to r(z) as re -> oo, the convergence being uni- 
form in any bounded closed domain I) which contains none of 
the singularities of r( 2 ) The jiroof falls into two jiarts 
In the first place, we have 


But since 




2(Z-1) 

2ri 


when r is large, the infinite product 


1 

z 




converges uniformly and absolutely in D to an analytic function 
F{z), say. This, however, implies that r{z, re) tends uniformly 
to F{z) in D. It only remains to show that F{z) is identical with 

4111 p 



210 THE aAHMA EUITCTIOH 

r(z); moreover, by the theory of analytical continuation, iif 

suffices to prove this when Rlz > 1. 

Now if m is a positive integer and Rlz > 1, it is easily shown 
by integration by parts that 

1 n 

r(z,») == »* J *• = J Vi dt. 

0 0 

It will follow that 

00 

r(z,«) -> J dt = r(z), 

0 

provided that we can show that the conditions of Tannery’s 
theorem are satisfied. 

From the equation 

t 



it follows that, when 0 < < < «, 


i 



Hence, if x denotes the real part of z, 



as TC -> 00 , uniformly with respect to ^ in any fixed interval. The 
first condition of Tannery’s theorem is thus satisfied 
Again, we also have 

j|l_ljVi| = < e-'F-h 

00 

But since a: > I, J dt converges and the second condition 
0 

of Tannery’s theorem is satisfied. This completes the prooff of 
Euler’s limit formula for r(z). 

t The argument in much Hunplifioil if one unei Lebesgue’s theory of mtegra- 
tion. See Burkhill, The Libeague Integral (Cambridge, 19.51), p. 42 Ex 4, and 

p. 62. 
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It should be observed that we have shown incidentally that 

This formula is also due to Euler. 

Example. Show, by using Hurwitz’s theorem (§ 6.21, Ex. 2), that 
r(*) never vanishes. 

9.22. Two important identities 

We shall now deduce from Euler’s limit formula the two 
important identities 

r(z+l) = zr(z) 

and r(z)r(l— z) = wcosecTTZ. 

To prove the first identity, we observe that 

_ . n 

V™ 2(3+1)(2+2) ( 2 +n)z+»+l 
= 2r(z). 

From this it follows immediately that, when n is a positive 
integer, ^ („_l)ir(i) = (n-1)' 

Again, we also have 

hm 


r(z)r(l-z) = hm 
= hm 




m' m‘ 


»i — >00 2(Z-}- 1) . (z-l-T?) »i— >x ( 1 2)(2 — z) Z) 


z(l^-z2)(2-!-z2) (n^-z^)[n+l~z) 

Hence, by the example of § 6 83, 

r{z)r(l— z) = wcosecTTZ. 

Example 1. Prove that r(J) = Vtt. 

Example 2. Show that 

(2»)1 = 2*"n!r(»+J)/Vjr. 
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Example 3. Show that, if as is real, 

'I’M! - 

Example 4. Prove that r(z,n) = n'r(n+l)r(z)/r(n+*+l)' De- 
duce that n‘r(n)/r(n-t- 2 ) — »■ 1 as n -> oo. 

Example 5. If 0(z) denotes the derivative of log r(z), show that 
ip(l—z)—ifi(z) = ircotirt. 


9.23. Legendre’s duplication formula 

It was shown by Legendre that r(2z) can be simply expressed 
in terms of r( 2 ) and r(z-fi) To prove this result, we observe 
that, by § 9 22, Ex 2, 


r(2z, 2n) 


(2n)i(2n)2® 

2z(2z+l)i:2z-f2) (2z+2ra) 


r(«+ D 

V7rz(z-fl)(z-l-2) . ( 2 +n)(z+i)( 2 -fi) (2+«-J) 

2“-*r>/ .ri/ t 1 


If we now make m -> oo and use the result of § 9 22, Ex 4, we 


find that 


7r»r(22) = 2^-^r{z)T{z-\-l) 


This is Legendre’s duplication formula. 


9.3. The Eulerian integral of the first kind 

The Beta function B(p,g) is a function of two complex 
variables p and q, defined by the Eulcnan integral of the first 
kind 1 

= J 0®"^ dt 

0 

whenever this integral converges, it being understood that 

pi-i — e^-i)i<iKi^ (l_f)<i-i = e(a-i)ioB(i-<) 

where the logarithms have their pnncipal values This equation 
defines lR{p, q) when the real parts of p and q are positive For 
other values of the vanables, the Beta function is defined by 
analytical continuation 

As we have just seen, there is a close connexion between the 
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Eulerian integral of the first kind and the Gamma function. We 
shall now exhibit this connexion more fully by showing that 




r(j))r(g) 

r(p+g) ‘ 


For simplicity of proof, we assume temporarily that the real 
parts of p and q exceed unity. 

Let us denote by Sj^ the square bounded by the lines x = 0, 
x = Jt, y = 0, y — JR We then have 


r(p)r(g) = J dx X j e-vyo-^ Ay 

0 0 


= lim 



^-X-Vj.p-lya-1 


= lim ff dxdy, 

R 

i>jt 


the double integral being equal to the repeated integral since 
the integi'and is a continuous function of both variables. We 
next show that 


r(p)r(?) = imi ff 
If-oo JJ 


g-x-i/j.p-iyii-1 dxdy, 


where Tr denotes the triangle bounded by the axes and the line 
x-\-y ~ R. 

For, if we call the integrand f(x, y), we have 


JJ /(*.«/) dxdy — JJ f(x,y) dxdyl 

Sk Tjt 


= \ JJ f{x,y)dxdy 

< JJ \f{x,y)\dxdy 

8b-Ts 

< JJ I/I dxdy — JJ \f\dxdy. 

Sr Srh 

But this last expression tends to zero as i2 -> cx), since 

I/I dxdy = JJ dxdy -*■ r(Rlp)r(Rlg). 

■Ikii 


fj 
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Hence r’(j3)r’(3) = lim f f dxdy. 

J2— 


Tm 


If in this last equation we now make the substitution 
x+y — y = iV’ obtain 

R 1 

r(p)r(g) = lim f X f d-n 

i 

00 X 

_ J rff X J di 


This proves the theorem when the real parts of p and j exceed 
unity The result still holds, however, whenever the integral 
defining B(p, 5) converges, that is, when the real parts of p and 
g are positive. For the expressions on each side of the equation 
are regular analytic functions of each variable. 

We have thus proved that 


Bb,9) 


r(p)r(g) 

when the real parts of p and q are positive. For other values 
of p and q, this equation is to be regarded as the definition of 
the Beta function. 

An important generalization of the Eulerian integral of the 
first kind is due to l*ochharamer,t who showed that, with this 
general definition of the Beta function. 


J zP-\l—zy~^ dz = — 4e^''®>’^‘sin77p8in7rgfB(2>,g), 

a 

where G denotes a rather complicated contour encirclmg each 
of the points 0 and 1 twice in opposite directions. For the 
details of this we refer tlie reader to Pochhammer’s original 
memoir. 


9.4. Euler’s constant 

We now show that the numbers 

t Math, Annalen, 35 (1890), 493. Soo also Whittaker and Watson, Modem 
Attalyms (1920), 256-7. 
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form a convergent sequence whose limit y lies between 0 and 1. 
This constant y, which is approximately equal to 0-5772, is of 
great importance in the theory of the Gamma fimction and is 
usually known as Euler’s constant. 

To prove this, we observe, in the first place, that the sequence 
is a steadily decreasing one. For 

On the other hand, since Ijt decreases as t increases, 


■+- 2 +- 3 +-- 


1 ' f*^l, 1 , 1 , +i 


from which it follows that 


1 

n 


< “n < 


1 . 


The sequence is, therefore, bounded and steadily decreasing, 
and so tends to a hmit y Moreover, by the last inequahty, 
y must he between 0 and 1. 


9.41. The canonical product for l/r( 2 ;) 

We have already seen that r(z) is an analytic function which 
has no zeros and has simple poles at the points 0, —1, — 2, ... 
From this it follow's that l/r(z) is an integral function with 
simple zeros at the points 0, —1, — 2 ,... . We now exhibit the 
property more clearly by proving that 

so that l/r{z) is an integral function of order 1. This formula 
is due to Schlomilchf and F. W. Newman. J 
To prove this, we start with the equation 

1 _ z(z+l)(z+2)...(z+n) 

r(z, n) »' 


t Archiv der Math wid Phys 4 (1844), 171. 
t Cambridge and Dublin MaA. Journal, 3 (1848), 57-60. 
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in the notation of § 9.21. Hence we have 

“ *exp{z(l+l+i+...+i-log»)j ^ {(l+;)«-*) 

-*zeyfl {(i+-")«-*j 

as 7i 00 , by the result of § 9 3 Since r( 2 , n) ->■ r(z), this gives 
the required result. 


9.5. Asymptotic expansions 

A series Ao+ —+^+ +^+ . 

z z" 

which may either eonverge for large values of |z | or diverge for 
all values of z, is called an asymptotic expansion of the function 
F{z), valid in a given range of values of argz, if, for every fixed 
value of n, the expression 

tends to zero as |z | -> oo, whilst arg z remains in the given range 
When this is the case, we denote the relationship between the 
function and the senes by writing 

This definition, whieli is due to Poincare,t implies that the 
difference between F{z) and the sum of n terms of its asymptotic 
expansion is of tlie same order as the («+l)th term when |z| is 
large, a fact which often renders an asymptotic expansion more 
suited for numerical computation than a convergent series 
If a function F{z) possesses an asymptotic expansion 

F(z)r^A,+^+^+. , 
z z^ 



t Acta Math 8 (1886), 295-344. 
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the coefficients are detenuined successively by the equations 
lim F{z) = Af,, 

\z\-*<o 

lim z{F{z)—A^ = A^, 

\z\-*'o 

lim z4f(z)-Ao-M = A^, 

^ z ) 

and so on. On the other hand, a knowledge of the asymptotic 
expansion does not determine the function, since two functions 
may possess the same asymptotic expansion. For example, 
and have the same asymptotic expansion 


z.l! ‘ z-*.2i 


valid m the angle largz| < iir. 


9.51 . A more general definition of an asymptotic expan- 
sion 


It may happen that, even though the function F{z) does-not 
possess an asymptotic expansion, there exists a function G{z) 
Buchthat 

o5) "‘‘'+T+7+- 


in a certain range of values of argz. In this case, we shall write 

F(z)~f;(z)[Ao+^H^* + .-). 

The term Aq G{z) is called the dominant term of this asymptotic 
representation of F{z). 

00 CO 

Example 1. Show that, if J(z) ~ ?(*) ~ 2 

o 0 

the sanu* range of values of arg z, then 

0 

whore (7„ = a4o5,„+a4xS„_i+.4gfl„,_,+ ...+a4„So. 


Example 2. 

positive, then 


Prove that, if /(») 


2 


2 


when x is large and 
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9.52. Watson’s lemma 

The following lemma, due to G. N. Watson, f enables us to 
determine very simply the asymptotic expansion of a function 
defined by a definite integral. Although the type of integral 
considered is apparently very special, the lemma does, in fact, 
cover many of the cases which occur in analysis 

Let vs suppose that f(t) is an analytic function, regtdar, save 
possibly for a branch-point at the origin, when |^| ^ a-f8i where 
a and 8 are positive, and let 

m = i 

m*l 


when |2| < a, r being positive. Let us suppose, further, that, when 
t is positive and a, 

where K and b are positive numbers independent of t. Then 


F(z) = J e-^f(t) dt 
0 


~ 2 a„^^(m/r)z-’"l' 


when |z| is large and |argzj ^ in— A, where A is an arbitrary 
positive number. The lemma states that the asymptotic expan* 
sion is obtained by substitutmg m the integral the senes for /(f) 
and then mtegrating formally term by term. 

To prove this lemma, we observe that, having fixed a positive 
integer M, we can find a constant C such that the inequality 


I Af-l 

/(<)- 2 




is true when < > 0, no matter whether f < o or not. Hence, if 





M-l 

= 1 <im^{rnjr)z-’^'+Rja, 

m— 1 

we have to show that is bounded as Jz] -> oo. 


t Proe. London Math. Soc. (2), 17 (1918), 133. See also Watson, Bessel 
Functions (1922), 236. 
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Writing z = x-\‘vy, we find that 






00 

< J dt 

0 

Cr{Mlr) 


provided that x—b i8 positive. But from the condition 
|argz| < Jw— A, we have x ^ IzjsinA, so that x—b is positive 
if |z| >6oosecA. Hence, when jargz] < Jir— A < Jw and 
\z\ > 6 cosec A, we have 




CT(Mlr)\z\^^^’- 

(|zlsinA— 


0{l)\ 


this completes the proof of the lemma. 


9.53. The asymptotic expansion of r(z) 

We shall now discuss the behaviour of r(s) for large values 
of \z\ by finding the leading terms in its asymptotic expansion, 
valid when largz| < tt. One way of doing this involves proving 
first Stirlmg’sf asymptotic series 

log r(z) (z- J)logz- 2 +l log(2,r)+ 2 2 r(7r- i )fe’ 

In this formula, the coefficients B, are Bernoulli’s numbers 
defined by the expansion 

^zcoth Jz = 1+ 2 

The required asymptotic expansion of r( 2 ) can be deduced from 
that of its logarithm, though it is difficult to give any simple 
formula for the coefficient of the general term. 

As this metliodj involves a number of difficult preliminary 
transformations, we obtain here the asymptotic expansion of 

t First publisheil in his Metiiodva difffreiUuilta (London, 1730), 136. 
t See Whittaker and Watson, Modem Aiutlyna (1030), 240-63. 
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r( 2 ) directly from the definition as an integral, by a method 

based on Watson’sf discussion of a closely related problem of 

Ramanujan. 

When z is real and positive, the transformation t = zu gives 

00 00 

r(2) = - r(l + 2 ) “ “ J ~ J du 

0 0 

00 

and so 2 -*e*r(z) = J du. 

0 

Although we have proved this formula by supposing that z is 
real and positive, it will also hold, by the theory of analytical 
continuation, in any closed region in which z-’e^Viz) is regular 
and the integral is uniformly convergent The formula is, there- 
fore, true when Rlz > 0 

Let us suppose, then, that Rlz > 0 and that \z\ is large. We 
observe that increases steadily from 0 to 1 as m increases 
from 0 to 1, and then decreases steadily from 1 to 0 as m increases 
from 1 to (X) We now write 

1 w 

z-vr(2) = J 4- J {Ue^~^ydU, 

0 1 

it being convenient to use different symbols for the variable^ 
in the different parts of the range of integration. 

If, in the second integral, we make the substitution 
e~* = Ue^-^, t increases steadily from 0 to 00 as increases 
from 1 to 00 , on the other hand, if we put e-‘ = in the 
first integral, t decreases steadily from 00 to 0 as « increases 
from 0 to 1. In this way we obtain the equation 


z-®e®r(2) = 



to which we may apply Watson’s lemma. 

Now U and u are the two real solutions of the equation 


t = tt—1— logit. 


t Proc. London Math Soe. (2), 29 (1929), 293-308. See also Ex 18 at the 
end of the present chapter. 
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In order to determine the nature of these solutions we consider 
the equation ^^2 _ tt,-log( 1 + w), 

defining w as a function of the complex variable 
Now regarded as a function of w, is two-valued in the 
neighbourhood of the ongin, its two branches bemg 

S = ±w{l-lw+lw^-. )»/2. 

Since each branch is an analytic function of w, regular when 
\w\ < 1, with a simple zero at to = 0, it follows, by §§ 6 22, 6.23, 
that the equation 

t, = t0(l— )l/2 
possesses a unique solution 
w = 

regular m a neighbourhood 1^| < p of the ongin. As we saw 
in § 6 23, the coefficients a,^ are given by the fact that na„ is the 
residue of at «> = 0, in particular, 

®a = 3) ®3 = 38> °4 = “270> = iSSf 

We shall denote this solution by Wi(C) Similarly, the solution of 

regular in |^| < p, is w = where u'zit,) = Wy(—i). 

We have thus shown that the function m’(^) defined by the 
equation ^ „._l„g(l+„,) 


has two branches w = w’i(0t w’ = «' 2 { 0 . s^^ch regular in a neigh- 
bourhood of the ongin. The only branch -points or other singu- 
lanties of wiX) are the points at which dwjd^ is zero or infinite. 


Since 


dw _ 5(1 -t-w) 
dC~~ w 


these are 5 = 0 and the points corresponding to «; = 0 and 
w — —1, Of these, 5 = 0 is not a branch-point of u'i(5), and 
the value of 5 corresponding to m; = — 1 is infinite, thus the 
only singulanties of u\(C) of finite affix are given by 5^ = 4w7r», 
where n is a positive or negative integer Similarly for W2(5)- 



222 THE GAMMA FUNCTION 

If we now put ^ = 2<, we see that the functions V, u are 
regular when |Im<| < 27r, save for a branch-point at the origin, 
and that, when li| < 2ir, 

U = 1 j-(2tyi^+a,(2t)+a^(2t)^l<‘+at(2tr+..., 
u = l-(20i'Ha2(20-a3(2<)»'‘“+O4(20‘=-..., 
the square roots being positive when t is real and positive. 
Lastly, since 

dU du _ V , ^ _ 1 ,1 

dt dt U—l 1— tt 17—1 l—u 


d(U—u)jdt is bounded when i > c > 0 The conditions of Wat- 
son’s lemma are, therefore, all satisfied, and the asymptotic 
expansion of 


/ 


MU 

du\ 


dt) 


dt 


is obtained by substituting for V and u their expansions in 
powers of ,J{2t) and integrating formally term by term From 
this it follows that, when |arg 2 | < A < and |z| is large. 

2-vr(2)~V(2/*)[r(i)+3r(§)a3(2/2)-t-6r(|)05(2/2)2-i- . ], 
/-w.^(27r/z)[l-[-3a3/2-f-15a6/z2-(- 
Hence the required asymptotic expansion is 


r(z) ~ c 




i-f-i- -t- 
^122^ 2882*^ 


9.54. The range of validity of the asymptotic expansion 

of r( 2 ) 

We next prove that this asymptotic expansion of r( 2 ) is valid 
for all large values of | 2 |, except when z lies in an arbitrarily 
small angle enclosing the negative part of the real axis. 

The validity of the expansion when Rlz > 0 followed from 
applying Watson’s lemma to the formula 

CO 

z-*e*r(z) = J e-='F(0 dt, 

0 

where F(t) = d{U—u)ldt. Now by applymg Cauchy’s theorem 
to the integral of e-^F{t) round the complete boundary of the 
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sector of I < J3 bounded by arg < = 0 and arg t = a, we easily 
show that, if — |ir < ck < then 


J e~’*F(t) dt = j exp{— 2 te“*)jF(te“*)e“* 

0 0 

when the real parts of z and zc“‘ are positive. But the latter 
integral converges uniformly in any closed region for which 
R1(2 c“^) > 0 and represents an analytic function. The expres- 
sion on the left-hand side of this equation is equal to z~^^V(z) 
when Rlz > 0. Smce the half-planes Rlz > 0 and Rl{ 2 c“^) > 0 
have an area in common, it follows, by analytical continuation, 
that oc 

2 -*c*r( 2 ) = j exp(— zte“‘)jP’(te“)e“* dt 
0 

when R1(2 c“') > 0, provided that — < a < ^tt. 

Wnting temporarily 5 for 2 e“*, we obtain, by Watson’s lemma. 


00 CO 

J exp(—zte^^)F{te°^^)e°‘^ dt — j dt 

0 0 



gSat 

1 , 
288z2 



From this it follows that 

r(z) e-*2= 




12z ' 288z^ 


■) 


when |arg(zc“*)| < Jir— A, where A is an arbitrary positive 
number. But since a is any number between ± Jir, this implies 
that the asymptotic expansion is valid under the single restric- 
tion largz| ^ 8, where 8 is any positive number 


9.55. The asymptotic behaviour of l^(a:^-^y)| when y is 
large 

Since r( 2 ) takes conjugate complex values at points which 
are symmetrical with respect to the real axis.t have 
ir(z)p = r{z)r(z), 

t This 18 obvious from the canonical product for l/r( 2 ) Alternatively 
it IS a consequence of Schwarz's prmciple of symmetry (§ 8 4), smce r{z) is 
real when z is real. 
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and 80 , when |argz| < «r, 

|r(z)|® ~ 2we“*“^z*/|z| 
Writing z = x-\-iy, this gives 
ir(a:+t»12 

= 27re-*®(a;*+y*)®-iPg-2vi*rsrs 


Now suppose that y increases indehnitely, whilst x remains 
finite. Then 

1 _(_rLj g-.r»+2»arctan(*/t/) 

— 2ny^-^e-^. 

When y is large and negative, the corresponding asymptotic 
formula |r(a:+iy)|2 ~ 


follows immediately if we remember that 
|r(a;+iy)I = \r(x—iy)\. 
Combining these two results, we have, finally, 

|r(a;4'*y)l ]y 

when X is fimte and \y\ large. 


9.56. Another proof of Legendre’s duplication formula 

We now give an alternative proof of Legendre’s duplication 
formula, depending on the use of Liouville’s theorem 
Let us consider the function 

^(z) = 22*r(z)r(z+i)/r(2z) 

Its only possible singularities are the poles of the numerator and 
the zeros of the denominator Now the numerator has simple 
poles at the points 2z = 0, — 1, — 2, — 3, ; but since these 
points are also simple poles of the denominator, they are not 
singularities of j>{z) The denominator r(2z) never vanishes. 
Hence ^(r) has no singularity of finite affix and so is an integral 
function. 

Again ^(z) is a periodic function of period 1, since 
^(z+1) ^ 2==z(z+j) _ j 
<f>{z) (2z+l)2z"’ ’ 

by the recurrence formula for the Gamma function Hence, if 
we can show that ^(z) is bounded when Rlz ^ 1, say, it will 
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follow, by periodicity, that it is bounded all over the s-plane. 
But, by the asymptotic expansion of r(2), we have 

Mz) = 2(?)'*(*+^)’(l+o(ii|)) = S'Ml+Od/W)) 

when |z] is large and |arg2| < rr. Hence <f>{z) is certainly 
bounded when Hlz ^ 1 

We have thus shown that ^(z) is an integral function which 
remains bounded as |2 |-^qo in any manner. By Liouville’s 
theorem, this implies that ^{2) is a constant, its value 2 >Jn being 
found by making |z|-»-oo. This completes the proof of Le- 
gendre’s duphcation formula 

7r»r(22) = 22®-ir(z)r(z-i-^) 

Example. Prove Gauss’s multiplication theorem that, if ms a posi- 
tive integer, 

r(2)r(2+l]r(z-f-|) . r(2-f-5i^) = (27r)K»-i>n»-"r(n2). 

9.6. Hankel’s contour integral for l/r(z) 

The Eulerian integral of the second kind defined r(z) only 
when the real part of 2 was positive We now introduce a 
contour integral, due to Hankekf which represents the Gamma 
function under much less restrictive conditions. 

Let us consider the contour integral 

J 

D 

The integrand has, in general, a branch-point at the origin, but 
each branch is a one-valued function of f, regular in any domain 
of the complex plane supposed cut along the real axis from 
— 00 to 0 We choose the branch for which 

where log< has its principal value 

Let Z) be a contour m the cut plane which starts at — p on 
the lower edge of the cut, goes round the origin in the positive 
sense, and returns to — p on the upper edge of the cut This 
contour can be continuously deformed without crossing the cut, 


4111 


t ZeitatAriift fur Math u. Phya. 9 (1864), 7. 
Q 
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until it consists of the lower edge of the cut from —p to —8, 
where 0 <8 < p, the circle \t\ = 8, and then the upper edge of 
the cut from — 8 to —p This deformation does not alter the 
value of the integral. 

Now on the upper edge of the cut, we have t = where 
u is real and positive, and so the integrand takes there the value 

slogu— 


Similarly on the lower edge of the cut t = ue~"‘, and the inte- 
grand is now 

Hence we have 

p 

[ J e-’^-^du +1, 


n 


where 


But if z = x+iy, 

111 < 


TT 

— 

tr 

J < 27r8i-*e®+’'i»'i, 


and so 1 tends to zero with 8, provided that a; < 1. We have 
thus shown that 

p 

J = 2ismffiz J e~^u~‘dz, 


i) 


provided that Kl(l— z) > 0 

Now let C denote the contour obtained from D by making 
p tend to infinity We then have 

00 

J dt-~dt = 2iwn7TZ J du = 2i8in7rzr(l— z) 

c 0 

Smee r(z)r(l— z) — TrcoaecTiz, it follows that 


r(: 


(s) im J 


dt-^dt. 


Although VC have only proved this formula when Rl(l— -z) > 0, 
it docs, in fact, hold for all values of z, by the theory of analytical 
continuation, since the exiiressions on each side of the equation 
are integral functions 
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This completes the jiroof of Hankel’s formula, that 

r(z) 27rt J 

c 

for all values of z, where the contour C starts at the point — oo 
on the real axis, encircles the ongm once m the positive sense, 
and returns to its starting-point f 

It should be observed that we have shown incidentally that 

r(z) = ■ — — f 

2i sin JTZ j 
c 

for all values of z, save 0, ilj ±2,-. . 
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MISCELLANEOUS EXAMPLES 

1. By integrating round the complete boundary of a quadrant 

of a circle, indented at the origin, prove that 


J dt = e-™/*r(z) 

0 

provided that 0 < Rlz < 1 Deduce the values of 

00 CO 

J t*”*co8 1 dt, J l dt 

0 0 

2 By integrating round a suitable closed contour, show that 

00 

I dt = «-*r(z) 

0 

provided that the real parts of s and z are positive. Deduce the values of 


00 

f t*-‘c“^‘'*»“®°®(Atsma) dt 
J sui' 

0 

when A > 0, a: > 0, and — < a {tt. 

3. Show that, when x is positive, r(a') has a single mmimrun value 
which occurs between 1 and 2. 


(0 + ) 

•f We shall frequently write J for J . 

— 00 C 
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provided that the real parts of p and q are positive. Deduce that 
r(z)r(l— r) = TT cosec ira. 

5 Prove that „/o 

f sm«»>-‘doos*»->0 dff = , 

J 2r(p+g) 

0 

provided that the real parts of p and q are positive 

6. Show that, when the real parts of p and q are positive, 


1 

J 


tr-i(l_f)^i ^^^ B(p,g) 


(a+6«)'^« (a+6)»>o«’ 


provided that a/b i& not a real number between 0 and — 1 

7. Prove, by using the transformation u = x-fy+z, uv = y+*» 
uvw = z, or otherwise, that, if /(<) is continuous and a, j8, y are positive, 

1 

0 

where the triple mtegral is oi er the volume bounded bj the coordmate 
planes and the plane x-f y -)-z — 1 (Dikichi^tt ) 

8. Prove, by usmg the transformation »y — t, y — f +«, or otherwise, 
that, if/(0 is contmuous €ind a and ^ are positive, 

11 1 

jdxj dy/(xy)(l-x)“-y«(l-y)'’-* = 

0 0 0 

9. Show that Euler 'b constant y is given by 

*■0 1 

0 ] 

10. If ^(z) denotes the derivative of logr(z), prove that 
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1 

<I>W = -Y> <l>(n+l) = -y+ ^ 


Show also that 

11. Show that 




^(4) = -y— 21og2, ^'(i) = Iw* 

12. Prove that, when RIa > 0, 


iP(z) 




Deduce that 


>p(z 


CO 

+ 1) = ^ +loga— J ^icoth i<- dt. 


13. Prove that, if Rla > 0, 


I 

J 


4^z+4)-i'/'(s) 


Deduce that 


1 

/ 


_ , r^+4W 
(i+oiog« -'°^T(y+m^y 


provided that the real parts of x and y are positive 
14 Show that, if the real parts of a and 6 are positive. 


1 

J 


1 — X 


dx = 0(6)— ^(o) 


Deduce that 


1 

J 


(a--i_^-i)(l_3*)^ ^ j^^r(a+c)r(6) 


(1— x)logx 


'r(6+c)r(a)’ 


provided that the real parts of a, 6, c+o, 6+c are all positive. 
16 The logarithmic-integral function is defined by 

h(z)= 

J log« 


Prove that 


li(e-») 


- J 
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and deduce that, when |args| < |7r— A < |jr, 

(1 1* 2! 3' \ 

16. Show that, when |arg 2 | < irr—A < Jtt, 


OL 

J 




+ 


■1 


17. The error function is defined by 

CO 

Erfcz = j" e~*’ dt 

Z 

Prove that, wlien |arg 2 | <; A < 

^ 1,13 13 5,1 

Erfca~e 2*r’ ) 

18 Show that, if 

then «„ = 1 + in 1 1 (Me'-*)" da - j* ( Ue^-^)’> duj . 


(Legendre.) 


Deduce that, as n — > oo, 

e.- 


J + L_ + 

3^13on 2836n*^ 


19. Prove tliat, if 


(Ramanujan, Watson.) 


then 


- Je-«(l-^) du 


Hence show that, as n increases from 0 to oo, if>„ decreases steadily from 
1 to i, and that 

+ — + 

2^8n^32n*^ 

20. Deduce from Ex 12 that, if \z\ is large and |arg 2 | < iir, then 

^(2+l,~l0g2+i-|+g-||+. 

Hence show thatt „ 

logr(24 1) ~ (z + })log2-c+ilog2,r+ 

t Use J 9 51, Ex 2 The constant J Jog 2rr js determined by using the 
dominant term of the asymptotic expansion of r(z-|- 1) 
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21. Find an asymptotic expansion, vabd when |z| is large and 
R1 s > 0, of the function 


J 


,-a. 


dt 


V(l+0‘ 


Extend the range of validity of this expansion and deduce that 


J 


= 4-(-X'co 8*— Fsine), 
Vt Vz 


00 

/ 


'^^dt = -^(Xsinz-j-Fcosz), 
\t \z 


where, when |z| is large and Rlz > 0, 

1 1 3 5,1 3 5 7 9 

A /w 


2z (2z)» 


(2z)‘ 


(2z)«^ (2z)* 

22 Show that, when |z| w large and (argz| < ^rr— A < Jir, 


/ 


cos(<— z) 


dt ~-i r-t- -I — 


oc 

I 


sin(t— z) 


j 1 2', 4' 

d<~- • 


23 By integrating ^“'eobecTTS 1^(1— s), where z i>. positive, round 
the rectangle with vortices a±iR, —Ji±iR, where a is positive, show 

tll&l o t ocv 




’r(a) da = e~‘ 


Prove that this formula also holds when |argz| Jrr— S, where 

8 > 0. 


24. Deduce from Hankel’s contour mtegral that 

a-i-aoi 

rB-s; J 

CC» 

where o > 0, provided that Rlz > 0 (Laplace ) 

25. /(z) IS an analytic function of z, regular m the half-plane Rlz <c, 
where c is positive; a, denotes the value of the rth derivative of /(a^t 
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the ongm. Show that the equation 
( 0 +) 


jf(z)z^^dz 

00 

= 2isina7r|«“-»(/(-t)-ao+Oit-^+ .+(-l)*+‘ 


dt 


IS true, provided that the integer k lira between Rl(— a) and Rl(— o— I). 

(Cauchy ) 

26. Prove that, when R1 2 < 0, 

03 

r(2) = J je-‘- 1 +t - ^ . + ( - 1 )*+> ) dt, 

0 

where k is the integer which lira between Rl(— 2 ) and Rl(— 2 — 1). 

(Saalschutz ) 

27. Show that the equation ^ ^ = c, where c 0, has three 
infinite sets of roots, which behave asymptotically like 

-n{l+o(l)). 

(1 , /i»> ■ 2w»u,, , 

as « -> 00 , one root of each set bemg associatc'd with each large positive 
integer n (Habdv ) 

28 Show that the invcise factorial series 
00 

o_n' 


OnZ 

S(2+ 1) . 


( 2 -i-n) 


converges whenever is convergent, provided that z is not a 

negative integer or zero, and conversely 

Prove also that the convergence of either senes is uniform in a bounded 
closed region 1), if it is uniform for the other, jirovided that /> loiitains 
none of the points 0, —1, —2,. . (Landau ) 



CHAPTER X 

THE HYPERGEOMETRIC FUNCTIONS 


10.1. Homogeneous linear differential equations 

Befork we discuss in detail the properties of several im- 
portant analytic functions defined by differential equations, it 
is desirable to consider whether there exists an analytic function 
w{z) which satisfies the homogeneous Imear differential equation 


d''w 

dz'^ 


, , .d'^-^w , , , .dw , , . r, 

+l>i{z) + - +P„-i(2)^+l)«(2)w = 0, 


where the coefficients ^>1(2), ^>2(2), , are analytic functions 
whose only singularities of finite affix are poles, and, further, 
if such a solution does exist, to ask what effect the singularities 
of the coefficients have on the nature of the solution. 

The simplest equation of this tyjie 


presents little difficulty Its variables are separable, and the 

solution IS r r 1 

w = expj— J p(2) a2j 


On the other hand, the equation of order two 


d-w , , .dll' , , . ,, 

dz‘ + “ 


has no such simple solution We restrict our attention to this 
equation for two reasons, firstly, the analysis m this case is 
easily extended to the more general case, and, secondly, the 
particular functions with which we deal in the sequel do, in 
fact, satisfy second-order equations 

A point 2o is said to be an ordinary po%nt of tins differential 
equation if the functions p{z) and q(z) are regular in a neigh- 
bourhood of Zq, all other points are called singular points of the 
differential equation. 


10.11. The solution near an ordinary point 

We now show that if Zg ordinary point of the equation 


d-w 

dz^ 


+P(z)^ + 3{2)«’ = 0 
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and if and a^ are two arbitrary constants, there exists a unique 
function w(z) which is regular and satisfies the differential equation 
in a certain neighbourhood of Zg, and which also satisfies the initial 
conditions w(Zq) = Oo, w'(zg) = Oj This theorem, which is due 
to Fuchs,! shows that the only possible singularities of the 
function defined by the differential equation are the poles of 
the coefficients p(z) and q{z) 

For simplicity we suppose that Zq is zero J Then since p(z) 
and q{z) are regular in a neighbourhood |z| < of the origin, 
they are expansible as Taylor senes of the form 


p{z) = 2 P» 2"* = 1 9n 2". 

0 u 

the radius of convergence of each series being not less than R 
We now try to find a formal solution by substituting 

w = aQ-\-a^z-{-a^z' -{■ . 

in the equation 


d‘W n A 

0 u 

and equating coefficients This gives 

— 2a^ = aiJ)o+«o?o. 

- 2.303 = 2a2Po+aipi+a^qo+aoqi, 
and, generally, 


-(n-l)na„ = (n-lK_iPo+(M-2)a„_.,pi+ +aiP„- 2 + 

+ a«-2?0+«n-3?l+ +«1 ?h-3 + “o?h-2- 

These equations determine the coefficients «„ successively as 
linear combinations of Og and 

We next show that this power series which satisfies the dif- 
ferential equation formally and also satisfies the given initial 
conditions, has a radius of convergence w Inch is not less than R 
The proof of this is rather difficult, since we know very little 
about the coefficients p, and q. 

Let us denote by M and N the maximum values, necessarily 


t Journal fur Math 66 (1866), 121 See alao i'or^yth. Theory of Dtfferertt(al 
EgucUions, 4 (1902), Chap. I, and Bromwich, Injintte Ecrien (1926), 162 

f Thu invoKus no loss of generality For, if z„ is not zero, wo make the 
{wisformation z’ — z— z*. 
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finite, of \p(z)\ and |g(z)| on the circle \z\ = r, where r < B. 
Then, by Cauchy’s inequality, we have 

\Pn\ < l?„l < Njr”', 

and so \p,,\ Kir”, |j„| < A7r”+‘, 

where K is the greater of M and Nr. 

Writing bo and 6j for luol and |aj| respectively, we have 

2|a2l < ^'ili’ol+^olffol < biK+boKjr ^ 2 biK+boKlr, 
and so lujl ^ b^ 

where 263 = 2 biK+boKlr. 

Similarly, 

2 aifflal < 210211^01+611^11+611501+601911 

< 262A'+26iA>-i+6oA>-2 

< 362 A+ 26 iA>“i+ 6 o Ar-®, 

and so lojl < 63 

where 2 863 = 863 A+ 26 i Ar“'+ 6 o Ar"® 

Proceeding in this way we find that b„, where 

(n— 1)«6„ = «6 „.iA+(w-1)6„_2AV-i+ +6oA>-"+>. 

From this equation we see that the coefficients 6 „ are con- 
nected by the recurrence formula 

(n— l)n 6 „-(n- 2 )(n— l) 6 „_ir-i = « 6 „_iA. 

-a 4-v. « — 2 , A 1 

But this gives - - = -- -\ - 

®«-i w — 1 r 

as n cx;, so that the radius of convergence of the power series 
26 „z" IS r. yince, however. |a„| 6 „, it follows by the com- 
parison test that the radius of convergence of 2 "" cannot be 

less than r, moreover as r was any number less than R, this 
shows that ^ «,+" eoiivcrges when |s| < A 

uO 

The function u'{z) = 2 s'* 

O 

IS, therefore, regular when jzj < A and satisfies tJie prescribed 
conditions at the origin The formal processes of term-bj’-term 
differentiation, multiplication, and rean’angement of power 
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series by which this function was made to satisfy the differential 

equation are now seen to be completely justified, since all the 

series involved converge uniformly and absolutely in every 

closed domain withm \z\ = R. This completes the proof of the 

theorem. 

Since is a linear function of Qq express the 

solution we have just found in the form w{z) — Ug Wg[z)-\-a^ 

The function u'o(z) is a solution of the differential equation 
which satisfies the imtial conditions «'’o(0) == 1, M’i(O) = 0, 
whereas Wi{z) is a solution satisfying the conditions u’i(O) = 0, 
wi(0) = 1. Every solution of the differential equation regular 
in the neighbourhood of the origin is, therefore, a linear com- 
bination of the solutions Wgiz) and tci(z), which we call a funda- 
mental pair of solutions. Obviously ti'o(e) and u’j(z) are linearly 
independent; by this we mean that there is no linear combina- 
tion of them which is identically zero 

So far, the functions u'q(z) and u’i(z) are defined only in a 
neighbourhood of the origin. When we continue these functions 
analytically, they remain linearly mdependent solutions of the 
differential equation The contmuation can be carried out along 
any path which does not pass through a singular point of the 
differential equation, and so the solution will ultimately be 
defined all over the z-plane In the next section we show that 
the continuation is not one-valued, bj" proving that a smgulanty 
of a differential equation is, in general, a branch-point of its 
complete solution. 


Example 1 . Prove that the necessary and sufficient condition that 
the two functions /(«) and g(z) should be linearly independent is that the 
determinant 


A(/.?) = /(z) 
f'{z) 




should not vanish. (This determinant is called the Wronskian of the 
two functions ) 


Example 2. Show that, if w,(z) and are two solutions of 
w'+p^zyu)' +q{z)w = 0, then 
d 

^A(Wo.«'i)+P(z)A(Wo,Wi) =- 0, 


so that 


= (7exp|— j p(z) dz . 


Deduce that, if Wg(z) and Wi(z) become Tf''a(z) and ITilc) after analytical 
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continiution round a closed curve F, 

A(TFo, F,) = 

where It is the sum of the residues of p(z) at its* poles within F. 

10.12. The nature of the solution near a regular singu- 
larity 

The point Zg is a singularity of the differential equation 
w" -\-'p{z)w' -\-q{z)w = 0 if it is a pole of one or both of the 
functions p(z) and q(z) We call it a regvMr singularity if it 
is not a singularity of either of the functions (z— Zo)p(z) and 
(z— Zo)®g(z); otherwise it is called an irregular singularity. 

The reason for this distinction is simply explained. In a 
neighbourhood of a regular singularity, the differential equation 
possesses, as we shall shortly prove, two linearly independent 
solutions which are regular save possibly for a branch-point at 
the singularity. But near an irregular singularity, the method of 
solution by series breaks down and the singulanty of the complete 
solution 18 of a much more compheated character A general 
investigation of the behaviour of the complete solution near an 
irregular singularity is beyond the scope of the present book.f 
If the origin is a regular singularity of the differential equa- 
tion under consideration, the functions zp(z) and z-q(z) are 
regular in a neighbourhood ]zl < 7? of the origin and so possess 
convergent Taylor expansions of the form 

2P(2) = I Pr^', Z'3(2) = f 

0 0 

where the coefficients pg. 9o> 9i ®re not all zero We now 
show' that, in general, the equation possesses tw'o linearly in- 
dependent solutions of the form 

CD 

w{z) = 2“ 2 
0 

where a is a root of a certain quadratic equation When we 
substitute these power senes in the differential equation and 
equate coefficients, we find that this expression is a formal 
solution of the equation if a and the coefficients a, satisfy the 
conditions . 

aoi’(o() = 0, 

t See Forsyth, Theory of Differentud Egualione, 4 (1902), or Ince, Ordinary 
Ihfftrmlral Equations (1927), 417-37. 
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n— 1 

and a^F((x+n) = - 2 (n > 1), 

where F(a) denotes the quadratic a(a—l)+Poa+g^o 
The first equation is satisfied by choosing ag arbitrarily and 
making a a root of the quadratic equation F(a) = 0 This equa- 
tion is called the indicia/ equation and its roots the exponenia 
of the regular singularity under consideration The remaining 
equations determine successively the coefficients as constant 
multiples of Ug, provided that /’(a-fn) does not vanish for any 
positive integral value of n Hence, if the indicial equation has 
distinct roots which do not differ by an integer, this process 
gives two formal solutions, one corresponding to each root of 
the mdicial equation. 

If, however, the roots of the indicial equation are equal or 
differ by an integer, w’e may obtam only one formal solution. We 
leave this case for the moment as it presents certain difficulties 
which do not occur in the general case 

10.13. The convergence of the series solution near a 
regular singularity 

We have just seen that the differential equation 
w''+p{z)v’’+q(z)u; = 0 

r 

always has one formal solution ir = ^ a„ z” valid near the 

n 

regular singularity at the origin, and that it has two sucli solu- 
tions w hen the difference of the exponents is not an integer or 
zero To prove that this formal series does represent a solution 
of the equation, we have to show either that the senes 2 
terminates or else that it has a non-zero radius of convergence 
Let us suppo.se that the series docs not ternniiate We show 
that if zp(z) and z'q(z) are regular when |z| F, the radius of 
convergence of 2 2 " w not le.ss than It The proof is very 

similar to that of § 10 11 

If a' IS the other root of the indicia! equation, the coefficients 
c„ are given by 

n-l 

w(»i-f-a-a')a„ = - 2 o»{(«+s)2>„-.4 q„ s) 

Let us write — \a^\ when 0 <8, where S = |a— a'| and 
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T— (a|. Then if m is the least integer greater than S, we have 

m(m— S)|a„| < lm(m+a— a')a„| 

= |"2 

la-0 I 

But if M and N denote the maximum values, necessarily finite, 
of \zp{z)\ and 12*7(2)! respectively on the circle |2| = r, where 
r < R, Cauchy’s inequality gives 

and so Ip„| < X/r» |7„| < iT/r", 

where K is the greater of M and N. Substituting these bounds 
for \p„ \ and |7„|, we find that |a„l ^ b„, where 

»»— 1 

m(w — h)b„, = K 2 (s+T+l)bj/r”‘-». 

«-=0 

Similarly we can show that !a„| ^ b„ when n'p m, where 
w{n-8)6„ = A’ 2 («+T+l)6g/r"-». 

8=0 

From this equation, we see that the coefficients b„ satisfy the 
recurrence formula 

»i(n— 8)ft„-(n-l)(M-l-8)6„_i/r = A'(n+T)ft„_i/r 
But this gives 

b„ ^ (n — 1 )(«-!— 8) A(w+t) 

«(« — S)r S)r’ 

and so lim (8„/6„_i) = 1/r 

n-*ro 

The radius of convergence of the aeries T b„ 2" is, therefore, r. 
Since, however, !<7„! < b,„ it follows by the comparison test 
that the radius of convergence of 2 Oi, cannot be less than r\ 
moreover, as r was any number less than A, this implies that 
this senes is convergent when l2| < R. 

The formal processi's which made w = z°‘'^a„z'' a solution 
are now seen to be completely justified since all the series in- 
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volved converge uniformly and absolutely in every closed 

domain within |z| = 

When the exponent-difference is not an integer or zero, we 
derive in a similar manner a second independent solution 
w = 2“' 2 On*" corresponding to the other root of the indicial 
equation. In this case at least one of the solutions has a branch- 
point at the origin. 


10.14. Solutions valid for large values of \z\ 

To discuss the nature of the solution in the neighbourhood 
of the point at infinity, we make the transformation z — 1/t. 
The differential equation 

^+p(*)g+?(*)- = 0 

then becomes 


dV , \2 1 /1\1 dw ,1(1\ 

»■+ 


The behaviour of the solution for large values of \z\ is now 
determined by solving the transformed equation in the neigh- 
bourhood of the origin 

Accordingly we say that the point at infinity is an ordinary 
pomt if 2 1 n\ 1 



are regular at the origin, that is, if 

2z^z-p(z), z*q{z) 

are regular at infinity The complete solution of the equation, 
valid in a neighbourhood of the jioint at infinity, is in this case 
of the form 


where Oo, are arbitrary constants 
Again, the point < = 0 is a regular singularity of the trans- 


formed equation if jp yj, 


1 /I 




are regular there; we say. 


therefore, that the pomt at infinity is a regular singularity if 
zp{z) and z-q(z) are regular there In this case, p{z) and q{z) are 



241 


THE HYTEROEOMETRIC FUNCTIONS 
expansible, by Laurent’s theorem, in series of the form 

convergent m a neighbourhood \z\ > S of the point at mfinity. 

It may now be shown, just os in § 10.13, that there exist in 
this neighbourhood two linearly independent solutions 

w = 2-“ 2 a„ Z-”, w = 2-“' 2 

where a and a are the roots of the indicial equation 

(Po— l)*+?o = 0> 

provided that these roots do not differ by an integer or zero 

10.15. The solution when the exponent 'difference is an 
integer or zero 

When (x—oL — s, where s is a positive integer or zero, the 
solution of § 10 13 fails For if « — 0, the two solutions become 
identical, whilst if 5 > 0, all the coefficients in one of the solu- 
tions from some point onwards are either infinite or indeter- 
minate It is, however, well knownf that a knowledge of one 
solution of a linear differential equation of order n enables us 
to depress the order to n — 1 In our case, we obtain m this 
way a linear equation of the first order which can be integrated 
immediately 

To effect this depression of order, wc make, according to the 
usual rule, the change of independent variable 

where m’o( 2 ) is the known solution of exponent a The function 
V is found to satisfy the equation 



whose solution is 

•’") *} *■ 

t See, lor example, Forsyth, Trtalxat on LhJ^erenlial Eqytationa (1914), 130-3. 
Ull - 
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where A and B are arbitrary constants. Hence the required 

second solution, valid near the origin, is 


S 


uiz) = M’o 




J p(z) dz 


dz. 


Now OL and a— s are the roots of the indicial equation 
so that — 1 +a— 2a Hence we have 


1 { C {2<x—\-s 



where gf{0) — l/a§ Since a# ^ 0, the function (a„+ai34- )"* 
is regular in a neighboui hood of the origin Hence g{z) is also 
regular there and can be expanded as a convergent Taylor senes 
fl'f®) — 2 £7n Swlistituting this senes for g{z), we find that the 
second solution is 


Z 

w = W'„(z) r z'~''yg„z”dz 
0 

= «'o(^)ry y 

. n •» _ 1 ' 


«*-0 n=s— I 

In particular, when the exponent-difference s ih zero, this 
solution can be written in the form 


= !7oW’o(2)logz+2“'^‘ 2 

n=0 

As j/o 18 not zeio, tins solution possesses a logarithmic branch- 
point at the origin When the exjionent-difference a is a positive 
integer, the second solution takes the form 

w = j 3 igM'„(z)logz-fz“' 2 c„z». 

n=0 

If it happens, as may be the case, that </„ is zero, the second 
solution does not involve a logarithmic term. 
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An alternative method of determining the second solution 
when the exponent-difference is an integer or zero is due to 
Frobenius f 

Example 1. Deteimme two linearly independent solutions of the 
equation (5z- 1 )w = 0 

valid near z = 0. 

Example 2 . Determine two Imearly independent solutions of Beasel ’s 
equation zw''+w'+zw ^ 0 

valid near the origm. 

Example 3. Prove that the equation 

zhv‘'+(z+l)w'+u; 0 

has an irregular singularity at the origin, and show that the method of 
solution by senes gives only one integral of the equation valid near 
the origin 

Example 4. Show that the equation 

z‘w''-l-z*w' + w — 0 

has an irregular singularity at the origin, and that it is impossible to 
find a series solution valid near the origin 


10.2. The second -order differential equation with three 
regular singularities 

If the only singularities of the differential equation 
w"+jt(z)w'+q{z)u' =■- 0 

arc regular singularities at rj, and the functions 
P{z) - {z-^){z-r,){z-C)p{z), 

Q{z) 

are integral functions Moreover, since tlie point at infinity is 
not a singularity of the differential equation, the functions 
2z—z-p{z) and z*q{z) are regular at infinity This is the ease if 
and only if P{z) and Q(z) are quadratics in z and the coefficient 
of in P{z) IS 2. 

Accordingly we can write 


P{*') — , “d"!"' >’ 

3 — ? 3— T/ 3-4 


t Journal fur Math 75 (1873), 214-24 Soe also Foi'svth, Treatise on 
Differential Kquatwns (1914), 24,3-58, line. Ordinary Dffircntial Equations 
(1927), 396-4U3 
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where — 2, and 

[z-^)(z-n)(z-i)q{z) = ; 

2— f Z—T} 2—4 

here the capital letters denote constants depending on the 
exponents of the singularities. 

The indicial equation relating to the singularity f noW takes 
the form = 0 

If the exponents at f are a and a', this gives 

A = 1— a— a', D = (^— 7j)(^— ^)aa'. 

Similarly if the exponents at are jS, j8' and those at ^ are 
y, y', wo have 

7? = 1-/3-^', 

and C - 1-y-y', - (C-f)(^-^)yy' 

Moreover, since .4+5+C7 = 2, the six exponents are not arbi- 
trary, but arc connected by the relation 

a-f-a'-}-;8-(-/3'-j-y-f-y' = 1 
The diffeiential equation is therefore of the form 


dJ^w n — 1 — y~y'\ 

dz^ \ z— I z—T) z—l I dz 

I PP' I _ yy' 

\{z-i){i-C) (z- vM-^) (2- CM- v). 


(C-v)(v-C)(C-C)^^, ^ 
(z-fXz-tjKz—C) 


0 


In the notation introduced by Riemann, we express the fact 
that w is a solution of this differential equation by writing 


re ^ c 1 

w = P y 

W P' y' ) 


Example 1. A linear differential equation of the second order has 
but one singularity, a regular singularity at tho origin Show that the 
equation is zw" 2w' — 0. 


Example 2. A linear differential equation of tlie second order has 
but two singularities Those are a regular singularity of exponents a and 
a' at the origin and a regular singularity of exponents /3 and at infinity. 
Find the equation and show that a+a'+^+^' = 0, oa' = )3j8' 
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Example 3< Show that the differential equation satisfied by the 

00 C 

w = plot ^ y z) 

U' P' y' 


function 


IS 


d*Mi , fl— a— a' 1— y— y'ldto 
z-( z-l 


y/iC-i}] w 


I s/ , oo^ , b/ n 

+ 1 ^=?“ I (J=?i(r-T) - “■ 

Example 4. Prove, by transforming the differential equation, that 

• 0 00 1 

=* a+p P-p-q y+q z] 

“'+ 7 > P'—p—q /+5 


and also that 


and also that 



00 1 1 

r 

p y z\ 

U' 

/S' y' ) 


00 1 


P y z 

U' 

P' y' 

Provo that 

\q 

V ^ 


ct P y 

/ 

W P’ y' 


1 i 

p 

\<x P y 


W P' y' 


= P\ 


1 0 00 

<x P y l/(l-«)}. 

Y 


r = P 


? f\ C ' 
Q(+p P-p~q y+q * 
<x'+p P'- p-q y'+q . 


Vi fi 
= P« P y 
W P' y’ 

where Zj, ^i, tji, are derived from z, -q, ^ respectively by the some 
homographic transformation 


10.21. The hypergeometric equation 

If we make the honiographic transformation 

and use the results of Exx 4, 5 of the preceding section, we 
find that 




c 

1 



00 

1 ] 


p 

y 


= p 


p 

y f 

r 

U' 

P' 

» 

y 




P' 

y' J 


0 00 1 ' 

0 a+yS+y 0 t 

,0('— a (x+P'+y y'—y 


= <“(i-0’'P 
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Hence, in order to determine the properties of the solution of 
the second-order equation with three regular singularities, it 
suffices to discuss the behaviour of the function 

/■ 0 00 1 
w = p\ Q a 0 t , 

U— c b c—a—b 

which satisfies the equation 

-{-{c—(a+b-\-\)t}w' —ahw = 0 

This is called the differential equation of the hypergeometnc 
function, or more briefly, the hypergeometric equation. 

To avoid difficulties regarding the possible occurrence of 
logarithmic terms in the complete solution of this equation, we 
shall sujipose iii the present chapter that none of the exponent- 
differences c— 1, a—b, a-\-b—c is an mteger or zero f 


10.22. The generalized hypergeometric equation 

If we introduce the operator ^ = 8 djdz, we find that the 
hypergeometnc equation 

s(l-s)^’+{c-(o+64-l)2}^-ohw = 0 
takes the simple form 

!)«; = z(&-i-a)(d'+b)w, 

a fact which is of importance in the formal solution of the 
equation by series 

A differential e({uation is said to be of generalized hyper- 
geometric type if it can be wntten in the form 

<^(’^+Pi— 1)('^+P2— 1) {^+Pg—^)w 

= s(^+«i)(5'-l-a2) {^+ap)?e; 

the order of this equation is equal to the greater of p and j-fl. 


10.3. The hypergeometric function 


To discuss the nature of the solution of the hypergeometnc 


equation 


l)it; = z(d’-\-a){d‘-\-b)w 


t The case of zero or integer exponent-differences has been discussed by 
Lindelof, Acta Soc. Scunt Fenmcoe, 19 (1893), No 1, and W L Ferrar, Proc, 
Edinburgh Math Soc. (1), 43 (1926), 39-47. 
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near the regular singularity at the origin, we substitute formally 
the series „ 

w = z'^y a„ z“ 

0 

and equate coefficients. We find that the exponent a. satisfies 
the indicial equation 

a(a-|-C — 1) = 0 

and that the coefficients a„ satisfy the recurrence formula 
(a+ft)(a+c— l+n)a„ = (a+a+»— l)(ai+6+«— 

From the recurrence formula, we deduce that 
_ r(tt+a+»)r(a+fc+w) . 

" r(o(-j-i+n)r(a-i-c-i-W') ’ 

where A is an arbitrary constant, and so we obtain two formal 
solutions 

r(a+n)r(6+n) r(a— c+l+u)r(6— c-t-l-j-w-) „ 

^ r(c+»)w' ’ ^ r( 2 — c-f-»)w' 

But since the two power series converge absolutely and uni- 
formly with respect to z in every closed domain within the unit 
circle, the validity of these solutions w'lien ] 2 | < 1 follows im- 
mediately 

ll'e now define the hyjiergemietric function, F(a,b,c,z) by the 
r(a)r(6) jj, r(o-i-n)r(6-|-n) z" 

Tvr ( ■ )“2 — Fv+^ST 

u'hen |z| < 1, and by analytical continuation when |z| ^ 1 , it is an 
analytic function of z, w'hioh is certainly regularf when |z| < 1. 

In terms of this new function, the two solutions of the hyper- 
geometric equation valid near the regular singulanty at the 
origin are 

F(a,b,c-,z), zi-‘'F(l-|-a— c, l-|-6— c,2— c; 2 ) 

Example 1 . Show that 

{1-zr- = F(a.p.p.z). -> 

logT-^ = 1,2,*), 

1 — z 

e* = hm 

(X-fOO \ OLf 

t We sliall see later that it has branch-points at 1 and oo 
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'Example 2. Prove that 

^F(a,b,c;z) = — f’(o4-l,b+l;c+l;*). 
az e 


Example 3. Show that, when c = 1, two independent solutions of 
the hypergeometnc equation, valid when \z\ < 1, are F{a,b, l;z) and 

r(a)r(6)Ji’(a,6, l,z)log 2 + ^ 

1 

where s, = 2 + 


10.31. An integral representation of F(a,b,c,z) 

The senes defining the hypergeometne funetion can be 
written in the form 


r(a)r(f>) 

r(c) 


F(a,b,c, 


z) = 


' '»1=0 


Using the Eulenan integral of the first kind, we deduce that, 
when RIc > RI6 > 0, 


r(o)r( 6 ) 

r(c) 


F(a,b,c,z) 


1 

r(c-fe) 



^6+n-l(l_<)c-6-ir(a + „)l! (It. 

n' 


it being understood that the many-valued functions under the 
sign of integration are made definite by taking 


argt = arg(l— 0 = 0 


Now when Iz) < 1, the scries 2 r(a-l-7i)2"t"/^’ converges uni- 
formly with respect to t over the whole range of integration, 
and so we can invert the order of integration and summation 
to obtain 


r(o)r(i) 

r(0 





^ r(a-f n) (20“ 
Z r(c-6) ni' 

n=0 ' ' 


0 
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where (l—zt)-“ has its principal value. We have thus shown 
that, when 1*1 < 1 and Rlc > R16 > 0, 

The integral on the right-hand side of this equation is, how- 
ever, uniformly convergent in any closed domam of the 2 -plane, 
supposed cut along the real axis from 1 to -foo, and so repre- 
sents an analytic function, regular in the cut plane. Hence this 
integral representation of F(a,b,c,z) provides the analytical 
continuation of the hypergeometric function in the case when 
Rlc > R16 > 0 

If we had used Pochharamer’s double-circuit integral for the 
Beta function (see § 9 3) instead of the Eulerian integral, we 
should have obtained a double-circuit integral for F(a,b,c;z), 
vahd in the cut plane, without any restrictions on the para- 
meters 6 and c For the details of this, we refer the reader to 
Pochhammer’s memoir already cited. 


10.32. The value of F(a,b,c, 1) when Rl(c— a— 6) > 0. 

Since r(o-}-w)/r(«) when n is large and positivc.t we 


have 


r(a-fn)r(6-|-n) 


1 


r(c-i-w)n' Ji,c-a-b+l 

Hence the hypergeometne senes F(a,b,c,l) converges if and 
only if Rl(c— o— 6) > 0. When this condition is satisfied, it 
follows from Abel’s theorem on the continuity of power seriesf 

F(a,b,c,l) = lim F(a,b,c,x) 

x—l- 0 

Jf, in addition, the condition Rlc > R16 > 0 is satisfied, we 
deduce from the integral formula of § 10 31 that 

1 

nc.i.c.I, 


r(0 


r(6)r{c 

0 

_ r(c)r(c— o— 

~ r(c— .a)r(c— i)’ 

t See § 0.22, £x. 4. 


1 


t § 5.22, Ex. 1. 
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The additional restrictions on the real parts of h and c are, 
however, quite unnecessary for the truth of this result, and only 
arise on account of the particular method of proof adopted. 
Although the restrictions can be removed by an appeal to the 
pnnciple of analytical continuation, it is simpler to give a direct 
proof, as follows 
If we write 

F(a,b,c,z) = '^A„z'", F(a,b,c+l,z) = 

0 0 

it IS easily verified that 

f(c-a-i)A„ = ic-a){c—b)Ii^-\-cnA„-c{n + l)A„+^, 
from which it follows that 


c(c-a-b)%A,^ = (c-a){c-b)^Ji„-c{N+l)A^,,i 
0 0 

But since this equation gives 

F(a,b,c, 1) = 

cyc—a—b) 


provided that Rl(c— « — 6) > 0 From this we easily deduce that 


r(c-a)r(c-6) 
r(c)r(c— a— 6) 


F(a,6,c,l) 


r(c+m— a)r(c-l-?n— f>) 
r(c+wj)F(c+»w— a— 6) 


F{a,b,c+ni, 1) 


for every positive integral value of m, and hence 

"" limF(a,6,c+?n, 1) 

1 (c)l (r (t — o) 

Let us now write 

F{a,b,c+m,z) = 1+ 2 
1 

Then, since C„ ~ i/wc-a-t+m+i ^hen n is, large, we can find an 
integer JV, independent of ni, such that, when n > N. 


\Cn\ < 


< 


2 1 


^K+m+l Jfm yj<c+l ’ 


where #c = Rl(c— a— 6) 

1 «> I AT 


Hence we have 
2^1 ^ 


K 
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where K is independent of m. Since, for every fixed value of n, 

00 

tends to zero as tw -> oo, this inequality implies that 

‘ 1 

also tends to zero and hence that 

lim 1) = 1. 


This completes the proof that the equation 

p , r(c)r(c— o— 6) 

r(c— a)r(c— 6) 

is true when the real part of c—a—b is positive 


10 . 33 . The analytical continuation of F{a,b,c,z) 

If we put z— 1— i in the hypergeometric equation satisfied 
by F{a,b,c,z), we find that 

f(l — +{(l+®+i'~r) — (®+h+l)f}— —abw — 0, 

which is also of hypergeometric type From this it follows that 
the hj’pergeometric equation has two linearly independent solu- 

F(a,6,l+a+6^c,l-2), 

(1— 2)'"“"‘'F(c— o,c— h, 1+c— a— ft, 1— z) 

valid when |1— z| < 1 We make the second solution definite 
by giving to (1— 2)'^”"“* its prmcipal value 
The region in which these two solutions are defined has an 
area in common with the region js] < 1 in which F{a,b‘,c,z) 
was defined In this common area, the three solutions must be 
connected by a linear relation 

F{a,b,c,z) — AF(a,b, l+a+b—c, l—z)+ 

•i-B{l—zy-“-*F{c—a,c—b, l+c—a—b, 1 — z). 

To determine the constants A and B, we suppose that 
Rl(a+6) < Rlc < 1, so that the three series 

F(a,b,c,l), F{a,b;l+a+b-c,l), 

F{c—a,c—b, 1 +c— o— 6, 1 ) 

are convergent. 

If we make z tend to 1 along the real axis, we find that 
F{a,b',c, 1) = A. 
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Similarly, making z tend to zero, we have 

I = AF(a,h; l+a+6— c, l)-{-BF(c—a,c—b; l-{-c—a—h\ 1). 
By § 10 32, the first equation gives 

A = r'(c)r(c-o-6) 
r(c— o)r(c— 6)‘ 

The second equation now becomes 

. _ r(c)r(l— c)r(c— g— 6)r(l+a4-6— c) 
r(c— o)r(i +a— c)r(c— 6)r(i +{>— c) 

nHi— c)r(i+c— o— 6) 
r(i-6)r(i-a) 

from which it is not difficult to deducef that 

„ ^ r(c)r(a+6-c) 
r(a)r(6) 

We have thus proved that the relation 

holds when \z\ < 1, |1— 2| < 1, provided that 
Rl(a+6) < Rlc < 1 

This restriction on the parameters a, b, c is not necessary for 
the truth of this result, and arises as a result of the method of 
proof adopted An alternative proof, valid for all values of the 
parameters, will be found in Barnes’s memoir cited below 
The importance of the result lies in the fact that it provides 
the analytical continuation of F(a,b,c,z) into the region 
|1 — z\ < 1 and shows that this function has a branch-point at 
z = 1. 

10.4. Barnes’s contour integral for F{a,b,e,z) 

Barnes, I following Pincherle§ and Mellm.H has represented 
the hypergeometnc function by means of a contour integral 

t By using the formula r(«)r(l— a) = n cosec rra 
j Ptoc London Math Soc. (2), 6 (1908), 141-77, 

§ AUt d. R. Accademm dei Ltncei, Eendiconti (4), 4 (1888), 694-700, 792-9. 

II Acta Soc Sment. i'cnmcae, 20 (1895), No. 7. 
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whose integrand involves Gamma functions. A particular case 
of Barnes’s formula is 

IT+OOl 

Jvi j Sin ITS 

a— 001 

valid when |z| < 1, |arg(— 2 )| < n, the path of integration 
being the straight line Rla = a, where — 1 < or < 0; this has 
already been given as an exercise for the reader f 
Now if ^ denotes the operator z djdz, we have formally 

i:(a)r(6)^ na+»)r(b+») 

r(c) ^ 

o+rot 

L r(n+^)r(b+^) f TT 

2in r(c+^)r( 14 -^) J sinTTS 

O — act 

<r+cci 

== L f r'(o +6)r(6+ 8) rr _ 

27 ri J r(c+fi)r(l+s) sinks' 


<r— «» 
ff+flCl 




This IS Barnes’s contour integral for F{a,b,c,z). 
Let us consider, then, the mtegral 


± 7 nq+g)r(6+a)r(-j;) 

Stti j 1''((’+«) 


in the case when |z| < 1, |arg( — z)| ^ v— c, where e is an 
arbitiary positive number The path of integration is the 
imaginarj axis, modified, if necessary, by loops to make the 
poles ot r(— «) he to the right of the path and those of 
r(a+.9)r(b+s) to its left, this is alw'ays possible, provided that 
neither a nor 6 is a negative integer J We suppose, as before, 
that none of the exponent-differences c— 1, a~b, a+b—c is an 
integer or zero § 

This integral may be evaluated by Cauchy’s theory of resi- 

t Roplaco c'” by —z,z by — s, in Ex 18 on papo 153 

J The case nhon a or b la a negative integer m unimportant, since F(o, b , c; ») 
18 then a polynomial 

§ Barno&’s formula does, m fact, provide a solution of the hypergeometne 
equation when this condition is not satisfied. 
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dues. Let C denote the closed contour formed by three sides 
of the rectangle whose vertices are itW, together 

with the portion of the path of integration from iN to —iN. 
We take N to be an integer, greater than |Imfl| and |Im6|, so 
that no poles of the integrand he on C. We then have 


JL rr 

27ri J 


r(a+a)r(6+^ )r(-a) 


r(c+a) 

= sum of residues of {-zY at the 

r(c+s) 

poles within C 


r(a+^)r'(&+w)^„ 

^ r(c+w)r(i+w)*’ 

J n 0 

and so 


r(a+a)r(6+s)r(— s) 


f r(a+^ 

2n> J ■ r 

-1\ 


(c4-«) 


i-zYds 


_ r(«+«)r(6+«) r;; _i_ 

”” ZL r(c+«) ti' 2m 

rf-»0 

where J denotes the integral along the remainder of C 
now show that .7 tend.s to zero as N ->■ oo 
We find it convenient to write 

-lx\4.V** S-ri+iN iV+V+J 


J 


= J + J - J 

l.V A-r}-l.V I.V 


J, 

We shall 


— i/i+t/o — J 3 , say, 

and to consider J^, J,, separately 
Now', when js| is large and |arg«| < rr, 

r(f+«)r(i+«) 

where a+ijS == o-\-b—c—l, and so 


r(n+5)r(ft4-«) 

r(c~i 5)r(i+5) 

Hence, in /j, J^, Jy, wc have 




r(c+6)r(i+5) 


< AN°‘, 


where is a constant, independent of N 
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But in Jj, s = a—iN, so that, when N is large, 

|{— z)*| = < [z|<'e("-'>^ 

These inequalities give immediately 

N+i 

jJil < iirANo^e-^^ I Izj^da < 2(2JV'+l)7r^lV*e-*‘'', 
a 

since [z I < 1 , this imphes that tends to zero as N tends to 
infinity. In a similar manner we prove that J3 tends to zero 
In J2, however, we have s — X-j- 4 +tt, where —N ^t^N, 
and so 

and l(— s)"! = |2 1 '+ie“' “'*<“** 

It follows that 

-V 

IJ 2 I < 27r.4.V“l2l-''+i J 


-A' 


< 2 


7T*4X“l2|‘''''+* J e~^'''dt 


-A' 

< 47r.4iV“|zl-'’+*/€. 

But since \z\ < 1, this implies that , 7 , tends to zero as iV tends 
to infinity. 

We have thus shown that 

r(o+s)r( 6 +«)r(— 5). 


-Al 


r(r+s) 


(—2)* ds — 


V nq+«)r'(6+«) 


as N -> oc, so that.f when |z| < 1 and |arg(— z)| < v, 


r(n)r(6) 

r(r) 


F{a 


01*1 

,b,c,z) = ^ f 

2771 j 


r(q+a)r(fc+«)r(— s) 
r(r+«) 


(— z)® ds. 


t That the intof;raI on the righl-haiul side actually converges and is not 
a Cauchy principal valuo, w ill be easily proved by the reader. 
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Finally, we show that the integral 


2iti 


f 


— 001 


r(a+«)r(6-i-«)r{— «) 

r(c+s) 


(—«)*<& 


represents an analytic function, regular in the z-plane supposed 
cut along the real axis from 0 to oo, and so provides the analytical 
continuation of 


r(a)r(6) 

r(cr 


F(a,b,c;z) 


all over this cut plane 

For in any closed region of the cut plane, there holds an 
inequality |arg( — z)| ^ it — e, where e is a positive constant 
It easily follows that, if « = if where t is real and |f| large, then 


r(a+a)r(6+a)r(— a) 

" "Vlc+s) 




where K is independent of z and t This implies that Barnes's 
integral converges uniformly in the closed region and so repre- 
sents a regular analytic function As the value of the integral 
has been shown to be r(af)r(6)F(ff,ft.r,s) r(r) when ls| < 1, 
the result stated follows immediately 


10.41. The behaviour of F(a,h,c,z) near the point at 
infinity 

By an argument similar to that of § 1 0 4, it can be show n 
without much dilliculty that, if m is a positive integer, 

j_ rr(a-f«)r(6+5)r(-_5) 

2m J r(c+5) ' 

—m + osi 

_ 1 c r{a+s)r(b+s)r{-s) 

~^i j - iV+V) + 

- m— 001 

P Q 

+ 2, (residue at s = — n— re)-f ^ (residue at a = —b—n), 

n-O n-O 

where p and g' aie integers, not exceeding m, which tend to 
infinity with m The path of integration in the second integral 
IS obtained by translating that of the first integral a distance m 
to the left If a or h is a positive integer, the new contour is 
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indented so that the pole, which would otherwise lie on it, lies 
to its left. 

Now the residue at s = —a—n is 


/ ,xn r'(g+»)r(6-a-w) 

' ' r(i+w)r(c-o-») 


(— 


= { .)-a r(ffl4-w)r( l+o — c+») 8in7r(o+w— c) 

r(l+«)r(l-f-o— 6+») amn{a-{-n—b) 

_ 8inw(ffl— c) . > „ r(a+7t)r(l+g— c+») 

8inff(a— 6)' r(l+7i)r(l+a— 6+n) ’ 

where, as usual, |arg(— 2 )| < w. A similar result holds at 
s — — b—n. 

Hence we have 


r(o)r(6) 

r(c) 


F{a,b,c-z)—I 


_ sin w(o-c) , v_a r(a+re)r(l+a— c+») 2 -*» 

8 in7r(o— 6) r(l-)-o— 6+«) ^ 


n**o 


ni 


where 

/ 


8inff(6-c) . ^ r(6+w)r(l+6-c+n) 2 -" 

'^6m7r(6— a)' r(l+h— o+») n\ ’ 


—m-^m 


= -• f 

27rt J 


-m-ooi 


r(a+«)r(64-«)r(— j) 
r(c+«) 


(— z)* (fo 


= r i>z 

27rt J r(c— 


r(a— m+«)r(6— 7n+«) n 


m-(-8)r{l— m+s) sin 778 


(-2)' da 


= say. 

But when larg(— z)| ^ v— e where e > 0, J is a bounded func- 
tion of m and z, hence / -> 0 as m ->• oo provided that | 2 | > 1. 

We have thus shown that, when z lies in the part of the cut 
plane for which | 2 | > 1, 

r(o)r(6) 


r(c) 


'■F(a,b;c,z) 


1+a-c. 1+a-fr; 2-1)4- 


r(6)r(a-6) 

r(c-6) 


(— z)-*’J’(6, 14-6— c; l-f6— 0,2-1). 


4111 


s 
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This equation provides the analytical continuation of F(a, b; c; z) 
outside its ccrcle of convergence and shows that the function 
so defined possesses a branch-point at infinity. 

We have now proved that the function F(a>ih\c\z) defined 
by the power series 

r(c) Y nffl+n)r(6+n) ^ 
r(o)r(6) r(c-fw) n\ 

when |z| < 1, and defined by analytical continuation when 
|gl ^ 1, is a one- valued analytic function, regular in the whole 
plane supposed cut along the real axis from 1 to +00 

10.5. The relations between contiguous hyperg^^ietric 
functions 

Let us denote by P(z) a solution of a second-order hnear 
differential equation with three regular singularities If A and 
fi are any two exponents of this differential equation, the func- 
tion PA+i,fi-i(2)> obtained by replacing A and fi in P(z) by A-f -1 
and /i— 1 respectively, is said to be contiguous to P(z). Since 
P(z) has two exponents at each of its singularities, there are 
thirty functions contiguous to P(z) Biemannf proved that the 
function P(2) and any two functions contiguous to it are con- 
nected by a Imear relation whose coefficients are polynomials 
in z The recurrence formulae satisfied by the Legendre func- 
tions are particular cases of this general theorem 
Now if we transform P(z) and its contiguous functions to the 
hypergeometric form 

’ 0 00 1 

P 0 o 0 z 

^1— c b c — 0—6 

as in § 10 21, we find that Riemann’s theorem is a consequence 
of an earher one due to Gauss. According to Gauss, the function 
F{a' ,b' ,c' ,z) IS contiguous to F(a,b;c,z) if it is obtained by 
increasing or decreasing one and only one of the parameters 
a, b, c by unity There are, then, six hypergeometne functions 
contiguous to F{a,b\c\z), and these may be conveniently 
denoted by Pa+, P^_, in an obvious notation. 

t Abh. d. Oes d. Wisi zu OiiUmgen [Math. KIosk), 7 (1857), 1-24. 
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Gausst showed that, between F{a,b\c\z) and any two hyper- 
geometric functions contiguous to it, there exists a linear rdation 
with polynomial coefficients. There will then be fifteen such linear 
relations. 

The simplest method of proof consists in determining the 
required linear relation when jal < 1 from the series definition 
of the hypergeometric function, and deducing the result in 
general by analytical continuation. 

For example, 

(q-fe) — b’,c,z) 

= (0-6) V r(o+w)r(6+») ^ 

^ r(c+ft) n! 


n — 0 


OD 

= 2 


r(o+«+i)r(6+») 2“ 


r(c+n) 


s-2 


r(flH-«)r(64-«+i) 2“ 


n»0 


r(c+») 


n! 


r(o)r(6) 




r{c) 

Thus the equation ^a-b)F = aF„^-bF,^ 
holds when \z\ < 1 , and hence generally. 


10.6. The generalized hypergeometric function 

If we attempt to solve the generalized h 3 rpeigeometric equa- 
tion 

= 2(^-l-ai)(^-|-a2) .(^-fap)«> 

QO 

by a series of the form zv ^ c„2”, we find that 

n ®»0 

_ 2 V V r(y+«i+«)r(y-i-g2+n)...r(y-f«p-i-») z" 

^0 r'(y+Pi+™)r(y-t-p2+n) ..r(y-t-p,-)-n) r(y+l-|-») 

provides a formal solution when y is a root of the equation 

y(y+Pi— i)(y+P2— f) (y+PB~^)~®- 

Apart from the case when the series terminates and so repre- 
sents a polynomial multiplied by zr, this formal series solution 
will be valid only within its circle of convergence. Now the 

t Qt». Wtrke, 3. 130. 
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radius of convergence of the series is 0, 1, or oo according as 
p—\ >, =, or < y. If p—\ > q, the formal solution breaks 
down completely When p—\ < q, we obtain ?+l solutions, 
provided that none of the coefficients becomes infinite or mdeter- 
minate. If p— \ <q, each solution is an integral function, 
multiplied, possibly, by a power of z, and so is valid all over 
the z-plane But when p—\ — q, the series solutions are valid 
only within the circle |z| — 1 and must be defined outside this 
circle by analytical continuation 

The solution of exponent zero at the origin is usually denoted 

where 

r(ai)r{a2) r(aipl 

rCpi)r(Pi) 

_ r(Qtx+w)r(Qi2+w) r(ap-fra) ^ 

^0 r(pi+«)r(p2+M) r(p^+n) nf 

In this notation, the ordinary hypergeometric function is 
gF-jifl,b,c,z). 

In dealing with asymptotic expansions we shall find it con- 
venient to use this notation when p—l > q, even though the 
series diverges. 


10 . 61 . The function Ji'i{cx,p,z) 

The function ^F^{(x,p,z) satisfies the differential equation 
— l)u’ — z(&-f-a)u' 

If we write this in the form 


z 


d^w 

^+(p-z) 


div 

dz 


'xw — 0, 


we see that it has an irregular singularity at infinity and a 
regular singularity of exponents 0 and 1 — p at the origin When 
p is not an integer, two linearly independent solutions of this 
equation are ^Fi{ot,p]z) and z^~P^F^{n. — p-}-l,2 — p,z), these are 
valid all over the z-plane, since is an integral function. 

It IS easily shown that 

i-Pi(a;p,z) = hm J’(a,^,p,z/)3), 

►OO 

so that the irregular singulanty at infinity arises from the ‘con- 
fluence* of the singulantiea at and infinity of the equation 
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eatiefied by F{a„ j8, p; z/jS). Many of the properties of ijFi(a;p; a), 
which IS usually called a confluent hypergeometric function, can 
be obtained by this limitmg process, though a rigorous proof is 
often difficult But since a direct proof by the methods of this 
chapter is generally quite straightforward, the most important 
formulae and certain deductions from them are given as exer- 
cises for the reader. 


Example 1. Prove that, when Rla > 0 and Rl(p— a) > 0, 

1 

r(a)r(p — oi)i-Pi(a,p;s) = J — (ft, 

0 

where and (1— have their principal values. 


Example 2. Prove, by a transfonnatioii of the differential equation 
gp^therwise, that 

i-Pi(“.p.2) = “.p. — *). 


provided tliat p is not a negative integer or zero f (Kummer’sf first 
transformation. ) 


Blfample 3. Show that the function w — o^i(p.*) satisfies the equa- 
d}w dw 

Hence show that 

iPj(a,2a,2z) = e*aF,(a+i, Je*), 


provided that 2ct is not a negative integer oi zero (Kummer’s second 
transformation ) 


Example 4. Prove tliat, when |nrg(— 2 )| Jtt and a is not a negative 

mti'ger or zero, 

— cc» 

whore the path of integration is the imaginary axis, modified, if neces- 
sarj , by loops to make the negative poles he to its left and the positive 
ones to its right § (Barnes.) 

Example 5. IShow that, when |aigz| < ^rr, 

00$ 

*«e~* = J* r(n— s)s*ds. 

— 00* 

Deduco Kiimmor's first transfonnation. (Barnes ) 


cr» 

/ 


r(g+«) 

r(p-i-«) 


r(-«)(-z)*d«. 


t For a discussion of the case when p ib a negative integer, see Watson, 
Btsael Functions (1922), § 4 42 | Journal Jur Math, 15 (1836), 138-41. 

§ In proving this result, it is necessary to use the asymptotic formula of 
§ 0.56. 
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Example 6. Prove that, when |argz| < |w and p is not an integer. 



r(-«)r(i-p-«)r(a+«)**d8 


= r(l— p)r(o[)iFi(Q!;p,a)+r(p— l)r(l+0(— p)2‘-0iFi(l+a!— p;2— p;2) 
provided that the right-hand aide exists. The contour is the imaginary 
axis, modified, if necessary, by loops to make the positive poles lie to 
its right and the negative poles to its left. (Baxnxs.) 


10.62. An asymptotic expansion 

It is possible to obtain an asymptotic expansion of p, z) 
when |z| is large and Rlz < 0 by applying the method of § 10 41 
to the integral 


I>) 

r(p) 




1 

277 ^' 




— oo» 


and then deducing the corresponding expansion when R1 z > 0 
by the aid of Kummer’s first transformation. If, however, we 
use the result of Ex 6 of the previous section, namely that, 
when largzl < fir— « < fir, 


001 

^ J n— «jr'(i— p-a)r(a(+s)z»cfo 

— cox 


= r(l-p)r(a),Ji(a;p,z)+ 

+ r(p-l)r<l+a-p)zW,/i(l+ct-p,2-p,z), 

we can determine the required asymptotic expansion over a 
much wider range of values of argz. 

Let us consider,! then, the integral 


^ J r(— s)r(i— p— a)r(Qi+s)z»d«, 

c 

where C is the rectangle with vertices at tJf, —K+iM, 
—K—iN, —iN, modified m the following manner. In the first 
place, the right-hand side of the contour is provided with loops, 
if necessary, so that the positive poles of the integrand he to 
its right and the negative ones to its left Secondly, we take 


f The analysis which follows is a shghtly modified form of the work of 
Bamee, Cambndg^ PhU Tram. 20 (1904-8), 259-61. 
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•K”— Rla = m, a positive integer, and indent the left-hand side 
so that the pole — a— m lies within the contour. 

By Cauchy’s theory of residues, we have 

I = sum of residues of integrand at poles — a— n within C 

n^Q ' ' 

If we can show that the integrals along the sides parallel to the 
real axis tend to zero as M and N tend to infinity, it will 
follow that 

cot 

^ J r{—s)r{i—p—s}r(oi+8)z‘ da 

“COI 

n-O ^ \ */ 

- K+®» 

- K—ooi 

Now on the upjier side of the rectangle C, we have s — a+iM 
where — <" ct ^ 0 K being kept fixed, it follows from the 
formula oi § 9 55 that, if Ji is large and s lies on this side of C, 
then 

|r(-s)r(l— p-a)r(a:-fa)2'| 

^ 277-) JZ-ie-" * ‘"(p I ai)/2g-J/(arKI +3Tr/2) jJ/llKoi |g/3/ | <» 

since larg^i .Jtt— e < Hence the absolute value of the 
integral along the upper side of C does not exceed 

0 

^JlflU(a-,,-l/2)g-e.U j \zlM\<’da, 

-K 

where A is independent of M and z As this expression 
evidently tends to zero as M ->• oo, so also does the integral 
along the upper side oi C In a similar way it can be shown 
that the integral along the lower side oi C tends to zero as 
iV -> 00. 
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We have thus proved that, when |arg 2 | < Itt, 

<JPt 

J r(— fi)r(i— p— «)r(a+«)2*<fo 


where 



j 


A 

n 


— a— m+floi 

ga+m 

J 

2m 


— flt-m-floi 

1 

27ri , 

oot 

1 r(a-)-Wl- 


~{-zr 


' ds 


= 0 ( 1 ) 


when \z\ is large Hence we see that 

r(a)r(l—p)jii(a!,/),2)-f 

+ r(l + a— p)r(p— p;2— p,*) 

~ r(a()r(l+a— p)2-“2jF’y|a, l+ot— p; — ij, 

the series on the right-hand side being an asymptotic expan- 
sion valid when \z \ is large and iargz| < for the error caused 
by terminatmg the series at the with term is 

which is of the order of the first term omitted 


10.63. The asymptotic expansion of iFi(cx,p,z) 

If we write 

r(a)r(i— p)if;(a;p,z) = p, 

r(l+«_p)r(p-l)ili(l+«-p;2-p;z) = Q, 

p)i^o(“> i+“— P i — = -Ri 

the result of the previous section is that, when |argz| < fw, 
P+z^-pQ z-“JJ 

for large values of \z\ In particular, this holds when 

Jw < argz < TT. 
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But when < args < ir, we have — fw < ai^(«e-*"*) < —it, 
and BO this asymptotic formula holds when z is replaced by 
ze“®"*. This gives 

P-|.2l-PC-27rt(l-/»^ ^ z-“e2’^“B, 


since P, Q, R are unaltered. Eliminating Q, we find that 
PsinTT/i ~ e’'“’z-“i?8in7r(/)— a). 

In a similar manner it can be shown that, when 
— TT < argz < — Jir, 

Pamirp ~ sin «■(/)— at) 

for large values of |z| These two results can be combined into 
the single formula 

Psimrp />>/ ( — 2)~“i2sin7r{p — a) 

valid when III 2 < 0 ,i)rovidedthat{— 2 )““hasit 8 principal value. 
We have thus proved that, when Rlz < 0, 

r(p) 


iFi(oi,p;z) 


(— z)-“jtPo(“. l+oc—p] — Z"^). 


1-* i\-ir> "/ ' r*/ \' 

r(p-a) 

From this we deduce, by Rummer’s first transformation {§ 10.61, 
Ex 2), that when Rlz >0, 

iFi(oi,p,z) ~ 1 — 

provided that zP-'^ has its prmuipal value. 
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MISCELLANEOUS EXAMPLES 


1. Show that the hypergeometric senes F{a, h;c\ —1) is convergent 
when Rl(l+c— 0—6) > 0. 

Prove that, when jEU6 < 1, 


E(o,6;a-6+l.-l)^ 


r(o-5+l)r(i) 


S-^io-h+D^io+i) 

2. Prove that, when z is not a n^ative mteger or zero. 


(KCMMEB.) 


r(z)r(^) _ Y (2n)! 1 

r'(2+i) ^ 2*'*n!n' z+n' 

ft— 0 

3. Denoting by [z]* the ratio r(l+z)/r(l+z— a), show that, if 
IU(z+A+l) > 0. 

[z+hY = 0,[z]-+Ui[z3-*[6]»+U,[z]-*[6]*+.... 
where are the coefficients m the expansion of (1+^)* ua 

powers of h. 

4. Show that, when Biz > 0, 


r(z)Vz 

r(s+i) 


-7i 


1+ 


; + 


1*.3> 


+ - 


1* 3» 6« 


4(z+l) ' 4 8 (z+l)(z+2) ' 4.8.12 .(z+1)(z+2)(2+3) 



6. If the two sums 


|«l+«l+ — + «nl» |®l| + l“»l + " +KI 

both tend to iniimty with n m such a way that 

(ai| + |o,| + ...+ |a„| < iC|oi+o,+ ... + o„|, 
where K is independent of n, prove that 

hm = hm 5«. 


provided that the right-hand limit exists. (Jensen.) 

6. Prove that a„ = r(a-)-n)/«* satisfies the conditions of Ex 5 only 
when Rla > 0 or when a = 0. 

Deduce that, if denotes the sum of tlie first n terms of the series 
F{a,b,c, 1), then 


r(c)n*^*“* 

~ r(o)r(6)(o-f 6-c) 

when Rl(c— o— 6) < 0, and 


when c = a-|-6. 


r(o+b) 

r(o)r(6) 

(M. J, M. Hiii t) 


logn 


t Proc. London Math. Soe. (2), 5 (1807), 336 ; 6 (1908), 339 The proof 
indicated m this exercise is a modification of one due to Bromwich, ibid. 
7 (1909), 101. 
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7. If the senes 2 a**"! 2 converge when \z\ < 1, and if, more- 
over, the coefficients satisfy the conditions that (i) 2 i‘'nl ^ divergent, 
(li) 2 |®n|*" < -K I 2 when 0 < * < 1, the constant K bemg in- 
dependent of X, prove that 


, 2 

lim “ * 

fr-i-o2o«*" 


, K 

lim — , 
«» 


provided that the right-hand limit exists, f 


8. Show that, if Rl(c— a— 6) < 0, 


Prove also that 


F^a.byCix) r(c)r(a-f 6— c) 

r(a)r(6) 

J»’(a,6;a-f b;g) ^ r(o-|-6) 
log[l/{l-®)] r(o)r(6)- 


(Gauss.) 


9. Show that, when Rl{c— a— 6) < 0, 

lim J?'(a,6,c,a:)— 

0-1.1— 0 L 


V/ H, r(a-ffc-c-n)r(c-a+n)r(c-6+«)r(c) 

' n' r(c-a)r(c-6)r(o)r(6) ' ‘ J 

r(c-o-6)r(c) 

r(c-a)r(c-6)’ 

k bemg the mteger such that k < Rl{a-)-6— c) < fc-t-1. (Hardy.) 


10 Determine the fifteen relations with polynomial coefficients which 
connect F(a,b;c;z) with a pair of contiguous hypergooinetnc functions. 

(Gauss.) 

11 Show that the complete solution, valid when 1*— il < i, of the 

equation .j , 

*(l-2)^+i(a+j8+l)(l-2z)~-aj3w = 0 

IS 

Ml = AF{ioc,iP.i.{l-2z)*)+B(l-2z)F{i(cc+l).HP+l),i,{l-2z)*]. 

where A and B are arbitrary constants 


12 Show that, if Rl(a— b) > 0, 

r(c-fA-b) 


r(c-fA) 2, r(b)A'+«' 

u 

when |A| m large and |argA| < iw, the coefficients k, being defined by 

2 fc,T*+*-‘ = (l-e-^)*-»e-^i''-*>(l-z-fze-^)-». 

• -0 


t For an account of this and other generalizations of a well-known theorem 
of Ceskro, see Pnngsheim, Acta Math, 28 (1904), 1. 
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Show also that the as 5 anptotio expansion is valid when |argA| < ir— S, 

where 8 > 0, provided that |1— sr*| < 1. (WATSON.f) 

13. Deduce from Ex. 12, the asymptotic expansion of 

F(a +A, 6 +A, c+A; z). 

14. t Show that, when | 2 | < 1, 

00 00 

r(a)r(6)F’(o,6, Jjz) = J* J e"“~® cosh 2^(mi«) dvdv, 

0 0 

provided that the real parts of a and b are positive. {Whittaker ) 


16. Prove that, when |argA( < tt— 8, where 8 > 0, 

r(a)r(6) 


r(c) 


■ F(a,b,c;z—h) 


ooi 


r(-«)r(a+«)r(6+«) 


r(c+8) 

provided that |arg(l— 2 )[ < 8 (Whittaker ) 

16. Show that, when 0 < Rl« < Rio < B16, 

r{s)r(a-s)r(b-a) 


F(a-{-8,b+a,c+8,z)h‘ da. 


V{c-a) 


■ F(a—a,b—s,c—a,z) 


T(a)T(b) 

T{c) 


00 

J F(a,b.c, 


dt (W'hittakeb ) 


17. Show that, if 

(l_2)a-n.-cjr(2o,26,2c;2) -- f a„2», 

0 

then „ 

u 

18. The Incomplete Gamma Function is defined, when the real part 
"^of V IS positive, by the equation 


y(v,z) = J 


dt. 






Show that 


vyiv.z) = z'lFdv, e+l, -z) 


t Cambndge Phil Trans. 22 (1912-23), 277-308. In this paper, Watson 
determines the asymptotic expansion of 6+ctA, c 4 -rjA, 2 ), where 

<t, Ct, C| take the values 0, 1, or — 1 for largo values of |Ai 

X The results contained in Exx 14. 15, 16 wore obtained by E T Whittaker 
by applying contact transformationB to the solution of differential equations 
by definite mtegrols Proc Edinburgh Math. Soc. (2), 2 (1931), 189-204. 
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Prove that the Error Function 


M 

Erf a = J exp(— t*) 


dt 


IS equal to — z*). 

20. The generalized Laguerre polynomialf I/» *(z) is defined by the 


equation 




n' r(a(+l) 

n being a positive integer or zero Prove that 

( 1 ) = 


( 0 +) 


nl dz^ 

21. Show that, when |<| < I, 


0 

22 Prove that the integral 
00 

0 

converges when Rla 5- —1 and that it has the value r(a+n+l)/n! or 
zero according as the integers m and n are equal or unequal. 

00 

Deduce that, if f(z) can be expanded as a series of the formj 2 Zi{,“’(z). 

0 

and term-by-term integration is valid, then 

CD 

= r(nTa-Fl) J V) 

0 


23 Show tluit, if TW + n IS a positive integer or zero. 


Deduce that ■■ nV^ ~ ^ (Debcyts.) 

f =— 11 

t The polynomial discussed by Laguerre (Bull Soe. math, de France, 7 
(1879), 72-81) IS obtained by putting a = 0 The generahzed Laguerre poly> 
nomial was introduced by Sonme, Math. Annalen, 16 (1880), 1-80 (41-2). 

{ The question of the convergence of such a series may often be settled by 
the use of Fej6r’s asymptotic formula (Comptee Rendua, 147 (1008), 1040), 

L]f\z) = y(^““''’)coB{2V(i«)--(2a-^l),r/4}-fO(n“/«->/‘), 

valid when n is largo and z finite 
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24. Prove that 

r(Q(+n+l)(r-l)» 




ga+n+l ’ 

provided that the real parts of z and 01 + 1 are positive. (Sonine.) 

25, Prove that 

provided that the real parts of p and a+ 1 are positive. (Koshliaeov.) 
26 Show that 


i{r>( 2 *) = r(a+l+n) 2 

27. Show that 


f=0 






provided that the real part of n+a+l is positive Here JJ,u) denotes 
the Bessel function <0 , . 

(1^1. V_iHW_ 

Z.n'r(a+n+I)' 

0 

28 Prove that 

(I) = Lir^Hz), 

( II ) ^■tir’(*)= 

(ill) nL^^\z) = (2n+a;— 1— 2)Z.{,*2 i(s)— ( n+a— 

Deduce that, if a is not a negative integer, 

n 

r* 


2 

r-O 


r(a+r+l) 


Lf‘\x)V^\y) 




20. Show that 


2 *»ij,“'( 2 )/r(a+n+l) = e‘(!:t)-**JJ2V(s«)} 

n=0 

30 Provo lhatt whon \t\ <. 1, 
J^L;*>(a:)A*>(y)«"n'/r(a+n+l) = 


where 


2 OTsS+Ii- 

«— 0 


t See Hardy, Journal London Math. Soc 7 (1032), 138, Watson, ibicl 8 
(1033), 180. 
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31. The Hermite polynomials are defined by the expansion 


Prove that 


exp(2£s— <*) ■= 2 

•—0 

(i) HJt) = (-l)"exp**^exp(-a»), 

( 11 ) H^{z) = ( - 1 )«2««n! 

(ui) = (-l)»2*"+>n!zij.»>(s*). 


32. Show that 

(i) ^ 2nH^^(z), 

(11) H^,(z)-2zH^(z)+2nH^^(z) = 0. 
Deduce that w = H„(z) is a solution of 
d*w „ dw , ^ 

-j-r — 2z-j- + 2nM» = 0. 

dz* dz 


33. Show that the value of the mtegral 

«0 

J da: 

— 00 

IS 2" n' Vw or zero accordmg as the mtegers m and n are equal or unequal. 

34. Prove that.f when |<| < 1, 

0 


t See Wat8on» loc cit 
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LEGENDRE FUNCTIONS 


11.1. Legendre’s differential equation 

In the last chapter we discussed the solution of the hyper- 
geometnc equation under the assumption that none of the 
exponent-differences was an integer or zero. We shall now con- 
sider in detail an equation of hypeigeometric t3q)e in which this 
condition is not satisfied, namely Legendre's differential eqiiation 




where n is an integer or zero. 

This equation, which is of importance in mathematical 
physics, arises when one tnes to find a solution of Laplace’s 
equation gap g 2 y gzy 


which is a polynomial of degree ninX, Y, and Z Such a solu- 
tion is called a solid harmonic of degree n. If we transform this 
partial differential equation to spherical polar coordinates 
(r, 6, ff>) defined by the equations 

X = rsinflcos^, Y = rsindsin^, Z = rcosd, 
it becomes 

w 2 aF 1 d^v cote ^ i 

dr^ dr r^ 66 '^r^amW 6<f>^ ~ ' 

It follows that every solid harmonic of degree n is of the form 
r”'8^{6,^), where is a polynomial in sin®, cos6, sm<f>, 

cos (f> and satisfies the partial differential equation 

co8ecfl^|sin0^^’‘j-fcosec20^^2"+”(^+^)'^» = 

<S„(a, <f)) is called a s])herical surface harnionie of degree v 
In particular, if 

S^{e,<f)) =/(a)cosm((^+0, 

where m and e are constants, we find that w = f{d) is a solu- 
tion of 
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coseo^^|sin0^j+{»(»+l)— 7»®cosec*0}«> = 0, 
or, putting z — cosB, 

o , f / , ,v m? \ - 


This differential equation, which reduces to Legendre’s equation 
when m = 0, is called the associated Legendre equatwn Its solu- 
tion is seen, without much difficulty, to be of the form 


f -1 00 1 

«; = P< \m n+l \m z 
\ — \m — n — \m ^ 


in Riemann’s notation (§ 10 2). 

In the problem of determining solid harmonics of degree n, 
the parameter m can take only the values 0, 1, 2, . , w, and this 
IS the case of greatest interest since the exponent-differences are 
then all integers We shall show that the associated Legendre 
equation has, in this case, only one solution which is a poly- 
nomial in z and ^( 1 — 2 *), it is denoted by P^{z) when m is not 
ssero and by P„{z) when m is zero It follows from this that 
there are only 2ra-t-l linearly independent spherical harmomes 
of degree n, namely 

P„(cos0), P^(cos0)cosm0, P^(co80)sinm(^, (to=1,2, ,n) 

Any other spherical harmonic of degree ms a linear combination 
of harmonics of this set 

In the present chapter, we consider the form of the complete 
solutions of Legendre’s equation and of the assoeiated equation 
only in the case when m and n arc positive integers or zero and 
m does not exceed n. 


11.11. The Legendre polynomials 

When n is a positive integer or zero, the point at infinity is 
a regular singularity of Legendre’s differential equation, the 
exponents there being n+1 and — n If we attempt to satisfy 
the equation by a senes of the form 

w = z-«{oo+ai 2 -^+a 2 *~®+" }. 

T 


41U 
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we find that the solution of exponent —n is 


w 


\ 2(2n— 


1 ) 


n(«.-l)(n-2)(n-3) ^ 1 

2.4(2n— 1)(2»— 3) 


^ ^ 2(2»+3) ^ 


= Awi+BiV2 


(n+l)(w+2)(n+3)(n+4) 

'2.4(2«+3)(2n+5) 


say, where A and B are two arbitrary constants The second 
constant B arises from the fact that the equation which should 
determine turns out to be an identity The solution of 
exponent »i+l is found to be 

w = Cm'2, 

where C is an arbitrary constant. Wo have thus found formally 
two linearly independent solutions of Legendi'c’s equation, viz 


w = Au\, w = Cw^ 


The first solution Aw^ is a polynomial in z of degree n and 
so certainly satisfies Legendre’s equation foi all values of z The 
second solution is a non-terminatmg series of descending powers 
of 2 which converges when \z\ >1, the formal processes which 
made it a solution are thus completely justified. A discussion 
of the analytical continuation of the second solution within the 
unit circle is deferred for the moment 

Takmg A = (2w)7{2"(n')2}, we can write the polynomial solu- 
tion in the form w = P„( 2 ), where 


w = 2 


r=0 


_ (— l)'-(2w— 2r)' 
2"rt {n—rY (n— 2r)' 


,n-ir 


where the integer p is or 4(n — 1) according as n is even or 
odd. We call P„(z) Legendre's polynxmiml of degree n In parti- 
cular. 


■Pi(3) = z, P^{z) = ^ 3 ( 2 ) = ^(5z2-3z). 

From this definition we deduce that 


P„{2) = 2 


i-iy 




r-O 


2"r!(»— r)! dz” 


(22n-2r) 
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1 d- f {-lYn^ „,n-2r 
2"ni dz”‘ r' (n— r)! 

^ 1 d- ^ (-irnt 

2*n' dz” ^r! (w— r)’ 

r=0 ' 

and so i^j(z) = - — j -— (z*— 1)". 

' 2''n' dz*' ' 

This is Rodrigues’s formula for Legendre’s polynomial. 

Using (!)auchy’s formula for the Tith derivative of an analytic 
function, we ohtam from Rodrigues's formula the following con- 
tour integral formula, due to Sehlafli. 

^ 27rt J 2«(<— z)’'+i ’ 
c 

where C is a closed contour surrounding the pomt t = z. 

Example 1. Deduce from Rodrigues’s formula that the n zeros of 
are all real and ho between ± 1 

Example 2. Prove that 


Example 3. Show that 

P„(z) = F(n-\-\, —n,\,\(\—z)) 
Example 4. Prove that P„(z) is equal to 

nccordmg as n is ev eii or odd. 



J Pm(z)PJ,z) dz = 0 


when the mtegors m and n are unequal 
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Example 6. Prove that 
1 


Deduce that 


(2n+l)! 


Example 7. Show that a pol 3 uiomial f(z) of degree n can be expressed 
in the form n 

/(*) = 2 OrPriz). 
r^O 

1 

where a, - j f{z)P,{z) dz. 

-1 

More generally, prove that if f{z) is an analytic function which can be 
expanded as a senes „ 

f{z) = ^ a. Friz) 
r*0 

which converges uniformly when — 1 < z < 1 , the coefficients a, are 
given by the above formula. 


11.12, Laplace’s integral for the Legendre polynomials 

We shall now deduce from Schlafli’s integral a definite-integral 
formula for P„{z), due to Laplace Let us take as the contour 
C the circle \t—z\ = 1| Then on C we have 

t = 2-{-(2®— 

where tf> vanes from — w to v. Evidently it is immaterial which 
branch of is taken 

Making this change of variable, we find that 
1 = 2(2®— l)*e'^{2+(2*— l)lcos^} = 2 (f— 2 ){ 24 -( 2 ®— l)4cos^} 
and hence that 

^ 4;- / d<i> 

- n 

Since the integrand is an even function of <f), it follows that 

n 

■P«(2) “ j (z + (2®— II'COS^}" d<f> 

0 

This formula is known as Laplace's first integral for the Legendre 
polynomial P„( 2 ) 



LEOENDRE FUNCTIONS 277 

Example. By making the transformation 

{a + (Z*— 1)*/*C08^}{*— (2*— l)'/’cos0} = 1 
when z is real and greater than unity, show that 

It 

P„{z) —~J {*+(**— l)*^*co8ti>}“^i doi 
0 

when 2 > 1 By appealing to the principle of analytical continuation, 
prove Laplace's second integral formula, that 

IT 

■Pn(*) = j (* + (** ~ 1 )*^*C08 dw, 

0 

where the upper or lower sign is taken according as the real part of z is 
positive or negative. Show also that Laplace’s second mtegral diverges 
when z lb purely imaginary. 


1 1 .2. A generating function for the Legendre polynomials 

The Legendre polynomials can also be defined as the coeffi- 
cients in the expansion of ( 1 — as a series of ascending 

powers of h, a result which enables us to determine very simply 
many of the properties of P„( 2 ). To prove this, we sum the 
series ^ 

Using Laplace’s first integral, we find that 

a, 1 c 

2fc”P„(2)=-V h"{z-\-(z-—l)ic03tf>}^d(f> 

0 TT J 



I? 


A"{2-1-(z 2— l)icOS<^}" d<ft. 


provided that we can justify this inversion of the order of 
integration and summation 
Let us suppose that 


\h\ ^ (l-e)l(\z\+,l\z^~l\), 
where 0 < e < 1 We then have 


lA{z-f-(22-l)*C0S(^}| < 1 A|{|z1-|-|22-1|*} ^ 1 — C, 

00 

and so the scries ^ ^"{z+ (z®— 1 )*cos 
0 

converges absolutely and uniformly with respect to the real 
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variable <j>. The inversion of order is thus valid. It follows 

that 

TT 

^ h^'Pniz) = - f {l—hz—h(z^—l)^coa(f>}~^d^ 

n-o ir j 

0 

the branch of this function being determined by the fact that 
it is equal to 1 when h = 0. 

Now (1 — 2hz-i-h-)~^'^, regarded as a function of h, has but two 
singularities, and these are branch-points at A == z±{z*— 1)*. 
Hence, by Taylor’s theorem, this function is expansible as a 
series of powers of h whose radius of convergence is the smaller 
of |z±(z® — 1)*1. But we have seen that, for sufficiently small 
values of h, the function is exjiansible in the form ]£ }i”P„(z). 
As the Taylor expansion of an analytic function is unique, we 
have thus shown that 

= I A’-P,.(z) 

n- 0 


prp\uded that ■M < (z-— l)*i' In particular, the radius of 

convergence of this senes is unity when — 1 z 1. 

Example 1 . Prov o that 

( — n’*<2nV 

P,(l)=l, = (-!)", . P.n+lW = 0. 

Example 2. Use the identity (I — 2/(CO'>0 * /(*) — {l—he^){l—he~^) 
to prove thot P„(cos0) is equal to 

^J-J^2cosne + 2-^^^2cos(n-2)0+ 

1 3(2n)(2«-2) 


1 3(2n)(2«-2) 2eos(n-4)0+ ) 

+ 2 4(2«-l)(2»-3) r 


2 4(2«— 1)(2»-3) 
Deduce that |P„(cosfl)| 1 when ff us real 

Example 3. Show that, if A-f-l/A — 2/^, then 
(l-f-/*>) _ 1 

(1-2/iz-l-A*) (1-zifc)' 

Deduce that z" is equal to 
2»(n')* 


(2n+l) 


* j(2n f l)P„(z)+(2«-3)^-"^’ P„-»(*)+ 


-K2»-7) 


(2u+l)(2«-l) 
2 4 ^ 
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11.21. The recurrence formulae 

We shall now find the recurrence formulae connecting Le- 
gendre polynomials of different orders by using their generating 
function = (l-2Az-f 

This generating function is easily seen to satisfy the partial 
differential equation 


(1-2/iz-r*^)^' = {z-hW 


Hence we have 


(1-2A2+A2) 2 w;i»-ip„(2) = [z-h) 2 A"P„( 2 ), 

0 0 

where the mfimte senes conv'crge absolutely provided that 

i)M. 

Equating coefficients of we find that 

«P„(=)-(jH-l)2P„.l(2) + (n-l)P„_,(2) == 0 . 

which IS the fil^t of the recurrence formulae 
Similarly, from the relation 


we deduce that 


.'cV , 

h —r ■ h) . 

cn cz 

“ dz dz 


It we now (lifTerentiate (i) with re.''})eet to we obtain 

_ J/P„ i(z)l ,(=) ^iP, .-,{=)] 

j- ~ j- 1 J-. dz i 


"( dz ~ dz I dz dz f 

= (2«-1)P„_,(2), 

from wliieh it follows liy ioimula (ii) (with « — 1 for n). that 

From these three formulae, it is eas}’ to deduce that 
i//^ i(c) _ dF„_,{z) ^ ^ j 

nzP„{z)-nP„^,(z), 


(V) 
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(z 2 _i)^^) == _(«+l)«P„(*)+(n+l)P„+i(*). (Vi) 

It should be observed that the six recurrence formulae of this 
paragraph are really particular cases of the formulae of Gauss 
connecting contiguous hypei;geometric functions (§ 10.5). 

yi.22. The integral of a product of Legendre polynomials 

The polynomials i’m(z), P„(z) satisfy the differential equations 

i((i-22)i>;}+«(«+i)p„ = 0, 

where dashes denote differentiation with respect to z. If we 
multiply these equations by P„ and P„ respectively and sub- 
tract, we obtain 

(m-n)(m+n+l)P„P, = P„,^J(l-z^)Pn}--Pn^J(l-zW 

= ^{(l-z*)(P„P;-P;P„)} 

Hence, by integration, we have 

(m— n)(m+n-(-l) | P,„P„ dz = [(l-z2)(P„,P;-P;„P„)]*|. 

But, by the recurrence formula (v), 

(l-z2)(p„p;-p;p„) = nP„.P„_i-TBP„_iP„-l-(TO-n)zP„,P„, 
so that, when in ^ n, 

p p \f^PmPv-l-mPm-iPn + {m-n)zP„^^y' 

I (m-n){m+n+l )' ' ' J,/ 

a formula which enables us to integrate the product of two 
different Legendre jiolynomials between any limits. 

To determine the corresponding formula for the integral of 
the square of a Legendre polynomial, t we observe that, by the 


/ 


t Soe Uargroavos, Proc. London Math, Soc. (1), 29 (1898), 116-23. 



281 


LEaENBBE FDNCnONS 
recurrence formulae (ii) and (iii), 

(2n+l)P*-(2«-l)P*-j 

= ^[zP*+*^-i-2P„-iP„]. 

and so 

(2»+l) JP* dz -(2n-l) JP*_,d 2 = [zi«+zP|_i-2P,_iP4;. 

S| 

If we now put n = 1, 2, , , m and add, we obtain 

(2m-|- 1) fn dz - I Pg dz - [2P§+2z(P|+Pi+...+P»._i)+ 

Cl ti 

+2P*.-2(PoP,+p, p,+...+p„_i pj]^;, 
or, since PqIz) = 1, Pi(z) = z, 

(2m+l]jPldz = [22(/1+Pi+...+Pg,-i)+ 

+zPg.-2{PiP,+P,P3+ ..4-p„-iPjr,:- 

In particular, since P„(l) = 1, P„(— 1) = (—1)", we see that 

JP„.(2)P,.{2)d2 = ^ orO 

according as the integers ?n and n are equal or unequal This 
result can also be proved b^> using Rodrigues's formula and 
integrating by parts, as suggested in § 1 1 11, Exx 7 and 8. 


Example 1. Show that, if in > ii and m—n la even, 

1 

/ P„{z)Pn{z)dz 
u 

18 equal to 0 or l/(2n4- 1) according as m > or = n. 


Example 2. Prove that 



(-l)'+*+>(2r)! (28+1)1^ 

4T ♦ »(2r - 2« - 1 )( 2r + 2« + 2)(r ! )•(« rp ■ 

(BAYUnOH.) 
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Example 3. Show that 

** r 

f (l-z*)P'„(z)P'^{z)dz = [(l- 2 *)P™(*)P;( 2 )]:;+n(»+l) J P„(*)P„(*)ds. 

Deduce the value of 

1 

J (1— s*)P^(s)P4{s) dz. (Hakobeaves.) 

-1 

Example 4. Show tliat 

P;(z) = (2n-l)P„_, + (2n-5)P,_,+ (2n-9)P„_s+.. . 

the last term being 3P, or P^ according as n is oven or odd. Hence or 
otherwise show that, if m > n, 

1 

J Pm(z)Fi(2) dz n(n-f 1) or 0 
-1 

according as m—n is even or odd 


11.3, Legendre polynomials of large degree 

In many of the ajiphcations of Lc-gendre polj'nomials it is 
necessary to discuss the convergence of series of tlie form 
^a„P,X^), and therefore to know how P„(:) behaves when it.s 
degree is large Wc sliall now give an account of Darboux'st 
method of deducing the asymptotic e.vpan.sion of tlie J.iegendro 
polynomials of large degree from their generating function. 

Let us eon.Mdi'r, in the ^ir^t place, the ease when the point z 
does not lie on the real axis between il, so that z - eosh^, 
where ill ^ >0 W’e then have 


2 

0 


/i’*P„(co.>h 


1 


provided that The generating lunctiun of the poly- 

nomials P„(cosh^) IS, therefore, of the form (e~^—h)~*F{h), 
where F(h) is regular w'hen [A| < jclj 
We can, however, write 


F(h) — (2smh 


= 1 i-h^Ke-^— hy I {2 amhCY+i, 

r-O 


t Journal de Math (3), 4 ( 1 878), 6 and 377 It will tio seen that the mothod 
IS applicable to many of tlio functions dofinud by u gonorating function. 
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where {(x,r) denotes the binomial coefficient 

r(a+l)/{r!r(a+l-r)}. 

This power series converges when \e~^ — h\ < 2|sinh^|. From 
this it follows that, for any positive integral value of p, 

F(h) = i (-i,r)(c-{-A)V(2sinhO^+*+(e-f-A)»+iG'(A), 

f-O 

where Oiji) is regular when |A| < |ei| 

We have thus shown that 

(c-J-A)P+‘C?(A) 

= I A"P„(coshO- i (-i,r)(e-J-Ar-*/(28inhir* 


n«o 


f*0 




= 


n«kO 


say By Taylor’s theorem, this expansion is vaUd when 

\h\ < |e-£| 

The coefficients a„ are given by 


c 

where C denotes a circle concentric with and interior to the 
circle of convergence We can, however, deform the contour, 
without altering the value of the integral, until it consists of 
the circle ol convergence ,A| — ',e indented at the singularity 
Moreover, the integral round the indentation tends to zero 
with the radius ol the indentation. 

Accordmgly, il we write h — on the modified contour, 

where 0 varies liom 0 to 2^, we obtain 


27r J 


dd 


S= — 




de 


0 

say. The first p derivatives of f{d) are continuous, whilst its 
deniative ol older p+ 1, being of the form (1— where 
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g{d) is continuous, is discontinuous at 0 and 2ir. We can there- 
fore integrate p+l times by parts to obtain 


1 


2 ir (m)P+i 


in 

J e-^^'{l-e^‘)-*9{0)d0. 


But this integral remains finite as n->-oo, and so is 

uniformly boundedf as n oo, provided that ^ lies in a closed 
domain where the inequality B1 ^ > 0 is satisfied 
We therefore see that, when Rl^ > 0, 

P„(cosh{) 

"" 2 (28inh0^^* 

_ J_ ^ rg+orq+r) fe<\ 

Vjt ^ n'r' r(l— n+r)' (2 sinli 

But smce the term corresponding to r = p is when 

n is large, this equation can be written 

P„(co8h i) 

n\^{2iTsmhQ ^ r'r(J— n+r) \ 28inhj/ ' \n*'+*/’ 

In other words, 


/ e"i \ 


vBJ.tiHlitJiV- -li-V 

2^ r^r(J— w+'r) \ 2Binh{/ ’ 


F (cosh ii ~ V nj±i)nitiY_ _f:Lr 

^«vC 08 g «i^/(27rsinhC)Z r'HJ-w+r) \ 2BinhC/ ’ 

the senes on the right-hand side l>eing an asymptotic e-\pansion 
in Poincare's sense when RIC > 0, since the error caused by 
tcrmmatmg the senes at any term has the same order of magni- 
tude as the first term omitted. It should be observed that this 
asymptotic expansion may be written in the form 


i>.(co.h ~ ^(i, i , -«+ J . - 


and, in particular, that 

This analysis has to be modified slightly when 2 is a real 

t It can, m fact, be shown that tends to zero uiuformly, so that 

O in the next equation cun be replaced by u. This is, however, of no im- 
portance here 
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number lying between ±1, sinoe the branch-points of the 
generating function then both lie on the (hrcle |h| = 1. In this 
case we write z = cosd, where 0 <6 < ir, and make use of the 
fact that 

-f . 1 ..v 

Z' \-2ismdY+i 

is regular save at the branch-points moreover, at e®* this 
function behaves like (c®*— A) p+*G(A), where G{h) is regular 
when (c®'— Aj < 2sin^, and similarly at e“®' If we now expand 
in powers of h and apply the same argument as before, we 
find that, if f < d < n—e where c > 0, then 

P„(cosfl) 

1/2 (^)« - co8{(w-r-fl)e+K2r-l)7r} 

Z r' n) 


\iT »in0} 


2''8in''0 


r 0 

and, in particular, that 

P„(cos0) ^ ^ cos{(w-|-i)0-ln-}-t-O(rt-3'-) 

\nTrsinfl/ 

Tins apjiroxiniation is valid only when e < 0 Tr—e, where e is 
any positive number. It ean, however, be shown that 

(WTrsine) 

under the less restrietiie condition 0 <.0 < rr A proof of this 
w'lll be found in JSzego's Orthogonal Polynomiah 


A. The complete solution of Legendre’s equation when 
n is an integer 

Sinee the exponent -differences of Legendre's differential 
eiiuation at the points i 1 are both zero, the complete solution 
has a logarithmic singularity at these points. To discuss the 
nature of the complete solution near these singular points we 
apply the usual rule ior solving a linear differential equation 
when one solution is known, that is, we make the substitution 

w = P„(z)u. 
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We find that u satisfies the equation 

from which it follows that 

where A and B arc arbitrary constants Hence the coniidete 
solution of Legendre’s differential equation is 

Now P„(z) is a polynomial of degree n, with « distinct zeros 
Zi, Zj,. , 2 „, say, no zero being equal to ±1 Accordingly we 
have, by the theory of partial fractions, 

• 

Here a, is the residue of l'f(z-— l)[P„(z)}-J at z z, If we write 
P„( 2 ) = (z—z,)F{z), we easily find that 

_ 2{z,F(z ,)-(\-zl)F’(z^] 

' (1-=?){P(2.)}» 

But if we substitute {z—z^)F{z) for P,|(z) in Legendre's dif- 
ferential equation, we obtain 

iiz-z,){(l-=2)P*(2)-2zP'(2)-t-n(«-M)P(z)}-^ 

-f{(i -z^)r(=) 0, 

putting 2 = z„ we find that -- 0 Substituting the value of 
l/[(z®— l){P„( 2 )p] so obtained, we have as the complete solution 
of Legendre’s differential equation 

AP„{z)-b\\P„[z)\o^^±\ +P„(2) y 

^P„(3)-B[4P„(z)iogJ±i-w;,,(=)j. 

where A and B are arbitrary constants and W„_i(z) is a poly- 
nomial of degree »— 1, 
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The second solution of Legendre’s differential equation 
QJz) = iPJz)logl±l-W„_,(z), 

Z — 1 

t -^1 I 

which we have just determined, has logariihmic branch-points 
at z = ±1. but any branch of the function is one- valued and 
regular in the z-plane supposed cut along the real axis from — 1 
to 1 We now define Q„(z) in this cut plane by assigning to 
the logarithms their principal values, we call this solution the 
Legendre Junction of the second ktnd. This is equivalent to taking 

00 

where the path of integration does not cross the cut. 

The cut IS a line of discontinuity of (?„(z). For, if-l</i<l, 
we liave 

lim QJfi i ei) = lP,.(^)[logl±^T^i)-W;,-i{/x) 

< . 0 [ l—n I 

and so QJ/i- 0t)-Q„(fi-0t) ^ -niPJfi) 

When /I is a jioint on the cut, it is convenient to define Q„(fi) 
as the anthnietir mean of With this convention 

we have , , 

Q„iN 

1-/1 

W'hen — 1 <: /I < 1. 

11.41. The behaviour of Q„(z) at infinity 

When 'j| ,> 1, we can expand the function 

(?„(z).- iF„(3)ioggJ-n;_,{z) 
as a siTies of the form 

Qr.{=) - + + )-”«-l(=) 

5”“*K+'^1="H022'--‘- } 

say, the coefticients being constants. If a„, is the first non- 
vanishing coefficient, this solution has the exponent »n— n-f 1 
at infinity 

We saw, how'over, in § 11.11 that the exponents of Legendre’s 
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equation at the regular aingulfur point at infinity are — n and 
n-fl. Evidently Q„{z) cannot be the solution of exponent — n. 
Accordingly, we identify <2„(z) with the solution of exponent 
TO+1, viz. 




(n+I)(n+2)_, 


1 + ^-- 
I AJi 


z-24- 


2(2n+3) 

(n+l)(n+2)(n+3)(n+4)^ 




' 2.4{2n+3)(2n4-5) 

where C is a constant. 

It should be observed that is the first non-zero coefficient, 
a fact which enables us to determine the polynomial H^-i(z). 
To determine C, we equate coefficients of z~"-* in the two 
expansions. This gives 
C = <l2n 

_ {2n^f 1 _ n(rj-l) rj(n-l)(n-2)(«-3)_ | 

— 2"(“^*(2«-f-l 2(2n— 2.4(2/i-l)(2«-3)2 ") 

1 1 


1 

= ^J = 2: 


n! vW 


2"+*r(7i+f) 
a 

We have thus proved that, when |2| > 1, 
Qn(z) = 


• L.’k/uk.. I t«\ • 


2"+>r(n-t-i) I 2(2n-f3) 


(w-4-l)(ra-f2)(w-f-3)(TO-f-4)^_ 

2.4(2n+3)(2ra+5) 


a result which can be expressed most simply in the form 

Example 1. Show that 

2-f 1 


«.(*) - ilog 


r 


Qi(z) - lslog'^J-1, 


«.(*) = 

e.(2) = iP,(z)log?tJ_ 5*1+5. 
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Example 2. Show that 

the latter formula being valid when | 2 — 1| > 2. What is the corre- 
sponding formula, valid when | 2 + 1 | >2? 

Example 3. Prove that, if we replace the factorials in the functions 
of Ex. 2 by Gamma functions, the functions so obtamed are Imearly 
independent solutions of Legendre’s differential equation for general 
values of the parameter n. [The functions J^(z) and Q„(z) so defined are 
called the Legendre functions of the first and second kmds respectively.] 


11.42. An integral formula for Q„(z) 

Using the duplication formula for the Gamma function, we 
find that we can write the hypergeomctric senes for Q„(z) 
(§ 1 1 41) in the form 


e„(2) 


(22) 


1 ^ (»+2« 

)«tl^ '(25)1 


(»+2«)' r(a+i) 


»»o 


(2a)' r(n+a-i-^) 


when l 2 | > 1 But, by the Eulenan integral of the first kind, 
we have 


= id- 


and so 


If we insert vanishing terms of the form 




in this infinite senes, we find that 


1 dt 


r-^O 

We can invert the order of integration and summation in this 
last equation; for, since \z\ > 1, the series 


Z n'r! \zj 
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converges uniformly when — 1 < < < 1. It follows that 

««<*>= 2 


or, finally, 


This formula, which is the analogue of Schlafii’s integral for 
P„(z), has been proved under the assumption that |z| > 1. The 
integral is, however, uniformly convergent when z lies in any 
closed domain of the z-plane supposed cut along the real axis from 
— 1 to +1. Hence, by the pnnciple of analytical continuation, 
this formula for Q„{z) holds everywhere in the cut plane 

Example. Prove that 0„(2) satisfies recurrence formulae of the same 
type as those satisfied by Pn(z)- 

11.43. Heine’s integrals for Q„{z) 

We shall now deduce from the formula 

1 




-1 

two integral representations of Q„(^) which are analogous to 
Laplace’s integrals for P„(z) 

Let us suppose, in the first place, that s is real and greater 
than unity, so that the transformation 
t = 2 — (z*— l)*e® 

is a real one. If we take the positive square root, we find that, 
as t varies from —1 to 1,0 vanes from a to —a, where 

« = ^log*— J = arccothz, 

the real value of the logarithm being taken From this it follows 
by direct substitution that, when z > 1, 

a 

Qni^) ~ ^ j {Z— (2*— l)*COSh0}"d0, 
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and so, since the integrand is an even function of 6, 

a 

Q„(z) = j {a— (z®— I)*co8h0}“(i0. 

0 

This formula is important since it enables us to calculate simply 
the functions For example, 

^o(z) = a = 

Qi(z) = za— (z®— l)*8inha = ^zlog^~\ — l, 

and so on. For tlie more difficult discussion of this formula 
when z is complex, we refer the reader elsewhere. f 
If we now make the substitution 

(z-l-(z-— l)*co.sh^}{z— (z*— l)*cosh0} = 1, 

we find that, as 6 varies from 0 to a, ^ varies from 0 to +oo, 
and hence, after a little easy manipulation, that, when z > 1, 

CKj 

Q„{z) — J { 2 +( 2 *— l)*coshi^}-"-i 
0 

This formula, which is due to Heine.J is the analogue of La- 
place's second integral for P„(z) 

It we wish to extend this formula to the case when z is com- 
plex, we must iirsi ensure that the integral is one-valued and 
convergent. This is the case it we take the branch of (z* — 1)* 
which is positive when z r* I. and make a cut§ in the z-plane 
along the real axis from — oc to 1 If z lies in a bounded closed 
domain within the cut jilane, the integral 

I ( 2 -i-(z-— l)*cosh(^}'"~^ 

0 

converges uniformly with respect to z, and so represents a regu- 
lar analytic function which is equal to Q„{z) when z > 1 From 

t See, for oxamplo, Hobson's memoir publishpil m f’Aif Trang (A) 187 
(IS96), 443 531, or hia Spherical and Ellipaoidal Uartnonica (Cambridge, 1931), 
Chap V. 

t Journal Jur Math 42 (1851), 73-3 

§ The cut from — 1 to 1 is required to make (r*— 1)^ one-valued, whilst that 
from —00 to — 1 enauxes that z-)-( 2 *— l)^co8h ^ never vanishes when ^ ^ 0. 
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this it follows, by analytical continuation, that (he formula 
00 

Qn(z) = J {z+(**— l)*C 08 h<^}-"-l df, 

0 


holds everywhere in the z-plane, supposed cut along the real axis 
from —00 to +1, it being understood that (z®— 1)* has its principal 
value. The value of ^„(z) on the cut is determined by the 
equation -z) = (- 1 


whenz< —1, and by the convention of §11 4whcn— 1 <z< 1. 


11.5. Neumann’s integral for Q„(z) 

F. Neumannf showed that if z is any point of the z-plane, 
supposed cut along the real arts from —1 to +1, Qni^) be 
expressed in terms of Legendre's polyrwmtal by the relMion 

1 


We deduce this result from Cauchy's integral formula (§ 4 31, 
Ex ) 

Let z be any fixed point of the w-plane which does not lie 
on the real axis between — I and +1 We choose a closed 
contom' Cj which surrounds the points ± 1 but not the point z, 
and which does not cross the cut, we also take the circle Cj 
whose equation is Iwj = R, where R > |2| Since QJyo) is 
regular in the annulus bounded by C, and Cj, Cauchy’s formula 
gives 




dw 

w—z' 


c. 


c. 


We now modify the expression on the nght-hand side of this 
equation by making R tend to infinity. 

It follows from § 11.41 that, for all sufficiently large values 


where 


re* Vre 

2'‘r(re + f)’ 


t Journal Jur Math. 37 (1848), 24. 
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2»3 



^ 27rA 


and this implies that the integral round Cj tends to zero as 
J2 tends to infinity. 

We have thus shown that 



But since Q„(tv) is regular in the cut plane, we can deform the 
contour without altering the value of the integral, until it 
consists of the two sides of the cut from — 1+etol — joined 
by the circles = e, |u'— 1) = Moreover, since 


tv — 1 


the integrals round these small circles tend to zero as e and rf 
tend to zero. It follows that 
1 

Qn(^) = 2^1 J 

-1 

Finally, since 


when — 1 <u < 1, this formula can be written in the form 


1 



1 


which is Neumann's result 


11.51. Heine’s expansion of (z— u)~^ as a series of Le- 
gendre polynomials 

Let us suppose that it is possible to expand l/(z— it) as a series 
of Legendre polynomials of the form 
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Then, by § 11.11, Ex. 7, the coefficients are given by 

J = (2m+l)ej»). 

-1 

Tliis suggests that the formula 

^ = f (2 to+1)C„.(2)P„(«) 

z— «1=0 

is probably true, provided that certain restrictions are made 
concermng z and u. This result, which is due to Heine, f is of 
great importance; for on it depends the theory of the expansion 
of a class of analytic functions as series of Legendre polynomials 
The proof given below is due to Christoffel { 

When m ^ 1, it follows from the recurrence formulae 
(2m+l)2^„(2) = (w+l)9„^.i(2)+i«g„,_i(2), 
(2m+l)MP,„(«) = (»n+l)i^„+i(u)+wP„.,{u), 

that 

(2m+l)(z-tt)^„,(z)P„.(«) 

The corresponding formula when m ~ 0 is 

{z-u)Qo{z)Po{u) = {Qi(z)Po{u)-Qf,(z)I\(u)}-^\. 

From these two formulae we have, by addition, 

2 (2TO+l)e,„(2)P,„(M) 

7n-=0 

z — u z — u 

To prove Heine’s formula, we have therefore to show that 
(»+ l){<?„+i(2)F„(M)— 0 „(z)/^„+i(m)} 
tends to zero as n tends to infinity 

Now, if z = cosh(a+ij3) where a > 0, and if <f> is real, we have 
|2+(2*— l)*co8h^| -- icosh(a+i^)-t-8inh(a+i)8)cosh^| 

= y/l I (cosh 2a + cos 2/8 ) 4- sinh 2a cosh ^ + 
-f-|(cosh 2a— cos 2j3)co8h2^) 

> ^{cosh2a4-8inh2acosh^} ^ c®. 
t Journal fur Math. 42 (1851), 72 t Ibid. 55 (1868), 61-82. 
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It follows from Heine’s integral (§ 11.43) that 

\Qni^)\ = J {2+(2®— l)*eo8h<^}-»-i d<f) 

0 

oo 

^ J {cosh 2a+sinh 2a cosh 
0 

00 

< J {cosh 2a+8inh 2a cosh 

0 

= fi“<"~*>“Co(cosh 2a). 

Similarly, if « = cosh(y+tS) where y ^ 0, and if 8 is real, we 
have 


l)*cosfl| 

— !cosh(y+i8)+smh{y-fiS)cos01 

= Y*{i(cosh 2y+co8 28)+8inh 2ycos0+i(co8h 2y— cos 2S)co8®0} 
^ ^{cosh 2y+sinh 2y} = c^, 
and so, by Laplace’s first integral (§ 11.12), 

Iff 

J («+(it2_i)icos0}'* d0 < 

u 

Now suppose that a is fixed and that e is an arbitrary positive 
number less than a Then, when U < y ^ a— e, we find that 

(«■ + 1 ) 1 Q,. +l(z)^’„ ( M ) - (2 )-P„ +i(m) I 

iC; (w + 1 ){e“’*“Qo{<^osh 2a)c”>'+c~^’*“'^Po(®®®^ 2a)e^'*+^b'} 

= (n-f 1 )9(,(cosh 2a)e"<y-“^{l +«“+>■} 

< (n+l)(?o(cosh2a)e~"*{l + c‘"“}. 

This last expression does not depend on /3, y, or S, and tends to 
zero as n tends to infinity. It follows that the senes 

2 (271+1)9«(2)^„(«) 

0 


converges umformly with respect to y, and 8 and has sum 
l/(z— it) 

The simplest way of stating this result is to use geometri- 
cal language. If wc keep a fixed and vary /3, the point 
z = co8h(a+i/3) traces out an ellipse with foci at the points of 
affix ±l and major axis of length 2oosha. The condition 
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^ y ^ means that u — oosh(y+»8) lies within or on the 
smaller confocal ellipse of major axis 2cosh(tt— e). The result 
we have just proved can therefore be stated in the following 
form. The aeries „ 

J (2n+l)(2„(2)P„(u) 

converges -unijormly with respect to z and u when z lies on a fixed 
ellipse C with foci at the points of affix ± 1 and u lies in any dosed 
domain definitely within C. The sum of the aeries is 1 /( 2 — «). 

11.52. Neumann’s expansion theorem 

Iff{z) IS an analytic function, regular within and on an ellipse 
C with foci at the points of affix ± 1, can be expanded as a series 
of Legendre polyrumutls 

0 

which converges uniformly when z lies unthin or on a smaller 
ellipse Cl, confocal with C. 

For if u 18 any point within or on Ci, we have 

c 

= o- f /(2) i {2n + l)Q„{z)P„(u) <lz 

j 0 

c 

the inversion of the order of integration and summation being 
valid since the infinite senes under the sign of integration is 
uniformly convergent with respect to 2 and u wlien 2 lies on C. 
From this it follows that f(u) can be expressed as a umformly 
convergent senes „ 

/(«) = 

where * J f(z)Q„{z) dz. 

V 

This completes the proof of K. Neumann’s exjiansion theorem. 

The actual determination of the constants a„ is best carried 
out by deforming the contour O, as in § 11 5, until it consists 
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of the two sides of the out from — 1-f-e to 1— ij, joined together 
by the circles | 24 - 1 | = e, \z—l \ = This does not alter the 
value of the integral for It easily follows that 

I 

On = J /(*)(<2„(a:-0i)-Q„(a:+0i)}da: 

-1 

and hence that i 

= I f(x)P„{x)dx. 


Alternatively wc can integrate term by term in the equation 


J fix)P„(x) dx = 



arPr{x)Pn{x) dx 


which leads to the same result, this process is valid on account 
of the uniform convergence of Neumann’s series. 

For theorems of a similar nature relating to functions of a 
real variable, we refer the reader to Chapter VII of Hobson’s 
Spherical and Elhpsoidal Harmonics. 


Example. The function /(z) h an analytic function regular m an 
annulus boundi'd externally by an ellipse' Cj with foci at the points of 
nlbx i_ 1, niui internullj b,\ u siimller eoiifoeal ellipse C'l Show that/(z) 
tan be expuiided us a serii- of the form 


/(-) 

t 



II 

(1 


2/1 

' J /(-IViiO <lz. 

* M 

f'l, 

2771 


2/1 - 

‘ J < 1 - 


2771 



Prove also that the seru"! con\erges uniformly in any closed domam 
definitely within the uiuiulus (K Neuiianm ) 


11.6. The associated Legendre functions 
We saw 111 § 11 1 tliat tlie problem of finding all the spherical 
harmonics of degree n depends on solving the associated Le- 
gendre differential equation 


II O . ( I , 1 ft 
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where n and m « n) are positive integers or zero. This dif- 
ferential equation has three regular singularities, its complete 
solution being of the form 


/ -1 00 1 


w — P 


— 


—n 
n-f 1 


^ z). 

—im ) 


If we make the substitution w = (z‘— the exponents at 
± 1 are changed to 0 and — m, and the exponents at infinity to 
m—n and m-f n+ 1. But this function u satisfies the differential 
equation 

(1— — 2(m+l)z— + (n-ni)(»+TO-f 1 )m = 0, 


and this, by Leibniz’s theorem, can be written in the form 



where u = d’^vjdz”*. Hence, if v is any solution of Legendre’s 
differential equation, the function 


w 




d'"v 

dz'’' 


satisfies the associated Legendre equation 
Accordingly we take as the two linearly independent .solutions 
of this equation the functions 


p;?(z) = (z^-ip 


d’"P„(z) 
dz”' ' 




dz'" ’ 


it being supposed that the z-plane is cut along the real axis 
from —1 to 1 and that (z* — 1)* has its pnncipal value These 
functions are called the associated Legendre functions 

When m is odd, /^*(z) is undefined on the cut from — 1 to 1 . 
We complete the definition when — 1 < a; < 1 by writing 

rfx"* ’ 


P^{x) = 


where the positive value of the square lOot is taken, it must, 
however, be rt-membered that, although P^{z) is now defined 
everywhere, it is discontinuous across the cut, since 

/^(x) = lim ei'"^‘P^‘{x+tc) == lim e-^'“”'l*^{x—ie) 

*-*4 0 C-r + 0 
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When m is even, P^(z) is a polynomial of degree n, and so is 
regular everywhere; but as it is undesirable to have differences 
in definition according as m is even or odd, we suppose that, 
when — 1 < a: < 1, the equation 

P“(*) = 

holds for all values of m f 

Similarly it is convenient to define Q^(x), when —1 < x < 1, 
by the equation 

(— = I lim ei)}, 

€-♦(-0 

which agrees with the dciimtion of Qn(x) when m = 0. The 
functions P^{x), Q^(x) so defined evidently satisfy the dif- 
ferential equation for real values of x 

Example 1 . Prove that P^(z) is oven or odd according as n is even 
or odd. 

Example 2. Provo that 


Deduce that 


{z*-ir»d-+™ 

211 „ I rf-n-im'* • 


2'* n'(H r 2 (2n-l) * + 

(n-j»)(n-w-I)(n-m-2)(n-m-3) \ 

2‘4 (2n-l)(2n-3) *“/’ 


Example 3. Show that 




Example 4. Show tiiat 




according as n is or is not equal to r 
Example 5. Prove that 

- 1 

according as m is or is not equal to I*. 

t This IS Hobson's dofinition The factor ( — 1)*^ is sometimes omitted: 
distinguish the two rases, it is usual to write T^{x) — {l—x*yl*d”'P^{x)/<lx 
a notation duo to Ferrers {Sphencal Harmonxea (1877), 76). 


. 3 ? 
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Example 6. Show that, if r < n, 

1 


J xPS(x)Pf^(x) dx 


vazushes, save when r = n— 1. when its value is 

2 (n+m)! 

(n-m-1)!’ 

Example 7. Show that, if — 1 < a; < 1, 

11.61. A lemma of Jacobi 

Before we discuss the representation of P’^(z) by definite 
integrals, it is convenient to prove that, if fi = cos 
d^-^sin*""’^ (— 1)™“* (2ni)t , 

m 2"*m' 

an interesting result due to Jacobi, f 
The result is true when m = 2, for, in this case, it is easily 
shoa^n that 




= — I sin 2^. 


We shall show that the lemma is true generally by the method 
of induction. 

Let us suppose that the lemma is true for some particular 
value of m. Then, writing 


m 2 "^' ’ 


we deduce that 


jmgij^zm-i^ _ ^d sin m<f> cosing 

dfi”* dfjL sm 

and 

d^+'sin*’"-*^ _ _^ni*8inTn^8in(^+mcosm<^cos^ 

Hence, by Leibniz’s theorem, we have 
dm+igin^^+i^ d™+i{(l-/i*)sin2»-V) 

= A{—TO*8in»n^—nicosm^cot^4- 

+2w(m+I)cosm^cot^— m(»i+l )8in wi^} 

t Journal fur Math. 15 (1836), 3-4. The proof given here is that of Ferrar, 
Proe London Math. Soe. (2), 23 (1826), {Btcordt) xxx. 
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= ^rm(2»«+l)cos(m+l)^/8in^ 




If we now integrate with respect to fi, we find that 


dfi’^ 


{2m+2y 

m+1 2“+*(m-(-l)! 


8m(m+l)^, 


the constant of integration vanishing since the expression on 
each side of the equation is an odd function of 
We have thus shown that, if the lemma is true for any parti- 
cular value of m, it is true for the next greater. But since it is 
true for m = 2, it is true generally 


11.62. Integral representations of P^(z) 

The simplest integral formula for P^{z) is the analogue of 
Schladi's integral for the Legendre polynomial, namely 


^'(2) 


(n+wi)' 

2«ni 



(<_g)n+m+l ’ 


where 6' is a simple closed contour within which the point z 
lies This follow's immediately from the generalized Rodrigues’s 
formula 




(22— 1}1>« 


2"«I 


rfgn+m' > 


by usmg Cauchy’s integral for the (n-fm)th denvative. 

When 2 does not lie on the real axis between ± 1, we can take 
as C the circle \t—z\ = Ij. Then on C we have 

t = 2 + (2*-l)Mf, 

where (z®— 1)* has its principal value and <ft varies from 0 to 27r. 
It now follows, exactly as in § 11.12, that 


■^(2)= I “ ~ f {z+(z®— l)*cos^}'‘cosjn^ d^. 
fl' rr J 
0 


Now by the lemma of § 11.61 we have 


cosm^ = (— 1)"-* 


2”^! d"^in2'"->^ ^ 
(2?n)! d/*”* d^’ 
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where n denotes cos^. We can, therefore, write this definite 

integral for Pj^iz) in the form 

-1 

Integrating by parts m times, we deduce that 

-1 

Finally, putting fi = cos <f>, we obtain a second definite-integral 
formula for P^(z), namely 

PS>(2) = ' {n±mY (^)‘” r (a2_ 1)1008^}"- d4, 

(2m)'(w— »i)’ TT J 

0 

valid when the 2 -plane is cut along the real axis from — 1 to 1 
and ( 2 *— 1)* has its principal value 

It should be observed that the two integrals of this paragraph 
reduce to Laplace’s first integral for the Legendre polynomial 
when m is zero. 

Example 1 . Show that, when the z-plane is cut from — 1 to 1 and 
(z*— 1)*/* has its principal value, 

n 

{z-f (z»-l)'/*co9<,i}" - P,( 2)+2 2 (;i 
Example 2. By applying the transformation 

{2 4-(Z*— 1)‘'*C03^}(Z — (Z*— 1)''*CO80} — 1 

when 2 > 1 to the second definite mtegral of § 11.62, show that 

W 

FS(z) = J {*+(**- l)*^’cos£o}-"-«'-’8in*’"c<jrf<o. 

0 

Deduce that, when the z-plano is cut from — 1 to 1, 

m 

P^(z) = ± I’* -^!!(z*-ir'*- f {z-f(z*-l)>'*cosw}-»-*'->8m*^(ito, 

(2w»)' (n—m)' ’’’’J 

0 

where the upper or lower sign is taJien according as R1 z > or < 0. Show 
also that the integral diverges when Biz = 0. 
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Example 3. By using Jacobi’s lemma, show that 
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P«(*) = 


nl 1 r 

(n-m)' jrJ 


{z-f-(r*— l)‘/*cos«)}~*"*co8W«o dot. 


where the upper or lower sign is taken accordmg as B1 z > or < 0. 
Example 4. Show that, if 0 < 0 < tt, 

(cos ± t sin cos 0)" 

= P^(coa0)+2 T (+1)“6“’^/*; — r — r.f’S‘(cos0)co8»»rf. 
m-i {n+my 

11.63. Integral representations of Q^{z) 

We have seen in § 1 1 42 that, when z does not he on the real 
axis between —1 and 1, 


-I 


From this it easily follows by differentiation under the sign of 
integration that the equation 

«(*) = I 

-1 

holds everywhere in the cut 2 -plane This is the fundamental 
definite-integral representation of Qn[z), and from it the 
generalizations of Heine's integrals (§ 11.43) can be deduced. 
As the analysis runs on exactly similar hnes to that of § 1 1 43 
and § 11 62, we state the results as exercises for the reader. 
Example 1 . Prove that, when z is real and greater than unity. 


Q^{z) = 




'J{z-(2*-l)>'i 


•cosh ff}"cosh md dd. 


where oc = arccothz. 

Example 2. Show that, if /i — co^i 6, 

, . 2"m' . „d’".sii>h*"~>fl 

cosh j ^ . 

( 2 m)' o/i" 

Hence prove that, when z > I, 

<??(2) = ( 2 «-l)'"/« J {z-( 2 *-l)‘rtcoshtf}'-»sinh«'»tf(W. 
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Example 3. Deduce from Ex. S that the equations 

00 

0 

00 

©?(*) == J {a+(a*-l)*^*C08h^}-"-‘c08hm^ 

0 

hold everywhere m the cut 2 -plane. 

1 1 .7. The addition -theorem for the Legendre polynomials 

If 0 denotes the angle between a fixed line OA and the radius 
vector to the point of spherical polar coordinates {r,6,4>), the 
function P„(cos0) is a spherical harmonic of degree n Accord- 
ingly we can express this harmonic as a senes of the form 

n 

P„(cos0) = Oo-P»i(cos®)+ 2 {amCoam(f>+b„smm(f>)P^(coR0), 

Wl*l 

W'here the coefficients a„ and are independent of 6 and <f> In 
particular, if A has polar coordinates (ri,6'i, 0), this expansion 
becomes 

P„ (cos 6 cos 0i + sin 6 sin 0i cos 

ft 

= aoP„(cosfl)-l- 5; (o„co8m^-f 6„sinrn^)P^(cos0), 

fn=l 

a result which is called the addition -theorem for the Legendre 
polynomials. 

If we wnte z and 2^ for cos0 and cos^i respectively, this 
addition-theorem takes the form 

PniO = Oo-Pn(z)+ 1 (a„coBm<^+b^Bmm,^)P^(z), 

where ^ = 22^— (2*— l)*(zf— l)*cos^ 

In the present section w'e propose to determine the coefficients 
and 6„ for general complex values of 2 and z^ 

Let us suppose, in the first instance, that z and z^ are real 
and greater than unity and that 0 ^ ^ < tt, so that C is cer- 
tainly positive The expansion 

n^O 
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then holds for all sufficiently small values of h. We now express 
the function on the right-hand aide of this equation as a definite 
integral and deduce the addition-theorem by equating coeffi- 
cients of powers of h. 

When h is real, it is easily shown that 

= [(z-AZi)*-{(2*-l)-2A(2*-l)i(2f-l)tcOS^+A*(sf-l)}]-» 

“If 

= ^ J [(2— ^2i) + {(2*— 1)-2A(Z*— l)‘{2f-l)»C08^-f 

-\-h^(z\ — l)}*cos(a» — a)]~^ do) 
for every real value of a. In particular, if we take 

tana= 

(22-l)l-A(2f-l)*coi.^’ 

we obtain 


It 

= ^ J [(2— 1(2i)-)-{(22— 1 )*- li(2f— l)*C08(^}c08ft>-)- 

— TT 

-f ^ ( 2 J — 1 )*sin ^ sin to]-i dw 

IT 

= ^ J [2-|-(2=— 1)*C0S0U — A{2i-|-(2f— l)*COS(w-i-^)}]-* dcu. 

— TT 

This formula also holds, by the theory of analytical continua- 
tion, for all sufficiently small complex values of h 
For any fixed value of h which satisfies the inequality 


;i+V(2f-l) 


we can expand the integrand of the last integral as a power- 
series in h which converges uniformly with respect to w when 
— n ^ to ^ TT Accordingly we can integrate term by term to 
obtain 


ZA”^» 


n-0 


(0 = (I-2H+A=)- 


1/2 


2n J {z-t-(z-— l)*co8w}'‘+^ 


d<i>. 


41U 


X 
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Equating coefficients, we deduce that 



{gl+(2f — l)*C08(a>-f j 


If we substitute in this equation the value of 

{Zl + (Zl — 1 )*C08(a) -I- 

given in § 11 62, Ex 1, we find that P„(C) is equal to 


f 

2ir J {z+( 2 -*— l)*cosco}"+^ 


But 



in— 1 


n 

wl C cos»w(£o-f dw 

(n+W?)* IT J {2+(2'^ -l)*C06<j}"'*'' 

— TT 


W W 

J cosm(tt>-\-<l>) dco _ , r cosrncodto 

{2+(2*— l)*COSto}’*+‘ CO. »? J + l 


TT 

— smm^ I - 
J 


sinTRo* d<o 
{ 2 + ( 2 ** — 1 )*COS t«}" 


27r(— l)"'^”' P^(z)coam(^, 

71’ 


by § 11.62, Ex 3, the integral uivolving sinmo^ vanishing since 
its integrand is an odd function of co 

We have thus shown that, when 2 and Zj arc real and greater 
than unity, 

P„{22i-(22-l)t(zf- 1)‘C0S^} 

= P„{2)P„(Zi) + 2 2 

jn«l 

To complete the proof of the addition-theorem, we have only 
to extend this result to general complex values of z, Cj, and <f>. 

Let us suppose that the Argand plane is cut along the rt'al 
axis from —1 to 1 and that (z®— 1)* and (zj— 1)* have tlu*ir 
principal values. When 2 is any point of this cut plane, z^ ( > 1) 
and ^ being real, the expressions on each side of the last ecpia- 
tion are regular analytic functions of z which arc equal when 
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z is real and greater than unity. By the principle of anal 3 rtical 
continuation, the equation still holds for such complex values 
of z, Zi and ^ Femaining real. The restriction on z^ is next 
removed in the same way. Finally it is not necessary to suppose 
that ^ is real, smce the addition-theorem expresses the equality 
of two polynomials in and e~^. 

We have thus shown that if z arid z^ are any two points of the 
Argand plane supposed cvi along the real axis from — 1 to 1, and 
if ^ is any complex number, the equation 

where { = zz^— (z^— l)*(zj— l)*eos^, holds provided that (z*— 1)* 
and (zj— 1)* have their principal values. 

Example. Provo that, when 6, and ^ are real, 

PjcosB cos 6 1 -f sm OsmBiCostj)) 

fit 

== Pft(C08d)P«(C0a^l) + 2 2 |^^^|!^n(CO8<9)P«(C08tfl)C08m^. 

11.8. Legendre functions of non -integral order 

In the pre.sent chapter ue have only cluscussed the solution 
of the associated Legendre equation in the ( ase when m ^ n.and 
m and n are positive integers or zeio, the case which is of most 
frequent occurrence in physical problems For a discussion of 
the solution in the general case when vi and n have any real 
or complex values, we refer the reader to the original memoirs, 
in particular those of Barneat and HobsonJ 
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MISCELLANEOUS EXAMPLES 


1. Show that the value of the integral 
1 

J z(\-z*)P‘„{z)P'J.i) dz 

-1 

18 zero unless m — n;:^ 1 Find the value of the integral in these excep- 
tional cases 


2. Prove that, if m > n, 

1 

J Pm{»)Pn{^) dz = 4 ^ 7 ^^ j, {3TO(jn + 1 ) - n(n + 1 ) + 6} or 0 

according as tn—n is even or odd. 

3. Prove that 

= ± f 

27mJ A"+»(l-2Ai;-|-h*)i/»’ 

c 

where C is a simple closed contour enclosing the origin but neither of 
the points z±(z’— l)*'*i the branch of {l — 2hz+h*)'l^ is that which 
reduces to 1 when h = 0. 


4. Deduce from Ex 3 that 


P,M 


jL r _ ^ d/i _ 

27n j {l-2hz+k*)^l^' 
V 


whore F is a simple closed contour enclosing both the points z±{z*—l )'/*, 
the branch of (1 — is specified by the condition 
{l-2hz+h*)yyh-*l 

as h—>- oo. 

Hence prove that, when 0 < 0 < w. 


P„{coa0) 


V2 r , 

77 j (COS^-COS#)'/*“^’ 


the positiv e square root being taken f 

6. Show that if iZ’ — the numbers involved bemg real, 


PniZ/R) = 


(-l)"iZ«+‘ 

71' ez” 


a). 


n' dzA2R^ ^Jt-zJ’ 

where R is regarded as a function of the independent variables X, Y 
and Z. 


t This 18 the Dinchlet-Mehler integral for the Legendre polynonuals To 
prove It, deform the contour F until it consists of two small circles about e^**, 
joined by on arc of |A| = 1, covered twice. 
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6. Prove that the polynomial satisfies the differential equation 

dhv du) ^3 

“2*-^ + n(n+l)«> = 2P;(z). 

Deduce that 

(CHBISTOrFEI. ) 

7. Show that 

W;-i(*) = ^■Po(*)i’»-i(*) j i’i{*)P„-,(*)+-+n-i(*)^o(*)- 

8. Prove the followmg generalization of Rodrigues’s formula: 

Qtiii) = (-l)»+*2^'D-«-*(z*-l)-"-‘, 
where D~* denotes mtegration from the point at infiiuty to z 

9. Show that 

n{*)«»-i(^)-P«-i(*)<?»(*) = h 


Deduce that 

«.(=) - !P,,.).ogl+ ; -p.(0 2 
10. Prove that 


r-X 


CO 00 

J (2n+lK«„(z)}«<i* - J (2n- !){<?„_, (z)}*<iz = -1. 

1 X 

1 X 

I (2n+l){<?„(z))«dz - J (2n- !){(?„_, (z))* * =i. 


Henco show that 


00 CO 

J (2n+l){<2„(z)}**= 2^,. 

1 fi-rl 

1 

J (2n+l){<?„(z)}»<fc = ^- 2 7 * 


u M +1 (Habgkeaviss.) 

11. Prove that 

12 Show tliat 

Deduce that, when z does not lie between ± 1, 


> t 

J (2»+3)P„+iC^i«fe - J (2»+l)P„^,cfe 


= *(^.+iQs+i+^.<?«)-(n ^ii+i ^+i Ci»)‘ 
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Show also that 
1 


(2n+l) J Pn{x)Q„{x) dx -(2n+3) J dx = 

0 0 
1 

Hence evaluate J Pn(x)Q„(x) dx. (Haboe^avbs.) 

u 

13. Provo that 

■^«+i(*)0n-i(*)~-^«-i(*)0»+i(*) = n(n+lj ' 

14. Show that 


2"+"+>{(wH- n)'}« 

{m'n'}*(2»n + 2n+lV 

(Titcuhabsh.) 


J {l+xr+»P„{x)P„{x) dx = 

-1 

16. Show that 

1 

(»i-n)(»i+n + l) J P^{x)Q„{x)dx - 
- 1 

Deduce that, if wi+w is odd, 

1 

(>n— n)(»n-{ «-rl)Jim(*)C, !(•»•) 1 (Nicholson.) 

u 

16. Prove that 

1 

{in - 2m){ii)i r2« +-]) J Pj„( ) f/j- 

== ^ -(- l)"""(2m )' (rCT (Nichoi^on ) 

17 Show, by the* aid of tho addition tlieorom or otherwise, that 
1 


dx = w{/' (0)}« 


Hence show that 


V(l-x*) 

n -=0 

Deduce Catalan’s expansion 

00 

sin ‘ 1 i 

n — 1 


r 

J VU-**) 
-1 


- inP,(.i) I 2 (* 2 4 

"■■1 (Nicholson.) 

18. Prove that, if n > wi, 

/ dD - Slblrt n “ » 

J r(in-j-hn-i‘l)r(in'-im+l) 
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according as n— m is even or odd. Deduce that 
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sm(2mcos-*)-m ^ 


and 

sin{( 2»i + 1 )co8~*z} 


* _ V r(w+w+|)r(n- w>+i) fp ,.p . o 

(Nicholsok.) 


19. Show that 


rrrt*iXf£iS 


r(Jw»— Jn+ J)r(Jm+Jn+l) 

when m> n and m— n is odd, and that the value of the integral is zero 
in all other cases. (Hbimx.) 

20. The equation of a nearly spherical surface of revolution is 
r — a{l +eJ'„(cosd)}, where e is small. Show that, if c* be neglected, its 
volume and surface are respectively 

4wo^ I 

3 


'(l+ ) 


47ra* 




21. Show that jf m > n and a > 0, 
1 


2«+l 


)• 


{2m+ 2n - 2« + 1 

where wiM„ = 1 3.5... (2m— 1). (Fbbbxbs.) 

w 2iC 

22. Prov e that J h’>P„(z)P„(zk) = , 

where K denotes tlic complete elliptic integralf of modulus 




(GKBONnnrs ) 


23 Sliow that, if |/i | is suOiciently small. 


h—z 


2 /i"tfn{s) (1 — 21is-t-/t*)-V*arccosh , 

n“0 I* — 11' 


24. Prove tliat 
{*+(**- 


/_ , IV V (Zw+n+iirim-Jirim+n+il^ 


2ir .rn^{m+n+ 1)1 


t The complete elliptic integral of modulus k w <*)(!— tV)}. 

0 

See $ 14.42. 
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25. If X > 1 and y = ^(x*— 1), show that 

ir 

J P„(l+2y*8mV)d^ = iT[PJix)}* 

0 

20. Prove that, if — 1 < ajj < 1 and —1 < a?| < 1, 

2ir 1 

J J dx 

0 “1 

= xxi+(l-a;*Ml-a:?)‘/*cos(^~^,). 

= XX, + (1-X*)»/‘(1— xJ)>/*C08(^— 

^ = XiX,+(l-j^)V*(l_r*)‘/2cos(^i-^,), 


(Nicholson.) 



CHAPTER XII 
BESSEL FUNCTIONS 


12.1. Bessel’s differential equation 

In the present chapter we determine the complete solution of 
Bessel’s differential equation 


dz^ 


+ -- + 
^2 dz^ 



where v is a constant It is an equation of the confluent hyper- 
geometnc type considered m § 10 61, and has a regular singu- 
larity of exponents at the origin and an irregular singularity 
at infinity. 

This differential equation is of frequent occurrence in physical 
problems. For example, it arises in the determination of the 
6olution.s of Laplace’s equation associated with the circular 
cylinder, and so its solutions are sometimes called cylinder func- 
tions For suppose we transform Laplace’s equation 




to cylindrical coordinates (p, Z) defined by the equations 
X — pcos^, T = psin^, 

J2T' 1 ;T' 1 5J2 

this gives 


.1* 1 • _2 t ^ 


p <p P^ C(f>^ cZ^ 

It follows that the expression 

r = e*^w'(p)cos(i’^-f-e), 

where k, v, and c are constants, is a solution of Laplace’s equa- 
tion provided that «• satisfies Bessel’s equation 


dV 1 dw 

dp^ p dp 



with independent variable kp. 

In most physical problems T’ must be a one-valued function 
of position in space, and so v must be an integer. Tn this case 
the exponent-difference at the origin is an integer and it turns 
out that it is impossible to express the complete solution in 
powers of z. It will, therefore, be necessary to distinguish 
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between formulae which hold for general values of v and those 
which are valid only when v is an integer. We do this by 
adopting the convention, usual in this subject, that ike para- 
meter occurring in BeaseVa equation will be denoted by a Boman 
letter instead of a Greek one in any formula which holda only for 
integral valuea of that parameter. 


12.11. The Bessel functions 


If we write z® = 4* and denote by # the operator xdjdx, 
Bessel’s equation becomes 

(&-—li^)w-\-xw = 0 . 

This equation is satisfied formally by the series 

r-O 

provided that a is a root of the indicial equation = 0, 

the coefficients c, being connected by the recurrence formula 
{(«+'■)-— = 0 

Now if we take a = the recurrence formula becomes 
(v+r)rc,+c,_i = 0, 
which is satisfied by taking 

' r!r(v+r+l)’ 

where A is independent of r. Hence 


w = 


oo 



n^+r+l) 


is a senes solution of the equation m question But since this 
infimte senes converges uniformly and absolutely in every circle 
|x| < i?, the formal processes by which this solution was ob- 
tained are vahd all over the x-piane. We have thus shown that 


w = Ax^''y , 

^ r' riv-j-r- 


and, similarly. 


y“»0 


w 


r(v+r-f-l) 

(-xr 


= Bx-i'' y - trf 
Ariri-y-^ 


r-0 


n-v+r+l)’ 


where z* = 4x, are two solutions, not necessarily indejiendent, 
of Bessel’s differential equation of order v. 
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We now define the Bessel function of the first kind of order 
V to be the function 

J^(z) = (izy 

where = exp(vlog^ 2 ), the logarithm havmg its principal 
value. The function {iz)-'’J^(z) is thus an integral function. 

In this notation, the expression 


r(v-fr+l)’ 


w = AJ,{z)+ BJ_^{z) 

is a solution of Bessel’s differential equation depending on two 
arbitrary constants, it remains to determine whether it is the 
complete solution or not In the first place, it is obviously not 
the complete solution when v = 0, since it then reduces to a 
constant multiple of Jo(z)- Again, if n is a positive integer, 
we have „ 

^ (-iribr 

= (iz) " ^ yi n— «4 


f ssO 


ir(_n+r+l) 




(-_ir(izr 

r* r(— 




r(n+«+l)a! 




since l/r(/) vanishes when i is a negative integer or zero. The 
solution we have just obtained is therefore not the complete 
solution when v is an integer, since it then reduces to a constant 
multiple of Jy(z). The nature of the complete solution in this 
case accordingly requires further investigation. 

When V is not an integer each coefficient in the expansions 
of Jy{z) and J-y{z) is finite and non-zero The functions Jy{z) and 
J_„(s) are, in this case, evidently linearly independent solutions 
of Bessel’s differential equation. 

Example. Prove that the Wrotiskian of Jy{t) and J^(z) is 




2Bmy7r 

7TZ 


By § 10.11, Ex. 2, we have = C/z, where C is a constant. 

Now when |z| is small. 


- 


(is)" 

I>+1) 






(Jzr^ 

2r(v) 
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“ [r(i+»)r(-rt"f(i-i.)rw]t'''‘’<‘'] 


Comparing the two expressions for the Wronskian, we find that 

... 28invn- 

A{ J,. J_,) = — . 

7TZ 

This result shows that J/z) and </_,(z) are Imearly mdependent if v is 
not an integer or zero. 


12.12. The recurrence formulae for J^(z) 

As Jj,(2) is the limiting form of a certain hypergeometric func- 
tion, we should naturally expect that Gauss’s formulae con- 
necting contiguous h3rpergeometric functions would provide, in 
the limit, recurrence formulae connecting Bessel functions This 
is indeed the case, but it is much simpler to prove these recur- 
rence formulae directly from the defimtion of Jy(z) 

The first recurrence formula states that 


For * 


{-\z^r 

>4r+2) 


L^eo'-!n»'+r) Zr!r(.-fr+2)J 

^ 2 (rt r>+r)~ (r- 1)' r{v+r + 1 ))^~ 


(i) 



r-O 


rt 


(-iz*r 

nK-f-r+l) 



the reordering of the terms of the two infinite series being 
justifiable on account of their absolute convergence. 
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Similarly we see that 
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•**’’‘‘[r(»)+2{rir(« 


1 


+r)^(f-l)!r(v+r+l) 


)(-^'] 


and BO «4.+i(2) = 2J;(z), (ii) 

where the accent denotes differentiation with respect to z. 
From (i) and (li), the remaining recurrence formulae 


and 


r j,(2)+ j;(z) = j;_i(z), 

Z 


-J^{z)- Jliz) = J^+j(z), 


(iii) 

(iv) 


may be easily obtained 

Example 1. Prove by induction that, when m is an integer, 
(wi 4- 2n)(m + « — !)' 


(i*r = 2 ' 




Example 2. Show that, if m m any positive integer, 

(sds) 

Example 3. Pro\e that, if v is rt*al, there lies precisely one zero of 
b(>tween an> two coiivciitive real zeros of z-''JJiz) 

Example 4< 'Show that 

Example Prove that 


•At*)-©*-"- ©* 


cosz. 


Deduce the values of J, |(z). 

Example 6. Show that, if a j3 and v > — 1, 

J tJAcJ)JApt) dt - 
0 

r 

2a* j t{JA<xt)}*dt = 


(LOHHEl..) 
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Example 7. Prove that, if v > — 1 and « and ^ are diatinct zeros 
of then i 

I tU=0, 

0 

1 

0 

Hence show that, when v > — 1 , the zeros of J„(a;), apart from x = Q, are 
all real and distmct (Lomkex, ) 


12.13. SchlMfli’s contour integral for .7„(s) 
If we use Hankel’s formula 

(0 + ) 


r(. 


* — = ^ f e't-*'-'--* rft, 
«'+»■+ 1) 2trt J 


where largtj < w on the path of integration, we obtain 

f»0 


We consider, therefore, the function 

(Of) 


= 2L J '•’"’('-s)'”'’ ■* 


obtained by inverting the order of integration and summation 
in this last expression 

By applying the theorem of §5 .'ll, we find that F(z) is an 
integral function whose derivatives of all orders can be obtained 
by differentiating under the sign of integration It follows that 
the Taylor expansion of F(z) is 


- 1 

r-0 *L 


Thus F(z) and (iz)~''JJz) are integral functions with the same 
Taylor expansion and so are identical Hence we have 


J,(z) = 


(i^r 

27rt 


(Of ) 
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where |arg^| < tt on the path of integration. This result is due 
to Schlkfli.t 


12^2^he Bessel functions of integral order 

When » is a positive or negative integer or zero, Schlafli’s 
integral ^0+) 

•^"<'>“‘2^" j “p(<-s)'— ‘■ft 

— go 

has as integrand a one-valued anal3rtic function of t whose only 
smgulanty of finite affix is an essential singularity at the origin. 
Hence we can deform the path of integration, without altering 
the value of the integral, until it consists of the circle ,<1 = \\z\B, 
provided that 2 i.s not zero. Making the substitution t = 
we find that this gives 

J exp{^2(«— du, 
c 

where C denotes the circle Jitj — Jt This formula evidently 
holds also when C is any simple closed contour encircling the 
origin 

In particular, if we take for C the circle lu| = 1 , on which 
u = where — rr s- 0 < tt, we obtain the formula 

r 

Hrr I 


llv J 


and hence 


•/„(=) 


n 

- j cos(n 0 — 

J 


2sin0) dQ 


This IS BessersJ integral for J„(2) 
Example 1. Show that 


IT 


cos(zcos B— J>w)cos«ft dB 


t Ann. dt Mat. {2), 5 (1873), 204. 


} Berliner Abh. (1824), 1-24. 
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Deduce, by the use of Jacobi’s lemma, Poisson's integral formula 


•^(*) = r(n+t)r(i) J 

0 

where n > 0. 

Example 2. Show from the senes definition that 

IT 

0 

provided that R1 (k+ i) > 0. 


Example 3. Prove that, if z = x+iy and if is real and not less 
than -i. Ijrl-'el-'l 

K(*)l < r(v+i)' 


Example 4. Show that 


n 

J coa(v0—zain6)dd 


satisfies Bessel’s equation of order i» only when v is an integer. 
Example 5. Show that 


“iri 


g»8liih(-*il 


where the path of integration is any curve joining the points ^tti 


12.21. The generating function for J„{z) 
We have just proved that 




2m J w"+*’ 

f • 


where C denotes any circle with centre at. the origin Since the 
only singularity of the integrand is at the origin, it lollows 
immediately from Laurent’s theorem (§ 4 52) that 

gls(u-i/«) _ 

the series converging uniformly with respect to u and z when 
u lies in any annulu.s 0 < t' \u\ iJj and z lies in any 
bounded closed region. 

The functions J,Xz) are therefore the coefficients in the expan- 
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Bion of the generating function as a Laurent series in u, 

and, for this reason, are sometimes called the Bessd coefficients. 
This expansion was, in fact, Schlomilch sf definition of the 
Bessel coefficients, and from it he derived many of their prin- 
cipal properties. 

Example 1. Show by means of Schlomilch ’s generating function 
that the Bessel coefficients satisfy the recurrence formulae of § 12.12, 
and hence that they are solutions of Bessel’s differential equation. 
Show also that i/_n(2) = *fn(— *) = { — 1 )V„( 2 ). 

Example 2. Prove that 

e‘**‘“* = J„{ 2 )co 8 2n0+2t2*^*n+i(s)8“>(2n+l)fl. 

1 0 

and deduce the Fourier series for cosfssintf) and sin(zsin0). (JacoBiO 
Example 3. Prove that 

1 = «/o(*)'t“2 J2?l(*)> 

1 

*= 2f (2n+l)J,„^2(s). 

0 

i«cos2 =. 9J,(s)+25Jj(e)— , 

Jasinz = 4 ^ 2 ( 2 )— 16</4(5)-r36Je(i)— . . (Lommel.) 
Example 4. Show that 

s') = (K NeCM-VJTO ) 


12.3. The solution of Bessel’s equation by complex in- 
tegrals 


We have already seen (§12 2, Ex 5) that Bessel's differential 


equation 




18 satisfied by w = j di 

- m 


when V is an integer. We now- propose to determine whether 
there exist solutions of the form 


w 


_ J g4smh/-i< 


a 

for general values of v. 


t ZntKhnftfur Math, und Phya. 2 (1857), 137-65. 
V 


«I11 
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It should be observed that the integrand is an integral func- 
tion of t, so that the integral is independent of the particular 
path of integration which joins the points a and 6. It is, more- 
over, useless to consider integrals of this type round closed 
contours since they all vanish identically. 

When the limits a and b are finite, we can differentiate w 
under the sign of mtegration to obtam 




b 

— J c*®“'*‘*~*''(z®cosh-<-|- 2 sinh<— V®) df 

a 

= [c*““‘‘<-*''( 2 co.sh<-|-v)]*. 

This result also holds when one or both of the limits are infinite 
provided that the integral for w converges uniformly. If v e can 
choose a and b so that this last expression vamshes, w is a solu- 
tion of Bessel’s equation 
When the limits are we have 


[e*®'“h/-i<(2(;osh/-f _ 2i(2— vjsini’TT 

Hence w= j 

— iri 


is a solution of Bessel’s equation if and only if v is an mteger 
or zero. 

When V IS not an integer or zero, the approjiriate values of 
a and 6 are given by the considerations which follow 

Let us consider now a path of integration consisting of the 
negative part of the straight line Im< = a, the imaginary axis 
from at to ^i, and the positive part of the straight line Imt — ^ 
The hmits of integration are then — oo-f at and -f oo-f-)8t in the 
usual notation We suppose, moreover, that z = lies in a 

bounded closed region!) for which— |7r-|-a+ 8 < 0 ^ iir+tt-S, 

where 8 is an arbitrary positive number 
When It is positive, we have 

RI{2 sinh( — R-fat)} 

= J|re~^os(fl-4-a)— ^re®co8(0 — a) ^ ^rc^*8in8. 
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If V = A+i|i, it follows that 
|e**i“**'-‘’'(zco8h 

< (rcosh JR-l-|»’l)exp(^rc~®— Jrc*8in8+AiZ+M“)- 

Since by hypothesis r is bounded in D, we deduce that 

as R-^cc, the convergence being uniform with respect to z 
when z lies in /) In a similar manner we can show that 
|-g*slnh/-W(2cOBh<+l/)],^ -i- 0 

as R-*cc, provided that /9 = ±7r— «. the convergence being 
uniform with respect to z when z lies in D 

Lastly, it can be shown without much difficulty that, under 
these conditions, the integral 

M' = I' 

converges uniformly with respect to z when z lies in D Hence 
tv 18 an analytic function, regular in D, whose derivatives can 
be found by differentiation under the sign of integration, and 
BO w satisfies all the conditions necessary to make it a solution 
of Bessel’s equation of order v 

We have thus shown that the functions 

I I fialnbl-vt 

— 3C * — X- \| 

are solutions of Bessel’s eipiation of order v, valid when z lies 
in the angle — sa- argz < Air-i-A— 8, where 8 is an 
arbitrary positive number It is evident, moreover, that the 
paths of integration can bo any contours which are asymptotic 
to the particular contours defined above. 

12.31. The Hankel functions 
In particular, we find, by taking a = 0, that 

(r + jri 
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•o-wi 

S(,«)(Z)=-1 f ceBliih/-Wd<, 
ITt J 

— GO 


are solutions of Bessel’s equation of order v, valid when 
|argz| < in. These functions are called the Besad functions of 
the third kind, or, more briefly, the Hankd functions^ of order v. 

The analytical continuation of these functions for other ranges 
of values of argz is provided by the formulae 


® + (w— a)t 


m J 

— ®+ai 

I* ffslnht-vl at, 


— ®+«l 


where — Jw+at+8 < argz < iw+a— 8 and 8 > 0 The argu- 
ment by which this is proved may be illustrated by considermg 
the case when a = 

is defined when 'argzl < whilst 


Jl_ 

m 


/ 


— « + Jir» 


eCBlnhl-vf at 


is a solution of Bessel’s equation when 0 < argz < n We have 
to show that these two functions are identical in the first 
quadrant, their common region of definition 
Let us suppose that 0 < 8 < argz ^ 8 If we apply 

Cauchy’s theorem to the rectangle with vertices ^ni, iZ-fJm, 
m, we find that 


R-ri 

/ 


R * Jwi 


R-*’in 


e 


Binh I- vl 


dt 


J at J 


pcainh 


dt 




7?4 iiri 


But, on account of our restrictions on argz, the second integral 
on the nght-hand side tends to zero an R -* 00 , and so 

® + « + itn 

f = f e* 


t So rallerl hnr ausp it was Hankel who first realized their importanrn The 
definition adopted here is not the usual one, but is essentially et^uivalent to 
that of Hopf and Sonunerfeld, Arehiv der Math, und Phy$ (3), 18 (1911), 1-16. 
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Similarly we can show that 

I e*8lnh<-v<j^ _ I ge*tnh<-v<j^ 

-» -ca+iiri 

Hence, when 2 lies in the first quadrant, 

<B + m a.+im 

J* esslnh/-!/^/ _ I 

-a, -a. — 

which 18 the required result. 

In this way the Hankel functions are continued analjrtically 
all over the s-plane It will, however, be observed that the 
functions so defined are not one-valued, but possess a branch- 
point at the origin, even in the case when v is an integer | 

Example 1. Show tiiat H%(z), are also solutions of Bessel’s 

equation of order v b> proving that 

Example 2. Vrow that the Hankel functions //!*’(*), satisfy 

the same n'currence formulae as J,{z) 

Example 3. Slioa tliutj 
H["{ze^') - 

- 2coswrl/‘*‘(5)-re’'’''f/l'’(*) 

Hence prove that 

H\-'{ze-''') -- (4co!,-i7r— l)i/j-’(2)--2co9i'7re‘”'*/fi,*'(z) 

(Weber, Graf.) 

12.32. The connexion between the Bessel and Hankel 
functions 

We shall now show that the Hankel and Bessel Junctions ate 
connecle/d by the relations 

provided tAa(§ iargzj < it 
t See Es 3 

t It is simplest to prove thosoformulao mtheflrst instsiieewhen |arg:{ < jn-, 
in this case Jjr arg(ic''‘) < Jr Tho fonnulae lor general values ol : follow 
by analytical continuation. 

§ This restriction is neodoil sinio the Hessel functions are not dofined outside 
this range of v aluos of arg z The formulae ue are about to prov e nia> be used 
to extend then range of definition. 
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If 2 == re®*, where —n <6 < -n, the formulae of the previous 
section give «+(»-«). 

Wy\z) = — f exp(rc®‘8inh<— v<) 

Trt J 


-oo+d» 


H'‘y\z) = — f exp(rc®'8inhl— W) rfL 
Trt J 

— <X> + ffl 

have 00 _ 

^ j* exp(re®'sinh<— v<) 
Stti j 


Hence we have 


di. 


« — — iri 

the path of integration being the positive part of the line 
Im< = —IT— 6, the imaginary axis from — (7r-f0)j to (iT—d)i, 
and the positive part of the line Imt = -n—d. If we make, in 
turn, the two substitutions t — u—0i e“ — 2?' r, we obtain 

= -^ r exp{re®'sinh(M— W)— da 
27ri J 

® — tTi 

CC— Wl . 

1 [* pvBi 

= I exp{Are“— irc-®'e““} du 

2Tn J - •’c*'" 


oc — -ri 
( 0 -) 




dr 

4v 

2*'r*' 

i 


(Ot) 


=.i(Jzr J 


But this last expression is Schlafli’s integral for <4(z), and there- 
Jy{z) = Kff‘»(z)+//l='>(z)} 

From this we deduce that 

J-M) = 

a result which reduces to J^„(z) = (— 1 )"J„( 2 ) when n is an 
integer. 


12.33. The complete solution of Bessel’s equation 

Although the Hankel functions are merely linear combina- 
tions of the functions Jy(z) and J-y{z) when v is not an integer, 
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they possess, as we shall prove, the remarkable property of 
being linearly independent solutions of Bessel’s equation for all 
values of the parameter v, so that the complete solution is 
w = 

where A and B are arbitrary constants. 

For when v is not an integer, the Wronskianf of J^(z) and 
J-,(z) is given by 

and so, by the example of § 12 11 , 

= - - 
TTlZ 

But, for any fixed value of z, the Hankel functions are integral 
functions of v, and so, by continuity, the Wronskian of IB^^iz) 
and //[,*’(“) is 4 {mz) for all values of v Since the Wronskian 
never vanishes, //l,^’(z) and //‘,®'(2) are hneaily independent solu- 
tions of Bessel’s equation 

12.4. The Bessel function of the second kind 

In view of the fact that the behaviour of J^{z) near the origin 
18 much simpler than that of the Hankel functions, it is very' 
desirable to retain it as one of the standard solutions of Bessel’s 
equation As a second solution we take Weber’s;}: function 
defined by the equation 

i;(z) = l{//<»(z)-//«>(z)}, 

for all values of the piiraracter v Remembering that 
J,(=) ^ \{n\^\z)+H^^\z)}, 

we see that the linear independence of J^,{z) and Y^{z) follows 
t Seo§10 11,Exx 1,2 

t Journal fur Math 76 (1873), 9, Math Ann 6 (1873), 148. Thera ara 
several other dofinitiuns of a second solution of Hosiers equation, the present 
oqo buiiig the most satisfactory tiue Watson, Vessel Functions, ^ 3.5 ot Scq. 
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from that of the Hankel functions. Yy(z) is usually called the 
. Bessel function of the second kind. Evidently Y^{z) satisfies the 
same recurrence formulae as Jy{z). 

When V is not an integer, it follows from the formulae of 


§ 12.32 that 


YM = 


coavnJy(z)—J_y(z ) 

SinVTT 


When V IS an integer, this formula fails because the numerator 
and denominator are then both zero. But since the Hankel 
functions are continuous functions of v, so also is Yy{z). Hence 
the value of Weber’s function of integral order is given by the 


equation 


y„( 2 ) = lim 


cos VTT J_„(z) 


sin wr 


12.41. The series for Y,fz) 

If we substitute in the formula 


Yy{z) = 


COSVirjy{Z)—J.y{z) 
sin vn 


the power series for the Bessel functions, w e obtain the expan 
sion 


Yy{z) = COtVTT 


(sz)’ y 


r' r(v-fr+I) 


— cosec ^ 77 (^ 2 )-’' V f 

' Z,r'r(— v+r+1) 


r-O 


vahd when v is not an integer TJiis formula fails when v is an 
integer 

Now by the ordinary rule for finding the limit of a quotient, 
we have 


smi/TT 


lini [cos vTt — 77 sin vnJy — 
I Cv 







Moreover, since T-nlz) = {—l)’^Y„{z), it suffices to consider only 
the case when n is positive or zero. 
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Denoting the derivative of log r(0 by ipit), we find that 

S’ = 

( 4*)"2 

BiB v-*-n. ’’ 

When n is positive, we have to consider separately the first 
n terms of the senes for bJ_Jbv since r(— v+r+l) and 
ifi(—v+r+l) have poles at v = n when r takes the values 
0, 1, 2, . , n — 1 This difficulty docs not anse when n is zero. 
When r = 0, 1, 2,. . n— 1, we have 


dv\_ ~ r' r( — dv\_ wr* J 

= (^3)”*’+^’' sinvfflog j2+Trcosv7r+8inv7r^(v — r)] 
•nr' 


i-miz) 




as V -»• n Treating the terms for "n hich r n in the straight- 

forward way, we see that 

(_ 1)" y (isp-"+ 

cv ^ r' 


as 1 - -► n Hence, when w is a positive mteger, Weber’s function 
can be expanded as a senes of the form 




f-0 


F» — a 


in- 


ly 




r-O 


This formula also holds when n = 0, the terms m the stoond 
line bemg omitted It is sometimes useful to modify this formula 
by wnting 


^(1)=— y. ^(»w+l) = l+s+5+-+^“y* 

z a tn 


where y denotes Euler's constant. 
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12.5. The asymptotic expansions of the Bessel functions 

Although we have now represented the complete solution of 
Bessel’s equation by series of ascending powers of z (multiplied 
in some cases by logz), which are convergent for all values of 2, 
the convergence is, unfortunately, so slow when |z( is large that 
an examination of the initial terms of such a series gives 
practically no information regarding the value of its sum To 
overcome this difficulty, we now propose to determine, by means 
of the method of steepest dcseents.f expansions of the Bessel 
functions m inverse powers of z which are asymptotic m Poin- 
care’s sense, even though they are divergent for all values of z 

The method of steepest descents,^ which was devised by 
Debye§ to obtain asymptotic expansions of Bessel functions of 
large order, consists essentially in representing the function 
under consideration by an integral along a path w ith a particular 
geometneal property 

Let us supjiose that we wish to find the asymptotic beha\ lour, 
when ]z, is large of a function defined by a contour integral of 


the form 


J >F{w) dw 


which converges when Rlz is positive, the functions /{«•) and 
i’(u) being analytic functions of «•, regular in a region of the 
le-plane which contains the path of integration The path of 
integration is to be deformed, if possilile, until the following 
conditions are satisfied 


(I) the path of integration goes through a zero Wq of /'(«'), 

(II) the imaginary part off(u') is constant on the path. 

To obtain a geometrical picture of this, we consider the sur- 
face defined by the equations 

tt' u+iv, I = Hl/(ii') 

in a space in which (w, v,t) are rectangular (’artesian coordinates 


t For an account of other incthoda of dotermining those asymptotic nxpaii- 
sions, see Watson, Beaeil Functions, Chap VII The only a]>plication of the 
method of steepest deecc^nts to the jirosent problem seems to be that of McMjer 
(Ptoc Kon. Akad Wtt Amsterdam, 35 (19311), C5T-b7, 8.'>2-6C), although 
Sommerfeld and Uopf (loe cit , p 324) used it to find the dominant term 
t Sometimes called the saddle point method 

§ Math. Ann 67 (1909), 533-5S, Munchtner BUzuni/sbcrichte (5), 40 (1910) 
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The height of a point on this surface above the plane t = 0 can 
never be a true maximum or minimum, since t satisfies the 
partial differential equation 




4- — = 0. 


The surface may, however, possess points at which the tangent 
plane is parallel to ^ = 0, and these are necessarily saddle- 
points At such a saddle-point, cl, 6 m and btjdv both vanish, and 
hence, by the C'auchy-Riemann conditions, f'(w) also vanishes 
there 

If we construct a map of this surface on the (w,r)-plane by 
means of contour lines, the curves of this map on which the 
imaginary part of /(«') is constant are everywhere orthogonal 
to the contour lines and so aic the projections of the paths of 
steeliest ascent or descent on the surface 

Let us suppose that it is possible to modify the path of 
integration in this way without altering the value of the integral 
and so to express the function as a sum of integrals along paths 
of steepest descent starting at a saddle-point u\^ Integrals along 
paths of steepest ascent cannot occur as the}' evidently diverge 
On a path of steepest descent, /(«•) — /{?<•„)— t whore r is real 
and positive and increases mdefinitel\ as we move away from 
the saddle-point We have theicfore, to consider the beliaviour 
of a sum of integrals of the form 

X 

ec/e<gi r e~^^F{w) — dT 
.1 dr 

a 

when , 2 1 IS large To each ol these we can. m general, apply 
the result of Watson's lemma (§ 9 o'J), and so deduce the re- 
quired asymptotic expansion 

This brief explanation of the method of steepest descents will 
be made clearer by a consideration ol the following section 


12.51. The asymptotic expansions of the Hankel func- 
tions 

In the jiresent section we find an asymptotic expansion of 
the Hankel function by applying the method of steejjest 
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descents to the integral 


«+(ir— a)t 




where |arg( 2 e~“*)| < From this the asymptotic formulae for 
the other solutions of Bessel's equations are easily deduced. 

The saddle-points are given by the equation cosh^ = 0 and 
so are t = (n-f^)7rt, where n is an integer. Of these, t = 
lies on the path of integration for all values of ot If we make 
the substitution t = we find that 

00 •*■}(»-(»)• 

^•eJi'ori//a)( 3 ) _ I" exp{ 2 e*"'coshu'— vu?} die 

oo— i(jr— »)» 
oo + i(»r-ai)t 

= 2 J cxp{ 2 e*’^‘co 8 h u’} cosh vw die. 

0 

To bring this formula into agreement with the theory of the 
previous section, we write z = ^f'*, .so that [arg^, < This 

_ 2 J exi){Ce^‘cosh w} cosh w dtt', 

0 

where /3 = a-f-iir. We have now to see whether there exists 
a path of steepest descent which starts at the origin and goes 
to mfinity in the required direction 
Let us suppose that 0</3<2,r The steepest jiaths through 
the origin are given by the equation 

e^'coshw = e^*— T, 


where t is real If we solve for w, wc find that 
e*“ = 

so that arg w->~\ (w— /3) or J (.3ir— jS) as t -> -f- 0 and arg «• -> - J 
or ^(277-— j8) as t ->—(). There are theiefoie four steepest 
paths through w — 0, the paths of stee|K*st descent being 
given by t 5^ 0. Moreover, as r-v-foo, ei"* ^ 
and so w -*■ ao-j-{n—^)i or — oo— (ir— /8)i Hence there is a 

path of steepest descent which leavi's the origin in the direc- 
tion argia — J(it— / 3) and tends to infinity in the direction 
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co+(iT—P)ii we can take this as path of integration without 
altering the value of the integral. Hence we have 

30 

_ 2exp($e^*) J e-^^coshvw^ dr 
0 

= ^exp(^e^«) [e-Cr^-^^dr. 

V J dr 

0 


In order to apply Watson’s lemma to this integral, we must 
first show that 


F{r) = 


dsinhvic 
dr ’ 


regarded as a function of the complex variable t, satisfies all the 
conditions of the lemma , these are as follows 

(i) F{r) is regular, save possibly for a branch-point at the 

ongm, when ffl-f S, where a and 8 are positive; 

(ii) IFfr)] < A'c*”' holds when r a, K and 6 being positive 

numbers independent of t. 

(ill) J^(t) can be expanded as a senes of the form 

= i 

m«»l 

valid wlien jr, < a, r being positive 
Now', from the equation 

f^'cosh ir = eP’—T 


we find that sinh !«• = 

Since argie -*■ \{-rr—P) as t -f 0 ^(At) is positive on the path 
of integration Moreover, siiiIiIm’ is an analytic function of r, 
regular save for the branch-point at the origin 

On the other hand, sinhcM’ is an analytic function ot sinh^u', 
regular when |sinhlM’| < 1 Its Taylor expansion is 




From this it follows that sinhvte is an analytic function of r. 
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regular, apart from a branch -point at 0, when |t| < 2. Also, 

for such values of r the expansion 

sinhvw = X 

X f>+ 1 

is vahd. This implies that, apart from a branch-point at the 
origin, F(t) is regular when |t| < 2 and can then be represented 
by the series 

F{r) 

, ^{4v2-12)(4v2-32) 

~ 2W J- 

Hence conditions (i) and (m) of Watson’s lemma are satisfied. 
Finally, when r is large and positive, 

er ^ i4-2Te<"-^* 


and 



1 

T 


It follows that there exist. s a positive number Tj with the pro- 
perty that 

l€“| < 3 t, [e-''| < 1,T, \dv\(iT\ < 2/t 

w'hen T > Tj But since 

F(t) = vcoshvM'^ 


this implies that there exists a constant A such that 

|F(t)[ < < .<4e’’ 

when T ^ T^, Since I'Ffr)! is bounded when 1 t ^ t^, con- 
dition (ii) of the lemma is also satisfied 

By the formal term-by-term mtegration whose validity is a 
consequence of Watson’s lemma, we now deduce that, when 
!SI is large and |arg^| < Jir, 

^ 2 f 

= -exp(Ce^*) J e-i’’F(T) dr 

0 
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~ Irl ex- 


:p{Cc/>‘+i(^-/3)i}[r(|)+ 

+ 2 


V [ 1 + V ( i.,( 4v^-I^)(4^— 3^) (4 . ;^-(2r-lf) 1 

2'^^r'{2i^e“')’' J' 

In obtaining the expression m the last line we have used the 
duplication formula for the Gamma function. 

If we restore the original vanable 2 , we find that 
/ 9 \l/2 

W” >(2) ~ W exp(t(z- Jvw- Jw)} X 

(-l)''(4i^-12)(4v2-32) (4i/2-(2r-l)2) 


r ® i 

‘+2- 

r*l 


] 


2>r' (212^ 

is the asymptotic expansion of valid when Izj is large 

and |arg(2C““*)| < Iir 

In proving thi.s formula we assumed that |arg( 2 C““*)i < 
where the only restriction upon a is that j8 = a+Irr must lie 
between 0 and 2v If we allow jS to vary over this range, we 
find that the asymptotic expansion is valid when \z\ is large, 
provided only that —it< argr < 2n 

We have now shown that, when — tt < argz < 27r and \z\ is 
large, the Hankel function H^\z) is represented asymptotically by 
the series 

//[»(») ~ (l)‘"exp{.(z-J»-l.))[l+ 

, , . (4*^2- 12)(4v2-3=) {4./2-(2r-l)=) 

where (i-.r) = i 5 LL. 


This result, for general complex values of v and z, was first 
obtained by Hankel t 

Since the Hankel functions are connected by the relation 
it follows immediately from the asymptotic expansion of 


t Maih. Ann. 1 (1369), 491-5. 
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that, when —2ir < argz < w and |z| ia large, has the 

asymptotic expansion 

~ 1 10]. 

The asymptotic expansions of the Hankel functions for other 
ranges of values of argz may be deduced from the formulae of 
§ 12.31, Ex. 3 

Although these asymptotic expansions are m the form of 
divergent series, they may be used for computing the value of 
the Hankel functions, since the error incurred by terminating 
the series at any point is of the same order of magnitude as the 
first term omitted. More precise information on the magnitude 
of the error will be found in § 7 3 of Watson’s treatise and also 
in the series of papers by Meijer already cited. 


Example 1 . Prove that the formulae 

L 

1 1 > Vi-imZr+Dl 

Sin(Z— JvTT (g^jfr+1 I* 

L f-0 

, , , . > V(-1)>.2»’+1)1 

+ C08(r-iv7r-i7r) 2^ . 

hold for large values of jzj provided that jargzj < rr 

Example 2. Show that the asymptotic expansions for the Hankel 
functions terminate when v is half of an odd mteger. Deduce that, if 
V = n+J where n is a positive integer or zero. 


<nlZ 

sm(z-Jn7r) 2 I 

L ,_0 


(-l)'-(n4-2r)' 


(2r)'(n-2r)'(2z)" 


5 + 


, V (-l)'(n+2r+l)' 1 

+co8(z JnTT) 2 (2r+l)'(n-2r-l)'{2z)*’''*'M’ 
r— 0 ■* 




(-iy(n+2r)' 

(2zr' 


— smfz+Jtwr) 


2 


r-O 


(-ir(n+2r+l)! ] 

(2r+ 1)! (n-2r- 1)1 (2z)*'+‘ J’ 
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12.6. The Neumann polynomials 

We now propose to investigate the properties of certain poly- 
nomials associated with the Bessel coefficients which are of 
importance in the theory of the expansion of an arbitrary 
analytic function f{z) as a series of the form 

/(2) = 

0 

These are the Neumannf polynomials O„(0i defined by the 
expansion . „ 

— = Jo{z)0,it)+2 2 J,{z)OJt) 

t — Z n-l 

We start from the formula 


(<— z)-i = "’cosh li? duj 

a 

which is valid when Rl(<- s) > 0. and use Schldmilch’s gene- 
rating function in the form 


e*9inhu. = 

n»l 

This gives 

00 00 

= J e-'®‘“‘*''coshtr[j;,(z)+ f dw 

OC 

= <^(2) J 6“'***“^ "cosh w dw + 

0 

00 * 

+ 2 '^«(~) f c-'®‘°*‘''’coshM’{e''"'-f (— dw, 

n.-i ■!. 


provided that it is permissible to invert the order of integration 
and summation 

A sufficient condition for the validity of this process is the 
convergence of the series 


2 r |e~*®‘“**“’coshu’{e"“’-j-(— J„( 2 )| du). 
«-i J 


t K Neumann, Journal /urJtf 01/1.67(1867), 310. The Neumann polynomial 
was formerly called the Bessel function of the second kind, by analogy with 
the corresponding formula m the theory of the Legendre polynomials. But the 
termmology is imsleading as 0„(() is not a solution of Bessel’s equation. 

4111 Z 
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But if Rl< = T > 0 and lmz = y, we have 

CO 

0 

GO 

< 4|J„(2)|ei’‘ I dw 

0 


CD 

< 4|J„(2)|c*^ J dw 


= 4|J„(2)|e*’-(2/T)»+in! 

< 8|2|«e}’‘+n''/T»+i, 

by § 12 2, Ex. 3 The interchange is thus certainly valid when 

\Z\ < T. 

We have thus shown that, when Rl< > \z\, 


(t-z)-^ = Jo(zmt)+2 2 J„(2)O„(0 

n-1 

where 0„(<) = J c-'®“'>”'coshw'^^j^«M» dw, 

a 

the upper or lower function being taken according as n is even 
or odd. 

The functions O„(0 have, so far, been defined only when 
Rl< > 0 We now extend their region of definition and show 
that the expansion of {t—z)-^ is valid under the less restrictive 
condition |z| < |<1. 

Now, when » > 0, we know thatf 


cosh 

sinh 


nw = 2"-i(8inh"M;4--^^^^ — sinh"-2M;4- 
\ ^2(2n— 2) ^ 

^ 2.4(2»-2)(27i-4) ^ I 


the upper or lower function being taken according as n is even 
or odd If we make the substitution u = sinhw), we find that, 


t See Hobson, Plant Trigonometry (1911), 106. 
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when » > 0 and Rl< > 0, 

eo 

0 

+ 

and so 

O it) — i I I ^ I !! I- I 

n\i ^n+l I ^2(2n,-2)'^2.4.(2n-2)(2»-4)^ /’ 

tlie series inside tlie brackets ending witli a term involving 
t"-* or /'* according as n is odd or even On the other hand, 

00 J 

^o(0 = J c“'®‘“*‘"’co8h wdw = -. 

0 

We now define 0„{t) to mean these polynomials in Ijt, for all 
values of arg t 

From this definition we see that, when n > 0, 

|0„(OI < ^exp(i|<|*), 
so that, by § 12 2, Ex 3, 

Hence, when |2| < R and t lies in a bounded closed region for 
which R+(, where e is positive, the senes 

n~l 

converges absolutely and uniformly with respect to z and t 
Since its sum is when Rlt > {z], it follows by analytical 

continuation that this will still be the sum when \t\ > kl. 

We have thus showm that 

= Mzmtn2 1 j„{z)o„{t), 

n— 1 

provided only that |z| < |f| 

Example 1. Prove that the Neumann polynomials are connected 
by the recurrence formulae 

(n-l)O„^(<) + (n + l)O„_i(0- j{n’-l)O„(0 - jwsm'jmr (n > 1), 
On-:(t)~0„^,(t) - 20;(/) (« > 1). 

-0,(0 - o;(o. 

where accents denote differentiation with respect to t. 


-1)(”-2)(»-3) ^,„,4 , ] au 

l.(2?i— 2)(2n— 4) 
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Example 2. Show that OJt) satisfies the differential equation 
dHi) . 3 dw 


dt* 


, 3 dto , n*— 1\ 

+ 7 *+l^ — tr-r-Su(t). 


where g^it) denotes 1/t or njt* according as n is even or odd. 

Example 3. Show that, if C denotes any simple closed contour about 
the origm, f 

J 0„(2)0„(2) (fa = 0, 


dz = 0 


J 


J •4(2)0m(2) dz = TTl 


(m n), 
(m p 1 ) 


12.61 . Neumann’s expansion theorem 

K. Neumann showed that t//(z) is an analytic function, regular 
when |z| < jB, it can be expanded as a series of the form 

f(z) = Oo Jo( 2)+2 f a„J„{z), 

1 

which converges uniformly in every closed region within \z\ — It 
The coefficients o„ are giien by the relation 

ii,=« 

For if z lies in a closed region wuthin tlic circle |z| - IZ, we 
have 



III - li 

Since the series occurring under the sign of integration con- 
veiges umformly with respect to z and t, we can integrate it 
term by term to obtain Neumann’s result 
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MISCELLANEOUS EXAMPLES 


1. Prove that hm ( - i)”pS‘(oo8-) =■ J-{x) 

provided that x is positive 

2 Show that, when n is an integer, 

1 

f e*^P„(e)dt = J(^yj„^(z). 

-1 

and deduce that ^ 

00 

= V(£) 2 ^ (Bauer.) 

«*0 

00 

3 Prove that J J„^^(x)J„^^(x)^ 

— 00 

18 equal to 2/(2n+l) or 0 according as the integers m and n are equal 
or unequal. 


4 Show that, when cosff is positive. 


sin 0)x” dx (Hobson.) 


0 

6. Prove that the product Jj^z)Jy{z) is equal to 

r( p+v+2n+l) ( -z»/4)» 
Z,n'r(p + v+n + l)r(p + n+l)r(K+n+l)' 


n — O 


6 Show that 


(SCHIAIT.1.) 


Jy(z) ~ ~ j' sm0—v6) dB — J* e“***“*‘*"'* d<f>, 

0 0 
« «D 

Yy(z) ~ ^ J* ^ J* e~*''“*‘*(e’^+e~‘^co8vjr) d<^ 

0 0 

provided that the real part of z is positive. (ScHLAni.) 

7. Prove, by tenn>by-term integration, that the equation 
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holds when Rl(/*+v) > 0, Rio > 0 and |b| < |a|. Apply the principle 
of analytical continuation to show that the equation is true under the 
less restrictive conditions Rl(/i+»>) > 0 and Rl(a±ib) > 0. (Hankkl.) 

8. Show that 




1 - + 1 : 


provided that [argpl < Jw and RK/i+v) > 0 (Hankel ) 

9. Prove that, when R1 V > — 1, 



c— «t 

the path of integration being the straight line Rl< = c > 0 (Sonine.) 

10. By using the formula for i7,^,(<u) given in Ex 9, prove that, when 
Rli< > — 1, ti > 0, c > 0, 


J •4('W+i(«0 * 

0 


1 

27riu‘’f> 


J 


e-flot 


00 

Deduce that J J,(t)«/,+i(Mt) dt = , 

0 

where e is equal to 0, or 1 according as u is less than, equal to, or 
greater than unity. 

1 1 Prove that the relation 


0 

00 

implies that ^(0 — ^(0) ~ J (t>0) 

0 

provided that we can differentiate the first integral under the sign of 
mtegration and mvert the order of a certain repeated integral. [This is 
the Hankel Transform Theorem. Sufficient conditions for its validity are 
given by Burkill, Proc London Math. Soc (2), 25 (1926), 513-24. See 
also Titchmarsh, Proc Camb. Phil. Soc. 21 (1922-3), 463-73. 

The more usual form of the theorem is obtamed by writmg 
F'(x) = *-+>/(*), = P’+'^(<); 

00 

it then states that f(x) = J t^{t)J,{xl) dt 

0 
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implies that ^(t) = J uf{u)JJ,tu) du.] 

0 

12. Prove that, when the real parts of /i+ 1 and v are positive, 

t 

j* dv. 

0 

Hence show that, when n is an integer, 

z t z 

J2V2) = JJ... j dt. 

00 0 

integration being performed n times. (Sonins.) 

13. Show that 

00 ■* 
(e+A)-WV,{2V(r+A)} = J 

ffl‘K0 

CO 

(z+A)WV,{2V(2+A)} = 2 

m»>0 

the latter expansion being valid only when \h\ < |z|, 

14. Show that, when Rl(Jv— i) > RI/i > — 1» 

00 

J (t+«)-'’/*J,{2V(^+2)}<*‘ d< = (Sonins.) 

0 

15 Show that, when Rl(i'+J) > 0, 

1 

J e”*(**— - 4tcoswr J co<i 2 m( 1— 

c 0 

where the contour C, on which |arg(t* — I)] < tt, is a figure of eight which 
goes round t = 1 onco jiositively and < = — 1 once negatively. 

Deduce that J,(z) ~ " 2 j 7 i i '(^ J e'=*(t®— I)”-*/! dt, 

V 

provided only that i'+ i is not a positive integer. (Hankei. ) 

16. By usmg the result of Ex 5, prove that 

n 

J Jo(2zsm^)cos27i^d^ = 7r{i/«(s)}*, 

0 

V 

j Jt„{2zsmili) d^ = 7r{J„(2)}*. 
o 


and also that 
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17. Show that, if Z* = 2aSiCostf, 

— OD 

18. By integrating round a semicircle m the upper half-plane, show 

that, if X > a, o 


J 


H<f>(xM) dtt a- 
if<»(au) u ~ ^nf’ 


this being a Cauchy prmcipal value. 
Deduce that f 

J Wa«)}> 


—JJxu)Y,(au) du ira” , 

r- ^ = o:3- (TrrCHMAESH.) 


-f{l^(aw)}* u 2x*'‘ 


19. Show that, for all values of the parameter v, the complete pnmi- 
tivd of the differential equation 

dhv I dw f. 

dz*'^z dz ® 

18 ID = Aly{z)+ BK,{z), 

where _ 


'■<=)- 2 




f»I r(v-l-m-i-l)’ 

m«0 

K,{z) = 

20. Prove that, when |arg 2 | < ^ and \z\ is large, 
21 Show that, when |argz| < 






-IS 


eicwbw-w 


K,{z) = J e"*''*^*coshvM;dw, 


the path of integration m the former mtegral bemg along straight hnes 
from 00 — irt to —m, from —m to m, and from m to oo-fTrt. 


22 If X > 0, — 1 < Rlv < 1, 


= : 


Hfix) = - 


e-luri 


«0 

J 


^VBOOOlt-vl 


— 00 

ci"» 

m 


s 


g-ireoebt-ii 



CHAPTER XIII 


THE ELLIPTIC FUNCTIONS OF WEIERSTRASS 
13.1. Periodic functions 

A FUNCTION f(z) IS said to be periodic if there exists a non- 
zero constant 2ut such that the equation 

f(2+2a>)=f(z) 

holds for all values of z The number 2w is called a period of 
/(z); evidently, if n is a positive or negative integer, 2na» is also 
a period We call 2oj a fundamental period if no submultiple 
of it IS a period. 

A periodic function which has only one fundamental period 
is said to be simply-periodic For example, e* is simply -periodic, 
its fundamental jicriod being 2iri A function which possesses 
more than one fundamental period is said to be multiply- 
penodic In the present chapter we show that multiply -periodic 
functions exist by constructing Weierstrass’s doubly-periodic 
function p(z), w'hich has two fundamental periods whose ratio 
is not real, every other period is a sum of multiples of these 
two fundamental penods 

The existence of such a function naturally suggests the fol- 
lowing questions 

(i) Does there exist an analytic function, regular save for 
poles, winch has two fundamental penods whose ratio 
is real? 

(li) Does there exist an analytic function, regular save for 
poles, which possesses more than two independent 
fundamental periods? 

These questions were first asked by Jacobi,f who showed in 
each case that such a function is necessarily constant. 

Example. The function /(=) has two periods 2<ui and 2aif. Show 
that, if m and n denote positive or negative integers or zero, the number 
2mwi+2niitf is also a period. 

f See the earher part of Jacobi’s paper. Journal fur Math. 13 (1836), 66-78, 
which IS reprinted m his Oet. Werke, 2 (1882), 26-60. 
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13.11. The lower bound of the periods of an analytic 

function 

As a preliminary step in provingf the results established by 
Jacobi, we show that a periodic analytic function which ts not 
a constant cannot possess arbitrarily small periods 

Let/(z) be an analytic function which has a set of periods 2<o, 
where the lower bound of |a»| is zero If is a point at which 
f{z) is regular, the function /(z)— /( zq) a zero at each of the 

points Zo+2to. But since the lower bound of |aj| is zero, there 
exists a point of the set Zo+2a> in every neighbourhood of Zg. 
This is impossible^ unless /(z)— /(z^) is identically zero Hence 
the result 

13.12. Jacobi ’s first question 

We now answer Jacobi’s first question by shoiMng that if an 
analytic function f(z), other than a constant, has a set of periods 
2a), 2Aa), where A is real, each of these periods is a multiple of 
a single fundamental period 

If the only values which A takes are positive or negative 
integers, there is nothing to be proved, 2a) is then the funda- 
mental period 

If, how'ever, there are periods 2Aa) with non-integral values 
of A, each such period is expressible in the form 2?«a)-f-2aa), 
where m is a positive or negative integer or zero and 0 < a < 1'. 
Evidently 2aa) is itself a period, since it is the difference between 
the periods 2Aa) and 2m<a Thus corresponding to every period 
2Aa) which is not a multijilc of 2a), there exists a period 2(xw, 
where 0 < a < 1 

There can, however, be only a finite number of jicriods of the 
form 20(0) For if there were an infinite number, they would 
possess a limiting-point in virtue of the Bolzano-Weicrstrass 
theorem, as the difference of any two of the periods 2aa) is also 
a penodj this would imply that there exist periods of arbitrarily 
small modulus, which is impossible by § 1 3 1 1 

Let us write 2wi = 2(Xi o), where etj is the least of the numbers 

t In framing the general argument of §§ 13 11-13 13 I am matenally m- 
(lobted to Or W L Furrar and Mr J HodgkmRon, and I wish to take tliiR 
opportunity of thanking them. 

t See § 4.61. 
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a Then 2<o and each of the periods 2Aci> are multiples of 2o>i. 
For if not, by a repetition of the previous argument we could 
find a period 2 ol 2 (Oi, where 0 < aj < impossible 

by the definition of 2coi This completes the proof of the 
theorem. 

It should be observed that we have shown incidentally that 
if an analytic function, other than a constant, has distinct periods 
2(0 and 2A(o, where A is real, then A is necessarily rational. For 2(o 
and 2Xu) are multiples of a fundamental period 2uij^ 

Finally, it is evident that if all the periods of an analytic 
function are of the form 2A(o, where A is real, the function is 
simply-periodic 

13.13. Jacobi’s second question 

Let/(3) be an analytic function, other than a constant, which 
possesses two fundamental periods 2(Oj and 2(02 whose ratio is 
not real Such a function caimot be simply-penodic We now 
answer Jacobi’s second question by showing that it must be 
doubly-penodic, m the sense that every period is a sum of 
multiples of a certain pair of fundamental periods, not neces- 
sarily 2u)i and 2u>t. 

Since Wi/oii is not real, we can express any period 2(a umquely 
m the form 2A(ai-f 2/xcu2, where A and p are real, by solving the 
simultaneous equationsl 

Rl(u = ARl(Ui-|-/iRl(a2, 

Im (u = Almaii-|-/ilmcu2 

If it turns out that the only values of A and p which occur are 
positive or negative integers or zero, there is nothing more to 
be proved, since every period is a sum of multiples of 2ftij 
and 2(02 

If, however, there are periods which are not of the form 
22(02 -|-2m(02, where I and m are mtegers or zero, each such period 
is expressible in the form 

2lu)i-\- 2ni(02"|" 2(X(02-|- 2j3(02 1 

f These equations do determine X and n, smce their detemunont is 
Rlw,Im<i)| — Im<i),Rlait = |<u, ai||smarg(<>it/<i)j), 
and this, by hyiMthesis, is not zero. 
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here I and m denote integers or zero, and 

0=^a<l, 0<i8<l, 

a and p not being simultaneously zero Evidently the number 

ioujji -(- 2j8(t>2 

is itself a period. We now see that neither a nor jS can be zero; 
for if )8 were zero, a would not be zero, by hypothesis, and f{z) 
would have periods Zwi and 2aca>i This is impossible, by § 13 12, 
since 2<di is given to be a fundamental period 

We have thus proved that, corresponding to each period 2ti> 
which is not of the form 2 iaji+ 2 maj 2 , where I and m are integers, 
there exists a point 2 auui+ 2^2 which represents a period and 
lies within the parallelogram with vertices 0, 2u>x, 2 £Ui+ 2 t 02 , 2 a> 2 . 
There can be only a finite number of such points; for, if there 
were an infinite number of them, it is easily seen| that /(z) 
would have periods of arbitrarily small modulus, which is im- 
possible. Moreover, no two periods of the set have the same 
value of jS; for if 2a«ji-f-2)3aj2 and 2a'a)i-|-2j5w2 were two such 
periods, 2|a— a'loii would also be a period, and this is im- 
possible 

We see, then, that there exists a unique point of the set 
2aiaii-|-2j3a)2 for which the value of is least Let us call it 2a>2 
Every period of /(z) can be expressed as a sum of multiples of 
2a;i and 2(U2 For if not, a repetition of the preceding argument 
shows that we can find a period of the form 2(x'u)i + 2p't02, where 
0 < a' < 1, 0 < ^' < 1 But^mce 

2oi'<oj-t-2j3'w2 == 2(a'-t-txj3')wi-f-2j3j8'w2, 

this contradicts the definition of 2w2 We have thus proved 
that if f{z) la an analytic function, other than a constant, which 
possesses periods whose ratio is not real, it is necessarily doubly- 
periodic. 

If 2a> and 2<u' are two periods of a doubly-penodic function 
with the property that every other period is a sum of multiples 
of 2<u and 2w', we say that 2a> and 2a>' form a pair of primitive 
periods. The periods 2<t/i and 2a>2 evidently form such a pair. 
When a pair of primitive periods is known, an unlimited number 


t Cf. $ 13.12. 
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of other pairs can be found. For if we write 

Qj = a(Oi-\-b(o^, Q2 = Caij+dtoj, 

where a, b, c, and d are integers connected by the relationf 
ad— be = 1, then 20^ and 2 Q 2 are also periods Moreover 

As any period is expressible as a sum of multiples of 2aix and 2<d'^, 
it IS therefore also expressible as a sum of multiples of 20^ and 
2 O 2 ; thus 20^ and 2 O 2 form a pair of primitive periods. 

Example. Show that any three periods 2a>i, 2a>|, 2ttig of a multiply- 
periodic analytic function are connected by a relation 

21aji + 2/n<uj+2aa»i = 0, 
where I, m, and n are integers 

13.2. The definition of an elliptic function 

An elhptic function is defined to be a doubly -periodic analytic 
function whose only possible smgular points in the fimte part 
of the plane are poles Before we actually construct special 
elliptic functions, it is convenient to consider some of the 
properties of elliptic functions m general 
Let f{z) be an elhptic function with a pair of primitive periods 
2ioi and 2<02. The imaginary part of is not zero; we sup- 
pose, as we may without loss of generahty, that it is positive.! 
With this convention, the points 0, 2u>i, 2aii-f 2tu2, Swj, taken 
in order, are the vertices of a parallelogram described in the 
positive sense We call it a primitive period-parallelogram of 
f(z), there are evidently an unlimited number of primitive 
period-parallelograms Since, as we have proved, the only 
periods of /(z) arc of the form where m and n are 

integers, the vertices are the only points within or on a primitive 
period-parallelogram w liosc affixes are periods 
Now mark in the Argand plane the points of affix 

2ma»i+2na>2, 

t Evidently the integers a and b must be prime to each other When a and 
b are fixed, c and d can be found by the process of repeated division used m 
determining the ti C M. of t»o nuinbers 

t For if Im((u,/<ij,) IS negative, »c consular instead the pair of primitive 
periods 2<ui and — 2ci;i 
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where m and n take the values 0, ±1, ±2,... . Then the four 
. points Qp g, ^^e vertices of a parallelo- 

gram, which is obtained from the primitive period-parallelogram 
by a translation without rotation; it is called a period- 
paralldogram, or, more briefly, a mesh The Argand plane is 
completely covered by this system of non-overlapping meshes 

The points z+Clpg and obviously he in different 

meshes; if we translate one mesh until it coincides with the 
second, these two points become coincident. Accordmgly we say 
that the point z+Cipg is congruent to the point Then 

since 0,^— Qp,, is a period of f{z), it follows that/( 2 ) takes the 
same value at every one of a set of congruent points The 
behaviour of an elliptic function is therefore completely deter- 
mined by a knowledge of its values in a primitive period- 
parallelogram 

From this it follows that an dhptic function must possess poles 
For if f(z) IS an elliptic function which is regular in a primitive 
period-parallelogram, it satisfies there an inequahty \f(z)\ < K, 
where K is a finite constant But since f{z) repeats in every 
mesh the values it takes in a primitive penod-parallelogram, 
f(z) IS an integral function which satisfies everywhere the in- 
equalitj’ \f(z)i < K, hence, by Liouville’s theorem, it is a con- 
stant 

An elliptic function has only a finite number of poles in any 
mesh. For if it had an infinite number, the set of poles would 
possess at least one limitmg-point, and this is impossible since 
a limiting-point of poles is an essential singularity. Similarly 
we see that an elliptic function has only a finite number of zeros 
in any mesh. 

When we wish to calculate the number of poles (or zeros) of 
an elliptic function in a given mesh, it is inconvenient to have 
poles (or zeros) on the boundary of the mesh But as there are 
only a fimte number of poles and zeros in each mesh, we can 
always translate the mesh without rotation until no pole or zero 
lies on its boundary The parallelogram obtained in this way is 
called a cdl The set of poles (or zeros) in a given cell is called 
an irreducible set 

Example 1. Show that, if /(*) is an elliptic function, so also is 

m. 
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Example 2. Show that all prumtive period-parallelograms associated 
with a given elliptic function are of the same area. 

13.21. The irreducible poles and zeros of an elliptic 
function 

We prove, first of all, that the sum of the residues of an elliptic 
function at its poles in any cell is zero. For if (7 is a cell, the sum 
of the residues of the elliptic function /(z) at its poles within C is 

c 

and this is zero, since the integrals along opposite sides of C 
cancel on account of tlie periodicity of f[z) 

The number of poles of an elliptic function m any cell, each 
pole being counted according to its multiplicity, is called the 
ordcrf of the function The order of an elliptic function is at 
least two, since an elliptic function of order one would have one 
irreducible pole of residue zero, which is impossible. 

We next show that an elliptic function of order m has m zeros 
in each cell, multiple zeros being counted according to their 
multiplicitj’ For if the elliptic function /(z) of order m has n 
zeros in a cell, n—m is equal to the sum of the residues of 
f’{z)lf{z) at its poles in the cell J But/'(z) is obviously an elliptic 
function with the same periods as /(z), and therefore so also is 
f'{z)lf(z), hence n—w = 0, which proves the theorem § 

Finally we prove that the sum of the affixes of the zeros of an 
elliptic function in any cell ( exceeds the sum of the affixes of its 
poles m that cell by a period For if f(z) is an elliptic function 
with primitive periods 2aii and 2 tu 2 , the sum of the affixes of 
its zeros in the cell C exceeds the sum of the affixes of its poles 

there bytt 1 

2irt J f{z) " 

<• 

t It should be observed that the word order has different meanings in the 
theory of elliptic functions and the theory of integral functions 
t See § 6 2 

§ More generally, a being any constant, the elliptic function /(:) of order m 
takes the value a m times m each cell 

II Multiple zeros (or poles) are repeated m these sums accordmg to their 
multiplicity 
tt See § 6.2, Ex. 1. 
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If the vertices of C are t, <+2ttfi+2ctf2, this 

diiference is 


27rt 


(+2(Ui 


f fzf'(z) (z+2u>t)f'(z+2a,t)\ . _ 

J \f{z) f(z+2o,,) r 


t+Sat, 

-J 



(z-f- 2ft»i)/'(z-|- 2a>i)l 


f(Z-\-2{Dj) j 


i-hSlt>t 


/ + Sa>, 


2« J /(Z) J /(2) 

' < t ■ 

= ,\|2u,.[l0g/(2)f*“'-2<.,[l0g/(2)r“') 


dz 


since /(z) and /'(z) have the periods 2a/i and 2 a> 2 . 

Now f(z) takes the same value at each vertex of C Hence 
the sum of the affixes of the zeros of f(z) in the cell C exceeds 
the sum of the affixes of its poles there by 

— {2ni.7ritui — 2n7rtu>2} ~ Snitoj — 2naj2, 

m 


where m and n are integers As 2mwx—2nw2 is a period, the 
required result is now established 


13.3. Weierstrass’s Sigma function 

Let /(z) be a simply-periodic analytic function of period n, 
which has simple zeros z^, Zj,. , z„ and simple poles Pi, Pz,. p„ 
in the strip 0 < Rlz < it. It is easily seen that 

m 

n 8in(z-z,) 
f{z) = g[z)e''» -1 , 

n 8in(2-Pr) 

1 

where g{z) is an integral function of period rr and I: = 0 or 1 
according as m—n is even or odd 

If we wish to exlubit in a similar manner the way in which 
an elliptic function with primitive periods 2u)i and 2 a >2 depends 
on its zeros and poles, we must first construct an integral func- 
tion with simple zeros at the points which is to play a 
part similar to that of sinz in the theory of simply-periodic 
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functions. The simplest function with the required property is 
Weierstrass’s canonical product. 

In order to construct this canonical product, we must deter- 
mine the exponent of convergence of its zeros. If 0 = axg(uju>i), 
we have 

Iwiwi-f-nwjl* = »n*|a)i|®-l-n®ltujp+ 2 m»C 086 |a>ia) 2 l. 

But since 0 <6 < ir, coad = ±/u,, where 0 < /x < 1. Hence 

= ( 1 — /i )(m* la>i p+n** Itug I® )+/i(m hi | ±n | w* | )* 

> ( 1 — 

where a is the smaller of h,| and h 2 |. Similarly we see that 

where b is the greater of h^i and jioji. 

From these two inequahties it follows that the double series 

r 

where summation is extended over all positive and negative 
integral and zero values of m and n, save m = n = 0, converges 
or diverges with the senes 

But it IS easily shown by the integral testf that the latter series 
is convergent when a 2 and divergent when a ^ 2 Hence 
the exponent of convergence of the zeros Q,„ „ is 2. 

It now' follows from the general theory of canonical products^ 
that the doublj’-infinite product 


= ,n' {(.-^)e.p(^^^+g|-)). 


where multiplication is extended over all positive and negative 
integral and zero values of m and n, save m — 7i = 0, converges 
uniformly and absolutely in any bounded closed domain of the 
z-plane w’hich contains none of the points and represents 
an integral function a{z\wi,<on), of order 2, with simple zeros at 
the points This function is Weierstrass's Sigma function. 


t See, for example, Bromwich, Infinite Series (1926), 86. 

t §7.2. 


4111 
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When there is no need to emphasize the parameters and 
on which the Sigma function depends, we shall denote it more 
briefly by a{z). 

It should be observed that a(z) is not an elliptic function; for 
if it were, it would be identically zero in virtue of the theorem 
of § 13 . 2 , and this is certainly not the case 
In the canonical product for a{z) we can arrange the factors 
in pairs, such as 




the second factor being derived from the first by replacing m 
and n by — m and —n But since these two factors interchange 
when we replace z by —z, it follows that 0(2) is an odd func- 
tion of 2 


13.31. Weierstrass’s elliptic function p(z) 

Before w’e show how elliptic functions can be constructed as 
quotients of products of Sigma functions, it is convenient to 
discuss the properties of Weierstrass’s elliptic function p(z), 
which IS very closely connected with cf{z) 

The function log 0(2) can be written as a double series 


l0g<T(2) = log 2-1- 




+Q-- + 




which converges absolutely and uniformly in any bounded 
closed domain D which contains none of the points „ 
Weterstrass’s Zeta funchon^ is defined by the equation 


S(2) = ^logCT(z), 
(iz 


term-by-term differentiation gives at once 



L » . 

f-— 

(Z ^/n,n 



the double series being uniformly and absolutely convergent in 
the domain D, since its general term is 0 ( 1 Q„, „ 1 “®) l(z) is 


t This function is not to be confused with Riomonn’s Zeta function 

f(«) = f »-*. 

1 

which is of importance in the analytic theory of numbers. 
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therefore an analytic function with a simple pole of residue 1 at 
each of the points < 

If we replace m and n by — m and — the series for ^( 2 ) 
becomes , 


Hence 




v'f 1 

1 

1 * ' 


^m.n 


1 

1 

1 


^m,n 



-m. 


BO that ^(z) IS an odd function l{z) is not an elliptic function, 
since the residue at each of its poles is 1 , whereas the sum of the 
residues of an elliptic function at a set of irreducible poles is 
zero 

Weierstrass'sf elliptic function p{z) is now defined by the 
equation 


P(2) = - 


dz 


It follows that (p{z) IS represented by a double senes 

which converges uniformly and absolutely in every bounded 
closed domain containing none of the points Hence g)(z) 
IS an even analytic function whose only singularities are double 
poles of residue zero at each of the points Q„, „ 

To show that ip{z) is an elliptic function, w'e consider the 
behaviour of its derivative when 2 is increased by 2toi or 2<Oi. 
This derivative p'(-) given by the equation 

^ “ 2 

where summation is now extended over all positive and negative 
integral and zero values of wj and n without exception. From 
this, we see that 

2 2 2 

but since the set of points is the same as the set 

this equation becomes 

p'(r-)-2toj) = p [z) 


t Weierstrass, Qes. Werke, 2 (1895), 246-55. 
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Thus p'(*) has flie period 2a»i; sinularly we can show that it has 
the period 2a>t. The function p'{z) is, therefore, an elliptic 
function, for it is doubly-periodic with a triple pole of residue 
zero at each of the points 

Moreover, 2<oi and 2ajj form a pair of primitive periods of 
p'{z). For if not, there would exist a network of period- 
parallelograms, each having a smaller area than the parallelogram 
with vertices 0, 2t«>j, 2 a> 2 ; some of these would evi- 

dently contain no singularity of and this is impossible. 
By integrating the equation 

g>'(z+2(Oi) = p'( 2 ), 

we obtain p(z+2cji) = fp(z)-{-C. 

The value of the constant C can be found by putting z = — cui. 
Since p(z) is an even function and is finite, this gives 

C = — p( t**!) = 0, 

so that 20*1 is a period Similarly 2o*2 is also a period. Hence 
p(z) IS a doubly-periodio function whose only singularities are 
poles, and so is an elliptic function Evidently 2u>x and 2a>2 
form a pair of primitive periods of p{z). 

When it is desirable to put in evidence the primitive periods 
2o>i and 2o)z with which p(z) is constructed, we denote it by 

P(2|Wi,0*2). 


13.32. The pseudo -periodicity of ^(z) and a{z) 

If we integrate the equation p(z4-2o*i) = p(z), we obtain the 
relation , C(z+2<o,) = C{z)+2vi, 

where 2r]i is a constant of integration; putting z — — wi, we 

2r,, = = 2C{a,i), 

since C(z) is odd. Hence — C(coi) Similarly 


C(z-f-2u>2) = ^(z)-f-2Tj2, 

where The numliers rjj and are not both zero, 

for if they were, ((z) would be an elliptic function, which 
we know is not the case The function ^(z) has, therefore, a 
pteudo-jienodicity, in that the function is reproduced, apart 
from an additive constant, when z is increased by a period 
of p(z) 
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The constants r/i and t]2 are connected by the relation 

For the only singularity of ^(2) within or on the cell C of 
vertices — toj, a>i4-a»2, — — co^ — tUg is a simple pole at 
the origin of residue 1 , hence 

27 rt == J ^(2) dz 

c 

= J g(2)-^(2-2a,i)}d2+ f {Uz)-C(z+2<og)}dz 

eOi — tUi — 

tUi + COi 

— 2 rii j dz — 2 r]g dz 

= 4 i}i<u 2 — 47J2CU1, 

which gives the required result 

It IS frequently convenient to make use of the period 2a»j, 
where wi+wg+wg = 0 The pseudo-periodicity of $(2) with 
respect to 2^3 is then expressed by the equation 

C(2+2«i3) = i(z) + 2 r,^, 

where 'ni+'n2+V3 — ^ 

From the Equation {(2+2cui) = ^{z)+ 2 r]i, we deduce by in- 
tegration that 

where j 4 is a constant Putting 2 = — a»i, we have 
A = 

(t(— &> i) 

so that CT{2-f 2coi) = —f^Vii^+«fOa[z) 

Similarly we can show that 

a(2-t-2cu2) = — e-’>»^'+^’ff(2), 
a(2-|-2u>3) = — c*’J»**+"*'a(2). 

These three equations exhibit the pseudo-periodicity of <7(2) 
when 2 is increased by a period of p{z) 

Example. Show that 

ijjWi = ■qiUt—rjgWi = iwt. 
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13.4. The algebraic relation connecting two elliptic func- 
, tions 

We shall now prove the important theorem that if two elliptic 
functions have a pair of common periods whose ratio ts not real, 
they are connected by an algebraic relation. 

Let f(z) and g{z) be two elliptic functions having in common 
a pair of periods 20^ and 2Q2, whose ratio is not real From 
these penods we can construct, as m § 13 13, a primitive pair 
of periods 2a>i and 2<02 with the property that every common 
period of/(«) and g{z) is of the form 2»iwi+2wa>2, where rn and 
n are integers. We are not necessarily supposing that 2 u)i and 
2u2 form a pair of primitive periods for both functions; the 
theorem will still be true, for example, if cu^ and 2b>2 are a 
primitive pair of periods of f(z), and and cu^ are a primitive 
pair of periods of g{z). 

Denote by a^, Oj, , a,„ the points in the parallelogram with 
vertices 0, 2<t)j, 2uti+2a)2, 2i02 which are poles either of f(z) 
or of g(z) or of both functions Let p, be the order of the pole 
at o,; if Of is a pole of both functions, let p, be the greater 
order. 

We now consider a polynomial F{$, ■g), of degree n 111 ^ and -g, 
which has no constant term, such a polynomial involves 
^71(71+3) arbitrary constants The function 

0 (2) = F{f{z),g(z)} 

is, therefore, an elliptic function of primitive periods 2a»i and 
2<i>2, having poles at some or all of the points a,. 

Since the order of the pole a, cannot exceed np^, we can make 
the principal part of <I>(z) at each pole identically zero by 
choosing the ^71(71+ 3) coefficients to satisfy a certain set of 
7 i(/ii 4-/*2+ -\-Pm) homogeneous linear equations If 

W + 3 > 2(Pj+/X 2+ +Mm)> 

there will be fewer equations than coefficients to be determmed 
and so a suitable set of coefficients can always be found f But 
if the coefficients are chosen m this manner, <I>(z) is an elliptic 

t In some cases it is possible to find suitable coefficients by taking 
n+3 = 20i,+#i,+ +itm) 

An example of this is provided by the differential equation of $ 13.41 
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function without singulanties and is therefore a constant. In 
other words, there exists a polynomial rj) such that 

is a constant, which is the required result. 

13.41. The differential equation satisfied by p(z) 

It follow’S from the general theorem of § 13 4 that there exists 
an algebraic relation connectmg the two elhptic functions p( 2 ), 
p'(z), since they have the same primitive periods and 2 a >2 
This relation, which we shall now determine, is a differential 
equation satisfied by the function p( 2 ) 

The function p( 2 )— 2 ~- is regular in a neighbourhood of the 
origin and so can be represented there by a power series 

p(z)-2-- 

0 

It follows from Tajlor's theorem that all the odd coefficients 
® 2 n+i vamsh and that 

Qo = 0, 02 = 3 2 ' “4 = 51 ' 

and so on Thus 

p(2) = z~-+a2z-+atz*-r0{z«), 

where 0(z") denotes a function which is regular in a neighbour- 
hood of the origin and has u zero of order n at the origin. 
From this equation it follows that 

p'(z) -2z~^-^2a.iZ+ia^z^-\-0(z'^) 

We now construct a jiolynoniial in p(z) and its derivative 
which is regular at the origin To do this, wc observe that 

p3(2) = 2-«-K3a22-H3O4+0(2=), 

p'^(r) - 42-«-8a22-2-16a4-fO(2-). 

whence 

p'-'(2)-4p*(2) = -20a.,z-^—28a^+O{z^) 

= -20o2P(2)-28a,-f 0(22). 

We have thus proved that the function 


0(2) - p'2(z)-4p3(2)-(-20o2p(2)+28a. 
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is regular in a neighbourhood of the origin and has a double 
zero at the origin. 

Now <l>(z) is an elhptic function with periods and 2at,. 
Hence it is regular in a neighbourhood of each of the points 
But as the only possible singularities of <l>(z) are the 
points ^(z) is an elhptic function with no singularities, 
and so is a constant. The value of this constant is zero, since 
<&(z) has a double zero at the origin. Hence p(z) is a solution of 
the differential equation 


= 4p®(2)-20fl2p(z)-28a4, 

where 0^ = 3^' «4 = 5 2' 

For many purposes it is more convenient to write 

g, = 20a, = 60 2' g, = 280, = 140 2' 

the constants g, and g, being called the invanantsf of p(z) We 
have thus proved that u' = p(z) satisfies the differential equa- 

(_) = 


Example 1. Show that w = iJ(z) satisBes the differential equation 
dhvjdz* = flu.’*— 

The function p{s)— 2 ~* possesses a Taylor expansion of the form 
p( 2 )-S-’ = Ci 2 *TCtZ‘+- • + c„**"-r 

valid near the origin. Show that the coefficients are connected by the 
relation („_2)(2n + 3)c„ = 3(CiC„_,+c,c„_,+ . +c„_,c,) 

for n = 3, 4, 5, .. . Hence prove that c„ is a polynomial in g, and g, 
whose coefficients are positive rational numbers. 


Example 2. Prove that 

a(z) = 2+6i2*+6g2’+ +b,2*"+*+ , 

where the coefficients 6, are polynomials in and g, whose coefficients 
are rational numbers. In particular, show that 

= -gt/240. b, - -y,/840. 

Example 3. Show that 

o(Az|AcU|,Auij) = A(7(z|ui|,CUg), 

{(AzlAoii.Ato,) — A~*{(zlaii,tii,), 

p(AzlAw„Aw,) - A“*p(zlw„w,). 

Prove also that the invariants of p(Az|Abii.Acii,) are A~*£rii A'Va* 


t Hie reason for the name will be evident after reading { 13.7. 
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13.42. The constants e^, e,, and e. 

We shall now show that, if and g^ are the invariants asso- ■ 
ciated with p( 2 ), the tliree roots e^, ej, and of the equation 
iv^—g^w—g^ — 0 are all distinct. 

To prove this we make use of the fact that e,, and are 
the values taken by p{z) at the points where its derivative 
vanishes. Now since p'(z) is an odd elliptic function, we have 

p'(cux) = p'(oji—2toi) = p'(— toi) = — 

and so p'(z) vamshes at similarly it vanishes at wg. But 
p'(z) is an elliptic function of order 3 with a triple pole at 
each of the points „ , consequently the sum of the affixes of 
its irreducible zeros is a {leriod. Since tui+w 2 +<iJs — 0, the 
points wj, ojg, and toj form a set of irreducible zeros of p'(z). 
It follows that 

^1 ” P(‘*'l)> *2 ~ p(‘"2)> ~ ^(<** 3 ) 

are the three roots of the cubic equation in question. 

Now p(s)— being an elliptic function of order 2 with a 
double zero at s = <oi, cannot vanish at any other point in the 
primitive period-parallelogram, in particular, # Cj and 
^ Cs Similarly we can show that ^ Cj, so that the three 
constants fj, Cj. and tg arc all distinct 

13.43. The solution of a differential equation 

Let us consider the problem of hnduig the function w defined 
by the differential equation 

^ = (iu^-gtw-gg)^i^, 

UAr 

where gg and g^ arc given constants This problem can be pre- 
sented in a somewhat different form; : is given as a function 
of w by the equation 

s-ra = J (4^®— p.u’— 

where a is a constant of integration. If we could carry out the 
integration and solve the resulting equation, w would be deter- 
mined. 

If the discriminant gf— 27gJ of the cubic g. 
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vanishes, the cubic has a multiple zero, Wg say, and the integral 
becomes 


“ J (w— tt'o)(w— U'l)*'-’ 


which can be evaluated by the elementary methods of the in- 
tegral calculus It follows that, in this case, z can be expressed 
in terms of w by means of the elementary functions of analysis. 

If the discriminant of the cubic is not zero, the cubic possesses 
distinct linear factors We shall show that, if we can find two 
numbers tui and who.se ratio is not real, such thatf 

the integral can be evaluated^ bj- means of the transformation 
w = 

Assummg, then, that wj and t 02 have been found, we have 

= J mA0-92i->iC)-y3}-^'HA0d^ 

= ± f - ±1 

and so «■ = plC.wpWj) — t*>i. u>j) 


In particular, | (iu'^~g 2 U'—y 3 )~^'‘ dw 

tr 

is equal to z-i-Q,„ „, where z is the point at which p tuke.s the 
value u' The period depends on the manner in which 
the path of integration loops round the branch-jioints e,. c^, and 
Cj of the mtegrand 


13.5. The addition -theorem for p(z) 

The elliptic functions p(u) and p(M-r-? ), regarded as functions 
of the complex variable u, have the same ]>air of primitive 
periods and so, by § 13 4, are connected by an algebraic relation. 
To determine this relation we consider the function 
/(2) = p'{z)-hAp(z)^B, 

where A and B are constants This is an elliptic function of 
order 3, with a triple pole at each of the points it has, 

t The existence of such numbers W|, w,. when — 2'lgl is not zero, is proved 
in § 15 31. 

{ It cannot, however, bo evaluated m terms of the elementary functions 
of analysis. See, for example. Hardy, Integration oj Functiont oj a Stngle 
VariaUi (Cambridge tract, 1906) 
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therefore, three irreducible zeros, the sum of whose affixes is 
a period. 

Now if u and v are such that none of the numbers u, v, 
is a period of p(z), we can choose the constants A and B’ao 

tp'{u)+Ai4u)+B = 0, 

p'{r)->r A(f>{v)+B = 0 

When this is done, the function f{z) has simple zeros at the 
points congruent to u and v, the third irreducible zero is there- 
fore congruent to —u—v. Hence we have 

ij'( — u—v)+Ap(—u—r)+B = 0 

Eliminating A and B from these equations, we obtain 

p(v) p’(u) 1 

^ p(») p'(i) 1 = 0 

p(u-ri) -p'(u-hv) 1! 

Now tJie denvative.'j oecurnng in this equation can be expressed 
algebraically in terni'i of (•)(«), p(f), p(u~^v) by means of the 
differential equation foi and so we have really expressed 
(j(M + e) algebraicalh in terms of p(u) and p(r) 

An analytic function F(z) is said to possess an addition- 
theorem if there exists a formula which expresses F(u-^v) alge- 
braically 111 terms of F(u) and F{i ) Although we only set out 
to express p{u^r) algebraically in terms of p(u), we have 
actually proved the inqiortunt rc'<ult that (>(:) possesses an 
addition -theorem It should be noticed that Weierstrassf 
proved in Ins lectuies that a function F[z) which possesses an 
addition-theorem is eithei an algebraic function of z, or an alge- 
braic function of explffii w). where oi is a suitably chosen con- 
stant. or an algebraic function of p(r toi luj). tuj and being 
suitably chosen 

An alternative form of the addition-theorem for p(z) can be 
obtained by considering the elhptic function 
F(z) - 

ip^{z)-A'-p-(z)-(2AB-rg^)p(z)~{g^+ &), 

t An account of Weierat rasa’s lectures is gi\en by Schwarz, Formiln und 
Lehraatte zum Utbrauche der elliptmchin Funkttonen (Berlin, 1893) The 
theorem to which ha\e just roforreU is stated there without proof. Proofs 
have been published by I’hrugnien, Arta math 7 (1885), 33-43, Koebe, Berlin 
liuaertation (1900), and Falk, A’oea Acta Sac I'psal (4), t (1907) 
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where the constants A and B have the same values as before. 
This is an elliptic function of order 6, with six irreducible zeros 
at the points ±«, ±i), ± («+»)• Since p(z) is an even function, 
it follows that the cubic equation 

4p3—A-p’‘—(2AB+g2)p—lgs+B^) — 0 
has the three roots p(u), p(v), and p(u+r) From this we 
deduce that plv)+p(v)+p(u+r) = iA^-. 


But if we solve the equations defining ..4 and S, we obtain 
A = 

p{u)-p(v) 


Hence we have 


p(u+v) 


1 

4 


p(n)-p(v) 


^-p(u)~p{v), 


a relation which expresses p{u-\-v) explicitly in terms of p{u) 
and p(t'). 


Example 1. Prove that the functions 

(l) /(*)-.= io{z) p'(z) 1| 

iJ(ac) iJ{3L) 1 , 

Ip(s-a) ll 

are elliptic functions with no singularities Deduce the two forms of the 
addition-theorem. 


Example 2. Show that 




(This result is called the dupltcalion formula for lo(£) ) 
Example 3. Prove that, if 

p(«) = p{v) =- p,. p(w) = 

where «-|-v-|-w = 0, then 

(Pi+Pi+PiK^iPiP»-9j) (PiPi-^PiP«-PiPi-ril/t)*. 


13.51. The formula for p{z+wi) in terms of p(z) 

By the second form of the addition-theorem for p(z), we have 

P'Hz) 


p{z)-ei 
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p(z ) — 

= 4+^2^—p(^)(es+e3) 
p(z)-ei 

But since e^-f ej+Cj == 0, this relation can be written in the form 

p{z+a>0-e,+ . 

Similarly we can show that 


13.6. The expression of an elliptic function in terms of 
Sigma functions 

In the next few jiuges we shall consider the problem of 
expressmg a general elliptic function in terms of the periodic or 
pseudo-pcnodio functions of Wcierstrass. The simplest method 
IS to express such a function us a quotient of products of Sigma 
functions, the resulting expression being analogous to the 
formula „ „ 

!7(z)f'*- n Mn(=- =,)/ n sin(z-p,) 

r -1 ' r- 1 

for a simple -periodic function with assigned zeros and poles 
Let us consider an clliplK' function f{z) of order n and 
primitive pt«nod& 2aj,, of which I'n ® of irre- 

ducible zeros, a multiple zero lieing repeated in the set according 
to its order If p^, p,. , p„-i. pi, is n set of irreducible poles, 
a multiple pole being repeated according to its order, we know 

3 i + Z 2+ +=„ = Pl+PsT — +/>„_l+Pn+f^, 

where Q is a {icriod If we replace by p„, we obtain a set 

of irreducible poles p,, pj- - i’m of whose affixes is equal 

to the sum of the affixes of the given set of zeros. 

We now construct the function 
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which has the same poles and zeros as /(z). Hence f(z)IF(z) is 
, an integral function. But, by the pseudo-periodicity of a{z), 
we have 

F{z+2o}^) ^ exp{2»?i(2— 2j^-f Oil)} ^ , 

F(z) exp{2iji(2-p,+a»i)} 

so that F(z) IS of period Similarly 2u>2 is also a period. 
Hence F{z} is an elliptic function This implies that f{z)/F{z) 
is an elliptic function with no singularities and so is a constant, 
A say We have thus proved that 


f(z) ^AT] 

1 I ff(2-p,) 


p-1 


a formula which exhibits the manner in which the elhptic func- 
tion f{z) depends on its zeros and poles 


Example, /(z) is an elliptic function of order n, with irreducible 
zeros 2,, and irreducible poles pj, p,, , p„ Show that, if 

2|-l-2|-r =- pf^Pf-*- -f-p„ -|- 2/cO| t- 


i> 

then /( 2 ) = .4 J~| 

r-l 

where A is a con.stant 


g( g-gr) 


13.61. A formula for p{r)— p(a) 

As an example on the thconmi of § 13 6, we shall exprc.ss the 


elliptic function 


F{z) = p(z)-p(a), 


where a is not a period, as a quotient of products of Sigma 
functions 

We suppose, in the first instance, that 2a is not a period 
Then F{z) is of order 2, and has a pair of irreducible simple 
zeros at and —a Since F{z) has a double pole at the origin and 
all congruent points, it follows at once that 


(r(z) 

where A is a constant 

To determine the value of A, we consider how' the expressions 
on each side of this equation behave near the origin For 
sufficiently small values of |z{, 

p(z)-p(a() = z-*— p(at)+0(z2). 
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Moreover, by Taylor’s theorem, 

a{ 2 +Q() = a{ai)-\-Za'(ot)-\-0{z^) 
and ff(z — a) = — a(a()+ZCT'(at) + 0 ( 2 ®). 

Using the result of § 13.41, Ex 2, it follows that 
g(z— tt)g(24-a) _ g^(a) I 

g*(2) 2- 

Equating coefficients of 2 “- in the equation 

we find that J — — 1 a-(-x) We have thus shown that 




g{2 — Tl)g(2-1- i) 

ofi{z)a^(x) 


provided that 2 v is not a period 

The expressions on each side of this equation are, how- 
ever. analytic function.s of a, regular save when a is a point 
of the set „ Hence, by the principle of analytical con- 
tinuation, the formula holds provided that a is not a penod 
of p( 2 ) 


Example 1. Prove tiiat 


(1) <5'(J) 
Deduce that 


g(2i) 




g(g— a)|)g(s — a>,)g(s — uj,) 




a(2s) - 2!g(i)o(c - toi)<T(2— <o,)g(s— CO,)} {a(tOi)g(co,)a(<o,)}. 

Example 2. Sliow that 
g(2s) 
g(:) 


2g'’(c) — 3o{s)g'(:)g'(t)-^g*(£)g"(5) 


13.611. The functions {p( 2 )— 

We now define {(•!(:)- Cr}**" meaning that square root 
which has a simple jiole of residue 1 at the origin Smce the 
prineijial part of ^)'(r) is — 2 / 2 ® near the origin this defimtion 
implies that 

p'(2) -2U.)(2)-e,p{f.)(2)-e,}i/={v>(2)-e3)V->. 

In order to express {p(r)— explicitly in terms of Sigma 
functions, w-e write a — —to,, in the formula of the last section 
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and obtain 


_ _ a{z—o>f)a(z-\-mr) ^ o^jz+otr ) 


by the pseudo-periodicity of a{z). Hence we have 

A consideration of the behaviour of the function near the origin 
shows that the upper sign must be taken, and so 


We see from this formula that {^( 2 )— has simple poles at 
the points n„ „ and simple zeros at the points 
In particular, we shall always understand by (e,.— the 
value taken by {( 0 ( 2 )— at the point thus 




o(a>,Mw,)' 


Example 1 . Prove that {p( 2 )— * 1 }''* »s an elliptic function of periods 
2cui and 4wt and of order two, which has 0, 2a>| as a set of irreducible 
poles and ai|, <Aii + 2o}f as a set of irreducible zeros Determine also the 
correspondmg results for {p(r)— e,}*'* and {p(s)— e,}*'* 


Example 2. Show that 

^ (et-e,)*/' =r. i(fj -?,)'/», 

(es-ei)’‘= i(e, 

Example 3. Prove, by using Sigma funrtions, that 
#)(i<o,) == e, + {(e,-e,)(f,-c,)}‘/= 
p(Ja)i + <u,) e,-{(ei-e,)(e,-e,)}'''* 

Example 4. Prove the formula of § 13 51 by expressing 

in terms of Sigma functions 
Example 5. Show that 

(o'{z+ toi) _ _ m(toi,)-if)(ta,)i* 
p'{z) ' i ' P(s)-P(aii) 1 ■ 


13.612. The functions af[z) 

By the introduction of the functions 

0,(2) = e-ir*-! Z—--' 

Or(<l>,) 


(r=-- 1,2,3), 
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the formulae of the preceding section take the simple forms 




gr(z) 

a(2)’ 


{er-e,YI^ 


a{w,) ’ 


which will prove to be of great importance in the theory of 
Jacobi’s elliptic functions. 

The function 0,(2) is an integral function with simple zeros 
at the points o),+i 2 m,n- Moreover, it possesses pseudo-periodic 
properties analogous to those of a(z), these are expressed by 
the two equations 


<7,(2 -f 2 £o,) -= 

where r ^ a The proof of these formulae is left to the reader. 


Example 1 . Prove that a,{z) w an even function and that its Taylor 
expansion is 

Example 2. Show that 

(I) o?(2)-(rJ(s) - (<r,-f,)cr*(2), 

( 11 ) (e,-P,)o?(j)4-(<',-r,)a3(s)-i-(fj_e,)c,5(2) = 0. 


13.62. The expression of an elliptic function in terms of 

Zeta functions 

It can be shown that, if f{z) i.s a simply-penodic function of 
period IT whose only singularities in the strip 0 < Rlz ^ w are 
simple poles pj, pj. • . Pn of residue c^, Cj, , c„ respectivelj', thent 

/(=) = 5'(:)+ 2rrCOt(2-p,), 
r-l 

where g{z) is a simply-jK>riodic integral function. We now pro- 
pose to determine the analogous formula in the theory of elliptic 
functions, w’hert' Weiorstraas’s pscudo-jx'riodic function ^(2) 
plays a part similar to that of cot z in the simpler theoryj. 

Now although ^(z) is not an elliptic function, we can easily 

t iSco Ex. 42 on p 157. 

X {(:) U the logarithmic derivative of a{z), just as cotz is the loganthinie 
derivative of sin z. 

4111 


Bb 
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choose the oonstents so that 

<^( 2 ) = ^a^C{z-Pr) 

r-1 

is doubly-periodic For 

= 2i?,io, = 0. 

r— 1 

if a, is zero; similarly 

^(2+241)2) — <f>(z) = 0 

Thus ^(2) is an elliptic function with simple poles at the points 
of the set Pr+^m,„ 

Using this result, we can express any elliptic function in 
terms of Zeta functions and their derivatives if we are given 
a set of irreducible poles and the principal part of the function 
near each pole 

To prove this, consider an elliptic function f{z) of primitive 
periods 2<ai and 2a>2, having a set of irreducible poles pj, p„. 
p„. If the pnncipal part of/(s) in the neighbourhood of is 

n 

we must have 2 *** 1 

k 1 

since the sum of th<* residues of f{z) at a set ol irreducible poles 
is zero It follows, as we have Just seen, that 

i ak.iUi-Pk) 

A“1 

is an elliptic function. 

We now construct the function 


* fl 

F{z)=f{z)- y y 


z, z. 

*- l *-1 


where denotes the sth derivative of 5(2) If we n'nieniber 
that 5^‘’(2) — - p(z), we see at once that F{z) is an elliptic func- 
tion. It is, moreover, an integral function, Miice the princijiul 
part of F{z) at each irreducible |>olc has been made identically 
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zero. Hence, by Laouville’s theorem, F[z) is a constant, A say. 
Thus the function /(z) can be expanded in the form 

n m* 

f ( z ) =^+22 

^1 a^l ' ' 

This result is of particular importance when we wish to 
integrate an elliptic function It gives immediately 


jm 


dz = Y A)+ 

k»l 


n mk 


where B is the constant of integration. 
Example 1 . Provo that 
P'(i) 

Dediioo thatt, if m - r t « - 0, 


2C{2--a)-2;(s)-2J(a) 


C(v) = 0 

Example!. Proxothat 

(0(3-»)p(i-/3) . (^fih)fj3)~p(a-/3){p(c-a)--p(s-j3)-p(a)-p(j8)) h 

Example 3. Show tliat 

fC- a)-{(c-^)-+(a-/3)-C(2x-2^) 

IS an ollipiio fiinrtion of poiiod-. 2€i>, and 'Zw^ Pro\f' that it is equal to 
a{z- 2i[ - 2/3 - a) 

0(2/3- 2a)o(; - i)o(i— /3) 


13.63. The expression of an elliptic function in terms of 

kHz) 

US von.sidcr. in the tirst instance, an even elliptic function 
of primitive periods 2a»j and 2aij, nhich is regular and non-zero 
at each point ol the set i2„, The order of such a function is 
neeessaiily an even inti'ger, 2k say 

Now if z. Is a zi'ivi of /(r) in a certain cell, the point in the 
cell congruent to is also a zero of the same order as Wo 
can, therefore, clioo.se k zeros z^. r ,. . . Z/^ in tins cell, each 

f This result IK u quasi addition theorem for {(:), It is not a true addition 
theorem, siiire {'(;) ih not nil nlgebrnic function of i{z). 
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multiple zero being repeated according to its order, in such a 
,way that they, together with the points in the cell congruent 
to —Zi, —Z2,:; — 2jfc, form an irreducible set. Similarly we can 
choose k poles p^, Pi,..., Pis,«i that they, together with the points 
of the cell congruent to —Pi, — P2»— » —Pk> form an irreducible 
set of poles. 

When the zeros and poles have been chosen in this manner, 
the function u 

= TT ^(g)— P(gr) 


F{.z) 


}.t P(2)-P(Pr)’ 


where fp{z) has primitive periods 2u>i and 2a>2, is an elliptic 
function having the same poles and zeros Hence f{z)IF{z) 

is an elliptic function with no singularities and so is a constant 

A. Thus fe , ^ , , 

T—r 


^ l_| p(z)- 


•p(Pr) 


We next remove the restriction that /(z) is regular and non- 
zero at each of the points If f{z) has a pole (or zero) at 
the origin and congruent points, such a pole (or zero) must be 
of even order. Hence, if the jiositive or negative integer « be 
suitably chosen, f{z){p{s)Y is an even elliptic function which is 
regular and non -zero at each of the points and so is expres- 
sible in the above form. We have thus proved that an even 
elliptic function of periods and 20*3 can be expressed as a 
raiumal function of p(z[wi,w2) 

From this it is easy to deduce that an elliptic function of 
primitive periods 2cui can be expressed in the form 

F(f)(2)}-fp'(z)0{p(z)}, 

where p{z) has the same primitive periods and 2ai2, and F(X) 
and 0 (A) denote rational functions of A For any elliptic function 
f{z) can be written in the form 


fiz) - mz)+f{-z)}+l{f{z)-f{-z)}. 

The first term on the right-hand side of this equation is an even 
elliptic function, and so is a rational function of p(z). 

The second term is, however, odd, but since p'(z) is also odd, 
m)-A~ z)},'p'(z) IS even, and is, therefore, a rational func- 
tion G(p(z)} of p(z). The result stated now follows immediately. 
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An important consequence of tliis result is that every eUiptie 
function posaeaeea an addition theorem. For an elliptic functioq 
/(z) is, as we have seen, expressible in the form 
/(z) = F{p{z).p'(«)}, 

where F denotes a rational function. Hence, writing 

P'(^)=Pu P{v)=pa, #?'(») = Pi. 
we have F(Pi.pi). (i) 

f{v) = F{pi,pi), (ii) 

f{u+v) = F{p{u+v),g}’{u+v)}. 

But by the addition theorem for p(z), we can express p(«+») 
and p'(«+i’) as rational functions of pi, p^, pi, and pi, and so 

f{u+v) = G(pi,])z,pi,pi), (iii) 

where G denotes a rational function If we now eliminate 
Pi> Piy Pv pi equations (i), (ii), and (iii), by the 

aid of the identities 

pi'^ = tpf-ffzPi-u pi^ = -iPs-ffiPs-ffs. 
we obtain an algebraic relation connecting /(u+v), f{u), and 
f(v); this proves the theorem. 

Example. Show that 

J0(:-a)-J0(s-ra[) = p'(s)iJ'(ai){p(s)-p(<x)}-*. 

13.7. The evaluation of elliptic integrals 

An integral of the form J F{t , «) dt, w here F denotes a rational 
function^ of I and «, and where 

V- — a,,<‘-f-4<iif®+(ia2<-H-4a3<+04 

IS a quartic or cubic function of t without repeated factor, J is 
called an elliptic integral For example, the integral 

r (1— 

“J 

which IS equal to the length of arc of an ellipse of eccentricity 

I It must bo gciiumoly a rational function of ( and u, and not a rational 
function of t and u'. In the latter case tlio uitegral can be expressed in tenna 
of the oleinontary functions of analysis. 

J If u* has rejicatod factor, wo can etaluate the integral by means of ola- 
roentoiy functions See Hardy's tract cited on p. 362. 
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k and major axis 2a, is of this it is from this fact that the 
olass of elliptic integrals derives its name. 

We shall now prove the important theorem that any elliptic 
integral can be evaluated in terms of Weierstrass’s periodic and 
pseudo-periodic functions, combined with the elementary func- 
tions of analysis. The first step in the proof is to transform the 
integral into a canonical form 

J 0{w,v)dw, 

where 0 denotes a rational function of w and v, and 

where ^—21g% is not zero 
Let us consider how the expression 

behaves under the transformation x — IX -{-mYyy — l’X-\-tn' Y, 
where A = Im’—l’m is not zero The quantities 

gf, = 4aiOs-|-3a|, 

®o ®i 

^3 — ®1 ®2 ®3 

®2 ®3 ®4 

are known to be invanantsj' with respect to this transformation. 
This means that, if 

and if Oj and Gg are the same exprc.ssions in tlic coefficients 
Ag as ^2 and ?3 are in a,, then G^/^ ^*g 2 and G^ — A^s More- 
over, since / has no repeated factors, gi— 27g| is not zero We 
now show that the transformation can be chosen so that Ag 
and Ag vanish. 

It is easily seen that Ag vanishes if / = I'tg. where ig is a root 
of the equation 

<^(i) =: aof‘-|-4aj<®-i-6a2/''-|-4a3<-r04 = 0 
When ig has been chosen in this way, Ag vanishes if the ratio 
of m to m' is given by 

^TO*+(6^i-2fo0;W-i-(fg^-Wo^)m'* = 0, 
t See, for eseinple, Elliott, Algebra of Qvantie* (Oxford, 1913), 8, 21. 
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where denotes the value of d<l>ldt when t — tg, and similarly 
for Hence 

m — m'ig, or 6^i). 

The first value of m:m' provides a trivial transformation 
which makes A zero. Since is not zero by hypothesis, the 
second value is non-trivial and gives the transformation 
a: = tg{X+\Y)- Y, y = X+\Y, 
where 6A = The corresponding value of / is 

4A^X^Y-r4:AgXY^^A^ Y\ 

where A^ = —\ 4 o Since A = 1. the invariance of and 
gives the other coefficients Ag — —Ig^lAg, A^ = —g^lAl. 

If we now write t — ty. X — wYjA^, vre find that 

yV(0 - / - ^2“'— 

whe,^ ,= 1(„.+A^.), , = 

Finally, if we sub.stitutc for y in terms of Y and replace the 
values of A'^ and A, we obtain 

»— g3)> 

«4ro/ 

where < = ^0+ 

W’-244 

With this change of variable, the general elhiitic integral is 
brought to the canonical form 

I G{w,r)dw, 

where G denotes a rational function of tv and t\ and 
r- 4ic^— j 72«'— j/3, 

where 27gi| is not zero Assuming that we can determine 
numbers and wj whose ratio is not real, such thatf 

g2-00 2'I2-i. ^3= 

we make the transformation ic — p(c;coi.to2), which gives 
j G(«c,t)<fu> = j G[io{z),iAz)}io'(z)dz. 


t A proot of the validity of this oasumption is given m Chapter XV. 
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Ab the integrand is now an elliptic function of periods and 
Sug, it can be evaluated in terms of Weierstrass’s periodic and 
pseudo-periodic functions by the method of § 13.62. This proves 
the theorem. 

Example. Prove that, m the above notation, the equation 

implies that t = 

REFERENCES 

H. A. ScHWABZ, Formeln und Lehnatze turn Qebraueht der eUtpttachen 

Funktumen (Berlm, 1893). 

J. TaNKEBY and J. Molk, Foncttone Mipttguea (Pans, 1893-1902). 

MISCELLANEOUS EXAMPLES 

I. Prove, by the use of Liouville's theorem or otherwise, that 
p(*) = io(2t)+{iJ(22)~e,yl*{fi(2z)-e,yi*+ 

-|-{ia(2«)-e,}‘/«{(j(22)-e,}‘/H{M2*)-e,}‘/«{p(2*)-e,}‘/*. 
Deduce that 

= -2(ei-e,)‘/«(ei-«,)'/*{(e,-e,)‘/*+(e, -«,)>/•). 

2. Show that, if 3ai be a penod of p{z)t 

{P(*)-p{a)}{P(*-fa)-P(«)}{p(*-f-2a)-p(a)} = -p''(a). 

3. Prove that.t if Zi+Zf+Zg+Zf = 0, 

n {P(2r)-ei}‘'’+(e,-e,) H {P(*,)-e*)‘'H 

f-1 r-1 

r-l 

= -(ei-«i)(ei-«»)(ei-e,). 

4. Prove that, if a+p+y = 0, 

(fXPWlY)~fp'(PmY) ^ P(y)P'(«)-p^(y)P(a) ^ P(«)P'03)-p 7 tt)P(/g) 
P(^)-P(y) p(y)-p(«) p{a)-p(^) 

= l{p'(a) + P'03) -t- p'(y)} + i{p(a) + p[fi) -f p(y )}»/« 

= {4p(a)p03)p(y)-^,}‘/*. 

6. Show that 

P'(2)P'(* + Wi)P'(2+«,)p'(*+W,) = ?J-27fi(J, 
where and are the invanants of p(r). 

t The simplest method is to write s, >s =s a, s n, y—t, where 
o+Z^+y iind then to regard the expression on the left-hand side as an 
elliptio funotion of s, whilst oi, ft, and y are constant parameters. 
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6. Prove that, if n is an integer, p{nu) can be expressed as a rational 
function of f3(u). Show, m particular, that 

(0 PIS«)- • 


(u) + 


where 0 == p'*(u)[f3(u)— j3(2u)]. 

7. If 

F(z) = a(*+a)<7(s— o)a(6+c)<r(l>— c)+a{*+6)o{*— 6)<r(c+o)a(c— o) + 

+a(z+c)o(z—e)(ria+b)a(a—b), 
prove, by considering the function F(z)/o*(z) or otherwise, that jr(z) is 
identically zero. 

8. Prove that 



1 P(s) 
1 P{a) 
1 P(6) 

P'(2) , 

p'{a) 1 = 

P'lft) ' 

a(z+a+b)a{z- 

-o)a(2— 6)o(a— 6) 


of®{z)o*(a)a*(6) 

Show that 




1 

P(M(|) 

P'(«o) 



1 

P{**i) 

P'(«i) 

P'-“{«i) 


1 

P(M.) 

P'(«j) 

p(»-U(«,) 


1 

P(Wll) 

P'(««) 

p<"-«(u,) 



= ( 


1'2' «'a(Mo+Wi + - • + «•) n »<«*—«(.) 




where the product is extended o\ er all pairs of integers A and p firom 
0 to n, with the restriction tiiat A < /i. 

Deduce that 


io(u)-io[v) p'(M)-p'(f) P'(«)-P'{v)l 


P'(M) 

10. Prove that 


P'(u) 

io'{v) 


P’(«) 

p’{v) 


1 = -12 


(7( 2u + 2 V )(r*(u — V ) 
a»{u)a»(v) 

(Oxford, 1925.) 


P'(«) 

P'(M) 


P'(M) 

P"(M) 


p'»>(u) j 






(KnuncBT.) 
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11. Prove that 
iiTi(2u) iti(2v) (7i(2u>)| 

|<7((2u} cr«(2v) ff|(2ui)l 

I or,( 2 u) tri(2v) ai(2w) ] 

" a*(a>>*(a.,)a«(w,) 


12. Prove that, if the numbers a, j3, y denote 1, 2, 3 m some order, 

(i) a(M+o)o(M— a) — a*(M)oi(a)— aj(u)a®(a), 

(ii) (rju+a)aju-~a) = ai(u)ai(a)-{e,-ei3){e,-e^)&*{u)a*(a), 

(ui) a) = c*(«)<T|(a)— (e,-e3)a*(a)ay(«) 

Deduce the result of Ex. 1 from equation (in) 

(Tann'krv and Molk ) 


13. Prove tliat <T( 3 -.-a),o(a) is equal to 

m.tt 

where multiplication is extended o\er all po'sitive and negati\c mtegral 
and zero values of vt and n without exception 
Deduce that 

. ,xp(- n |(| - 5 iitfb;?)) 


14. Show that, if ^ = e"™"* "i so that ji/j < 1, the function 


Kz) = cxp(U’)s.n(g-) YJ jl-2?*»eos"-*.g«»| 

B' 1 

IS an integral function with the same zeros as (t(z) 

By showing that E(z) (/(z) is an elliptic function without singulaiities, 
deduce that 


o(z) = ^exp(|l±’)sin(g-)f]( 


1 — 2g*" cosTTSicui -t 9 '*" I 


(1-9*")* 


) 


15. Prove that 


a.(*) exp( 2 !£jcos(g-) n 


1 1 -r 29 *" cos TTZ a»i -r 9 *" | 

1 ■ “(U9»«)* /’ 


■’•1=1 - “p(Kj n I 


jl -29*"'‘cosjrs cu, i-g*‘ 


(l-g»»->)t 




I , /’ll rr / • + 29*’*-* cos «/tu, + 9«»-* 1 

11— -(i-te-)- )• 

H-l 



379 


THi: BLUPTIC FUNCnONS OF WEIERSTRASS 

16. Show that, if 1^1 < 1 and 

9. = n (1-9*"). 9i = n (*+9**). 9. = n (i+9*"-‘). 

• *1 H—l 

93 = n (i-9*-‘), 

n-1 

then 9 i 9 t 93 — ^ 

Prove that, if g = 

(ei-«.)‘'» = ^ 9295 . (e.-e3)''‘=-^4g>/*,X. («! -«,)*'» = ^9? 9*,. 

Deduce that iU99i = 9S 

17. Prove that, if uij/uti — tA, whereA is real and positive, then Sj, Cf, e, 
are real, and «,>«,> e,. 

18. Dctomiinc the limiting forms, as A— >■ +x, of the four Sigma 
fimctions vith parameters — tt, oi, — nXi. 


16. Prove that 


2w, ^ T T /i sin‘(jrr'2to,) i 

a(z) -_exp( '-jsm— | [ (l---- 

n-^ I 

— OD 

, . tt* f 1 , V ,‘ir(z—2nw.) 

p(*)=_|--+ 2‘=osec*~_?--2' 


.nTTW. 




cosec" , 

"i » 


20. Prove that a(s|Jai,,ai,) -- expire, 5*)cr(z)(7,{e). 
Deduce that = p(r)+{,i(3-r«vi)— fi- 


21. Prove that «• = piij jtoj.coj) satisfies the difTerential equation 
(^) ^ 4ui»-G,u'-(;„ 

where G, = 60fJ— 4^,. Oj - 14€,9,T-22g,. (Oxford, 1922 ) 

CO 

22 Show that If 4u. - J 

then z+6 = where the invariants of p(u') are j/j - 4(6— a) and 

fft = 0. 



CHAPTER XIV 

JACOBI’S ELLIPTIC FUNCTIONS 


14.1. The construction of elliptic functions with two 
simple poles in each cell 

In the previous chapter we saw that the order of an elliptic 
function cannot be less than two and we considered in detail 
Weierstrass’s function p( 2 ), which is of order two and has one 
double pole in each cell. We now introduce three other elliptic 
functions of order two, which differ from p(z) in that each of 
them has two simple poles in every cell; these are essentially 
the elliptic functions of Jacobi Whilst Jacobi’s functions are 
shghtly more complicated than (p{z), they possess, as we shall 
see, distmct advantages when we w'lsh to obtain numerical 
results in problems involving elliptic functions. 

Let us consider tlie functions 


5(2) = 



D{z) = 


0r*(2)’ 


in the notation of the previous chapter. If we make use of the 
pseudo-periodic properties of a( 2 ) we find that, w'hen z is in- 
creased by 2aj„ 5(z), C{z), and D(z) arc reproduced, save for 
a multipher i 1. as indicated below. 



2u.. 



S{z) 

-I 

t-i 

-1 

C'(z) 

-1 

-1 

+1 

JD(z} 

-1-1 

-1 

-1 


It follows that each of the functions is doubIy-])eriodic, though 
each has a different jirimitive period-parallelogram 

The only singularities of 5(z) are the points at which Ojlz) 
vanishes, and these arc simple poles at the points of the set 
a* 2 -f-QOT,„. Thus 5(z), and similarly C(z) and D{z), are elliptic 
functions 

The three functions are not, however, independent. For since 
4<ui and 4a>2 are periods of each of them, it follows by the 
theorem of § 13.4 that C{z) and l)(z) can be expressed as alge- 
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braio functions of 8{z). The explicit formulae aite easily obtained 
when we observe that 



We find, in fact, that 

C{z) = {1-S^(z)yi^ Diz) = 

I «i— e* / 


the square roots being chosen so that C(z) and D(z) have the 
value -|- 1 at the origin, where S(z) vanishes. 

The latter relation is usually written in the form 


w’here 


D(z) = {l-k^SHz)yi^, 
{e^-e^yi^’ 


k is called the niodvlufi of the functions 5(2), C(z), and D(z). 
Since e^, Cj, and C3 arc distinct, k is finite and cannot have the 
values 0 or ±1. 

Similarly, it must also be possible to express the derivative 
of S{z) algebraically in terms of the three functions Now 


S'{z) - 

and so, by § 13 611, 


(e^—e^yi^o'iz) 

'2{io{z)-e,yi^’ 


S'(z) = 


m-e. 


which gives S'(z) = (ei—t^y<-C{z)D[z) 


From this we deduce that 


C'(z) - -(e,-e3y«i)(2).S(2), 

D'(z) - -(c,-e,)>'-i-=S(2)C(2), 

by using the formulae cxprc.samg C(z) and D{z) in terms of 
8(z). 


14.11. General description of the functions S{z), C{z), and 
I){z) 

The function 8{z) is an elliptic function with periods 4a>i and 
2 ci> 2. the points 0, 4wj, 4«>i+2a>2, Scoj, taken in order, being the 
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vertices of s primitive period-parallelogram. It is, moreover, an 

odd function; for 

Si-,) - = -«(*)• 

since 0(2) is odd and a^iz) even. 

S{z) vanishes only when a{z) = 0, thus the only zeros of S(,z) 
are simple ones at the points of the set „ As two of these 
zeros occur in every cell, S(z) is an elliptic function of order 
two. Similarly the only singularities of S(z) arc the points at 
which 02(2) vamshes, and so are simple poles at the points con- 
gruent to (tig or to 2 cu,-r(Og (mod4toj, 2^2) 

The residue of iS(z) at wa is equal to 


z-^tut ^i\-) o' 2 .(a» 2 ) 


But 02(2) — ^ C’**‘a(a>2— 2) oCtOj). 

and so ff2(t»j2) = —?’)«“'> CTltoj) 

If we remember that 


(f,— ^2)*^*' -- 

we see that the required residue is 


w.i_) 

a(io,)a(w,) 


cr(uJi) afwn-^Wj) ‘ 

Moreover, .‘<ince tlie Mini of the ri'-Mdue" of an eliiptie funetion at 
Its poles in un> cell i.'s zero, the n-Mdue at 2o;, - oj, i-. (e^— 1 ,) 

The function ^(c) howevei i** ohMou'-l,\ an I'ven elliptic fune- 
tion with jicriods 4oi^ ami ' 2 wg The points (i, 4<o,, 4w2 • 2^3. ‘2wa. 
taken in order, are the \ertiees «»f a (innutixe iH'nod-parallelo- 
gram for ('(z). the lattieet of ]M‘rio<l-piiralli‘li>gram.s a.ssoeiated 
with C{z) IS thus different from that of S{z) 'J'he oiil\ zeros 
of C{z) are found to Ih- simple ones at the points of the set 


t The readf r w iwKmed lo <lro» a ciiacran) of tho liilli<r> of iMTiod-parallrlo- 
graiDH at<so<MHtfil with eaih ot the funrtioiiH ,S(:), r(;), aiul />(;) lie ■will nee 
that the thrif liitlii'fH <onsifienfl hero arc not Ihe only iiowilili' oiun, for 
example, wf might hn\r taken the fmiiitMli. 4u>,. 4rM, 2ui,. .fw,Hsthe\ertiee« 
of a pnmitite penoil-parallelourniii of f(c) 

I'he three InttiecH of tH'riutl-fNiralleiogratTUi roiihiiieieil here art' prohahty the 
aunplcat, ainm pa^h la ilen\r<i from the |in>eeiling one h} a rjelie jK'riliutatlOn 
of cii], ti>|, Siul ai|. 
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wi+n.n.n; ^ there are two of these in each cell, C(z) is of 
order two. 

The singularities of C(z) fall into two sets; they are simple 
poles at points congruent to at^ or Swj (mod 4ui2, 2W3). The 
residue at and congruent points is 

lim _ i(ef,—eo)-^iK 

•■*"’1 ^2(2) / ®2(‘"2) + 

From this it follows that the residue at each pole of the second 
set is — 1(^3— 

Finally, as the reader uill easily show, D(z) is an even elliptic 
function with periods 4013 and 2a*i, the points 0, 4a>8, 4a>3+2a»i, 
taken in order, being the vertices of a primitive period- 
parallelogram It has a simple zero at each point of the set 
c«>3-f-Q„ „, ns two zeros he in every cell, D(z) is of order two. 
Moreover, its only singularities an' simple poles at points con- 
gruent to 0)2 or to ojj — 20J3 (mod4o)3. 2o)i). the residue at each 
pole of the tirst set being — 1(62— e.)- 1'*, and at each pole of the 
second set e,) 

14.12. The complementary modulus 

The eomplenientary modulus k' associated with )S(’’), C(z), 
and /J(z) IS defined b} the equation 

- (e,-C2)»/^’ 

and so is connected with the modulus t by the relation 

A Vi-'- = 1 

Moreover, k' is finite and is not equal to 0 or ± 1 
Example. Provo that 

<S(a*i) - 1, C'lwi) — Ot = k', 

S(wt) =-- -1/A, C(a*,) = -ik'/k. D(wt) = 0. 

14.2. Jacobi’s elliptic functions 

The occurrence of the factor (ci— Cg)’/- in the formulae for the 
derivatives of S(z), C(z), and Z>(2) suggests that it would be 
advantageous to change the independent variable from z to u, 
where u = (e^—e2)^z. 



384 JACOBI’S ELLimC FX7KCTI0NS 

Accordingly, wc define Jacobi’s elliptic functionst by the 
equations 

snu = 5{(ei— cnu = C{(Ci— 
dnu = Z){{ei— 

and the identities of § 14.1 now take the simple forms 
cntt = (1— sn*tt)*/*, dnw = (1— ^sn*tt)^/®, 


-^snv = cnudnu, 
du 


■ enu = — dnusntt, 


-r-dntt= — fc®8n?icntt 
du 

If we add 4«»i(Ci— or 4a>2(Ci— e*)''® to u, the three func- 
tions snu, cnu, and dnu are unaltered. Accordingly we call the 
numbers jr ^ ^ 

the quarter-periodsj of Jacobi's elliptic functions. It follows 
fitim § 14 1 that, when u is mcreased by a half-iieriod 2 A'. 2tA'', 
or 2A-f-2iA', sna, cna, and dnu are reproduced, save for a 
multiplier il, as shown below. 


2fA" I 2A'-2»A' 


Finally, the equations defining Jacobi’s elliptic functions now’ 
take the form 

8n{i:z/a,,) = :^-^ cn(A'z'«i,) = ^|. dn(A'r a,,) = 

oil <72(:) 0^(2) a,(*) 

Example 1. Show that 

mO = 0, mK — I, 8n(A-t-iA") 1/fc, 

cnO = 1, cnA' = 0, rn(A-riA') - —ik'/k, 

dnO=t. dnK - dn(A'-» »A") 0. 

t Thia notation u dun to Oudermann (18.18). JM-obi wrote am am w, 
COB am u, A am u for an u, rn v, dn u, ahnn he publwhed his diaoovenea m 
bis FundamerUa Xova Throriae Funrtimum fSlhptirarum in 1829, he regarded 
an «, on w, and dn u as the sine, cosine, and derivative of a function am « 

ftnitt 

dsAaedby the equation J (1 — Jt*Riii'8)-dtcf9 u. Cf. { 14.41. 

0 

l; It ahould be observed that H.\{K'/K) > 0 ainoe Im(«u,/(u,) > 0. 
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Example 2. Prove that Jacobi’s elliptic Amctions have the Taylor 
expansions 

snu =» u— ;?-(l + 14A:*+fc*)M®— . , 
o! 

cnu= 


dnu= l_iA,*u*+i(4i*+*«)u«-..., 
vahd near the origin. 

Example 3. Show that 


K = 


tritOiMwt)' 


K' 




g(cui+t«>^) 

a((Ui)o(cU|)' 


Example 4. Shoiv if T fliHd j ^ 

k = 49>/in {(l+5l»)/(l+gl»-l)}4, 

n»l 


A;' 




11*1 


JC = iv n 

n—l 


tiC' ivT n {(1-9’")*(l+9*^*)*}- 

n*-! 

Deduce that, when r is purely imaginary, the four numbers k, k', K, K' 
are real and positi\e and that k, k' are less than unity. 

Examples. Provo that, { as Imr^ +oo, 

it -► 0. it' -♦ 1 , K-*i7r, A" - log(4/it) 0. 


14.21. The general properties of the functions snu, enu, 
and dnu 


Jt IS convenient at this stage to translate into the new nota- 
tion the properties of 5(2), C(z), and D{z) discussed in § 14 11. 
The only real difficulty is the determination of the residues. 
We have already seen that 


5(2) = - 


1 


(e,-e,)^«(2-u,s) 




t Use the result of Ex. 16 on p. 370. 

X We shall see in i 14 4 that, when k is given, the principal value of r is 
determined, and that, when k -*■ 0, the imaginary part of this principal value 
tends to in^ty Thus ii; 0 implies that K -*• in and A'— log(4/l;) -* 0. 
4111 O 0 
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whete O denotes a fimotion which is regular at z s ai 2 . 
/ollowB that 


snu = 








k(u-iK‘) 




It 


where O is regular at u = iK\ Thus snu has a simple pole of 
residue Ijk at every point congruent to iK' {m(A^K,2iK')\ 
similarly, it also has a simple pole of residue —\jk at every 
point congruent to 2K-\-iK‘. The residues of cnu and dna are 
obtained in the same way. 

We see, therefore, that snu is an odd elliptic function of order 
two with primitive periods 4A' and 2iK'. Its only singularities 
are at points congruent to iK' or to 2K+iK' (mod4A', 2iK'); 
these are simple poles with residues 1/k and —1/k respec- 
tively. Its only zeros are simple ones at points congruent to 
0 or 2K. 

A slight difficulty occurs when we oome to translate into the 
new notation the properties of cnu and dnu. It will be remem- 
bered that the lattices of period-parallelograms of C(z) and I>{z) 
were obtained from that of S(z) by cyclic permutations of the 
parameters W], and cu. In the theory of Jacobi's functions 
there is no special symbol for wjlc,— and a certain lack of 
symmetiy results. We could, if we wished, take the parallelo- 
gram with vertices 0, 4tA’', —2K+2iK', —2K—2iK' as funda- 
mental for cn u. But since every period of cn u is of the form 
4niA-|-2n(A-|-iA"), it is usually found more convenient to take 
the points 0, 4K, 4K-{-2{K+iK'), 2K+2iK' as the vcrticc.s of 
the primitive penod-parallel<^ram of cn u. 

The function cnu is, then, an even elliptic function of order 
two with primitive periods 4A and 2A’'-f-2iA’''. Its only singu- 
larities are at points congruent to iK’ or to 2A'-ftA’' (mod4A', 
2K+2iK'); these are simple poles, with residues —i/k, i;k 
respectively. Its only zeros are simple ones at points congruent 
to K or ZK. 

jEInally, dnu is an even elliptic function of order two with 
primitive periods 2K and AiK'. Its only singular jxiints are 
congruent to iK’ or to ZiK' {m<A2K, UK’ )\ these are simple 
poles of residue — » and -ft respectively. Its only zeros are 
shnple tmes at points congruent to iT-f *A" or K+ZiK’. 
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14.22. Glaisher’s notation for quotients of Jacobi’s func- 
tions 

It is convenient to have a notation for the reciprocals and 
quotients of Jacobi’s elliptic functions. We shall write 

l/snu = nst{, l/cntt = nc«, l/dn« = ndtt, 

snu/cnu = scu, sntt/dna = sdit, cnu/dnu = edit, 

enu/snu — CSV, dnu/snu = dsu, dnit/cntt = dctt. 

This notation is due to Glaisher f 

14.3. The addition theorem 

Since snw, enu, and dni* are elliptic functions, each of these 
functions possesses an addition theorem whose form we shall 
now determine + 

Let us consider the function 

F(u) = cn«cn(M— ot)+.4snu8n(«— a), 

where A and at are constants. It is an elliptic function whose 
primitive periods arc 2K and 2iK'. If a is not congruent to 
K, iK' or K-riK' (mod 2A', 2iA"), each term in F{u) has two 
simple poles in each cell at points congruent to iK' and a+tJf'. 

We can, however, choose the constant A so that the principal 
part of F{u) at xK' and congruent points is identically zero; 
thus F(u) is an elliptic function with only one pole in each cell 
and so is a constant, by Liouville's theorem. Putting ft = 0, we 
see that F(u) -- cna. 

The appropriate value of the constant A is determined by 
observing that, when 'mJ is small, 

F{,u) — cna+wdnasna— «/lsna+0{«*). 

Hence ,4 = dna and so 

cnftcn(«— a)+sntt8n(«— a)dna = cn«. (i) 

This formula is true provided that « is not congruent to iK', 
the restrictions that « is not congruent to A' or K-\-iK' being 
relaxed by an appeal to the principle of analytical continuation. 

t MtMtngtr of Math. 11 (1882), 86. 

} The method of pioof given here is • slight modifioetion of thst of Hufwits 
•nd Counmt. Funitionentheone (3rd edition) (Berlm, 1929). 
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In a similar manner we can show that, when a is not congruent 

fo iK\ 

dnttdn(tt— a)+A:*an«Bn(tt— a)cna = dna (ii) 

If we now put a = «+w in equations (i) and (ii), we obtain 
CjCj— «iS2dn(tt4-w) = cn(tt+w), 
and d^d■^—k^■^^8^QTL{u-^v) = dn(a+r), 


where, for brevity, we have written = sntt, = dn», and 
so on These equations give at once 


cn(«+i;) = 


1 — $2 


dn(tt4-v) = 


1 — 


Finally, writing a = — « in equation (i), we obtain 

Sl<f2®^(“+*’) = Cj— C2Cn(M + »), 


from which it follows that 

Now this last equation can be written in the form 
sn(M+r) -- - - i^k^.sfs 2 


on using the identities connecting the functions sn«, cnw, and 
dntt. This equation expresses sn(«+i') as an algebraic function 
of sn u and sn r, and so is the addition theorem for sn u. Similar 
remarks apply to the formulae for cn(«+r) and dn(M-)-i’) 

We have thus shown that the Jacobian elliptic functions 
possess the addition theorems 


sn(ii+r) = 


snwen vdnv+snrcnttdnw 
1— fc^sn^asn^r 


cn(«+*^) = 


on tt cn »— dn « dn V sn tt sn j; 
1— A:*sn®itsn*w 


dn(it+v) = 


dn u dn v—h^ sn it sn v cn u cn v 
i— ^*sn*itsn^w 


Example 1. Prove that 

sn(«+if) = edit, ca(u+K) = —k'edu, dn(w+iC) = A;'ndu, 
ea(u-\-K+tK') = i:~‘doM, cn{u+K+iK') = —tk'k~'*-nau, 
dn(u+^+tiC') = tk'oou. 
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Example 2. Deduce from Ex. 1 that 

8n(«+tE') = At* MU, on(u+tX') = — tAr'dsw, 
dn(u+*K') = — tcBM. 

Hence show that, when |u| is small, 

sn(«+*E') = ji + L+^’u+..., 

cn(«+tE')= + , 

dn(M+tiC') = — - + ^ - ■tM+ . 

^ s 

Example 3. Provo that 

8n(u4-a)an(M— a) = (sn*it— sn*a)/(l— A:*sn*Msn*a), 
cn(M+ai)cn(«— a) = (cn*a— dn*asn*M)/(l— i'snHtsn'oi), 
dn(u4-a)dn(u— a) = (dn*a— ifc*cn*a8n*M)/(l— A:*sn*U3n*a). 


Example 4. Writmg a, c, d, S, C, D for sn w, cn u, dn u, sn 2u, cn 2u, 
dn 2u respectively, prove that 


c _ 

~ I-IL-V’ 


C = 


Deduce that 


«« = 


1-C 

l+D’ 


l-2s«+ifcV 

® ~ l+D’ 


D .-= 


l-2A:>«^fcV 
'l-A:*s*" ' 


d* = (Glaisheb.) 

l-rt/ 


Example 5. Show thatt 

8n|E = l/\/(l+A:'), cnJE = VA7%(l+^')> dn^JiC = 
Example 6. Prove that 


8n(«+JK) = (1 +*')-*/- 


.fc'snM+cnwdnM 


cn*w+fc' sn*u 


V*:'. 


14.4. Jacobi’s elliptic functions of given modulus 

Weierstrass’s elliptic function 

pw = ^+2 

is obviously a homogeneous function of the three variables z, <ui, 
and wj of degree —2; in particular, the constants c^, Cj, and Ej 
are homogeneous functions of wi and ui^ of the same degree. 
Hence the function 

S(z) = 

f In this result, the branches of the square roots of L' and 1 +1'' are defined 
by requiring them to be positive when 0 < k < 1. 
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is homogeneous of degree zero in %, cuj, and wg, and so is of the 
form T{zju>^, t), where t = wj/wi. But this gives 

As is a function of r alone, it follows that snit de- 

pends only on the independent variable u and the parameter r; 
similarly for cnu and dnu. 

This means that, when r is assigned, we obtain the same 
Jacobian elliptic functions, no matter what pair of parameters 
< 0 ^ and (Og we employ in their construction, so long as the ratio 
topfull is equal to r. 

Similarly the quantities 

I. _ i.> 

K = wiCfij-eg)!'*, iK‘ = tiigK-Cgp 

are functions of t alone; moreover, the exphcit formulae, found 
in § 14.2, Ez. 4, show that they are analytic functions, regular 
when Imr > 0. 

Conversely, when F has a given value c different from 0 or 
1, the Jacobian elhptic functions are uniquely determined. (This 
fact is often emphasized by denotmg them by sn(u,A;), and 
so on.f) To prove this, we need to show that the equation 
(®3~^2)/(®i~«2) = c always has a root t whose imaginary part 
is positive, and also that every root of this equation leads to 
the same set of Jacobian elliptic functions. 

This problem is completely solved in Chapter XV We show 
there that the equation always has a root tq lying m a certain 
‘fundamental region’ of the upper half of the r-plane, and that 
any other solution is of the form (OTo-t-26)/(2cTo-f d), where o, b, 
c, and d are integers such that ad—‘U)C = 1. From this it is 
deduced that the functions 8n(‘u,it), cn(u,k), and dn('u,X;) are 
uniquely determined when fc* is given 

The equation = c defines t as a many- valued 

function of c, with branch -points at c = 0, 1, oo. Each branch 
18 regular in the c-plane supposed cut along the real axis from 
—00 to 0 and from 1 to. -foo. As c 0 the principal branch tq 
tends to infinity along a line parallel to the imaginary axis. 

t The notation u rather unfortunate, as ifc* u given, not k. 
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These branch-points of r, regarded as a function of c, are such 
that has branch-points only at c = 1 and c = oo, and U 
regular in the c-plane supposed cut only along the real axis from 
1 to + 00 . 

Finally, sincef 

K = iK' = tK, 

n— 1 

where q = e"", these results imply that .K' is an analytic func- 
tion of c, regular in the cut c-plane, and that K' is also regular 
provided that an additional cut is made^ along the real axis 
from —00 to 0. 

14.41. The evaluation of an elliptic integral 

When is not equal to 0 or 1, the expression 

j (l-2*)-l/2(l-ifcV)-l'*dz 

0 

is an elliptic integral. We now show that, when the path of 
integration does not pass through a branch-point of the inte- 
grand, we can evaluate this integral by means of the substitution 
z == sn(«;, k). 

The equation z = sn(Mi, k) defines w as a many-valued func- 
tion of 2 . For if w = f{z) 18 any solution of this equation, then 
w = f(z)-\-4mK-\-2niK' 
and w = 2K—f{z)+4:mK+2niK' 

are also solutions for all positive and negative integral and zero 
values of m and n. Since 

^ = (l-22)-i/*(l-fcV)-i/*, 
dz 

the only singularities of w are branch-points at z = +1 and 
z = ±1/1.’. 

There is, however, a unique solution of the equation which 
is regular in a neighbourhood of the origin and vanishes at the 
origin. The existence of this solution w = F(z), say, is a con- 
sequence of the inverse-function theorem of § 6.22, since sn(w, k) 
has a simple zero at the origin and is regular when \w\ is small, 
t See j 14 2, Ex. 4. 

X Actually the out from c = 1 to c = -)-oo la umtecesaaiy m the cue (d K'. 
See § 14.44. 
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As the path of integration does not pass through a branch- 
point of the many-valued function w{z)y we can continue F{z) 
analytically along it. Accordingly the transformation w = F{z) 
determines a definite path of integration in the w-plane, which 
starts at the origin and ends at a point v, where v is a certain 
solution of the equation sn(t), j;) = a. The particular solution 
V which has to be taken evidently depends on the manner in 
which the path of integration in the z-plane passes between the 
branch-points ±1 and ±1/*- 

If we now make the substitution z = sn(w, h) and suppose 
that the integrand has the value -|- 1 at the origin, we obtain 

$ V 

j (l—z^)-^^^(l—k^z^)-^f‘ dz = J dw = V. 

0 0 

Example 1. Prove that 

1 

(i) u = J 

cnu 

1 

(ii) M = J 

dnu 

00 

(lu) M = J 

cau 

Bdu 

(IV) M = J 
0 

Example 2. Show that, if k* is not equal to 0 or 1, 

e 

J ( 1 — fc’smV)"*/* = V, 

0 

where v is a solution of the equation Bn(ti,X;) = sm0. (This equation 
was used by Jacobi as the definition of his function 0 = arav.) 

14.42. The expression of A in terms of /c 

We saw in § 14 4 that A is an analytic function of c (= k*), 
regular in the c-plane supposed cut along the real axis from -)- 1 
to -f 00 . We shall now show that the equation 
1 

J (l-a:*)-i/2(l-ca:Z)-»/* dx = K, 

0 
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where the path of integration is a straight line, holds every- 
where in this cut c-plane. • 

By § 14.41, the value of this integral is u-j-4mK-^2niK', 
where m and n are integers and is a zero of 1— snu. But as 
1— snu is an elliptic function of order two with a double zero 
atu — K, we have 
1 

J (1— a:*)-i/*(l-ca:®)-i/*dar= (4m-|-l)^r-f-2»»jBr', 

0 

where m and n are integers to be determined. 

Let us consider first the case when 0 < c < 1, so that the 
value of the integral is real and positive. In this case the 
principal value of t is purely imaginary, and therefore K and 
K' are also real and positive. This implies that m ^ 0 and 
n = 0. But if m were positive, there would exist a number Xg 
between 0 and 1, such that 

r. 

j (l-a:2)-i/2(l-ca:2)-V2 dx==^K, 

0 

we should then have mK — Xg < 1, which is impossible. Hence 
m = 0. 

We have thus shown that 
1 

J (l-x2)-i/*(l-c»*)-»/2 dx = K 
0 

when 0 < c < 1 The truth of this formula when c lies any- 
where in the cut plane immediately follows by the principle of 
analytical continuation 

14.43. K expressed as a hypergeometric function 

If we write x — sin0 in the integral-formula for K, we find 
that 

K = j (l-c8in20)-*/*(W, 

u 

when c lies in the cut plane. When lc| < 1, we can expand the 
integrand as a scries of ascending powers of c which converges 
uniformlyt with respect to 6 and so can be integrated term by 


t By Weientraas’s Af-test, since 0 < Bin*0 < 1. 
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term. This gives immediately 

where c = i*. 

By the principle of analytical continuation, this formula holds 
everywhere in the c-plane, supposed cut along the real axis from 
+1 to -f since the expressions on each side of the equation 
are both regular all over the cut plane. 


14.44. The expression of K' in terms of 1 c' 

We now prove that K' is the same function of k' as iT is of 
k, by considering the effect of renaming the parameters toi and 
0*2 which occur in the definition of Jacobi’s elliptic functions. 
If we write oi^ = <oi-f-t«>2+a>3 = 0, the set of 

points 2m'eo2-i-2n'cjg, where m' and n’ take all positive and 
negative mtegral and zero values, is identical with the set of 
periods 2 moii-i- 2 ntog of Weierstrass’s function pizltonWg). It 
follows that 


p(zioji,ojg) — p(z(wi,aj2), = Cl^lwi.t^a). 

and alzjcupWj) = cr(zj(Oi,€Og), 

On the other hand, the constants which occur in the equations 
expressing the pseudo-periodicity of ^(zjcoi.cug) and a(z 
are no longer ijj and ijj For, if 

C(z+2(vll<o[,W2) = 27)i+C(zlct>i,W2), 
then r/i = = ([(— wglwj, coj) = —Vz> 

and similarly ijj = iji, 1J3 — 2Tj2-fT}3 
Hence we obtain a different set of Jacobian elliptic functions 
if we use the parameters wl and instead of cuj and 
Next we find the modulus and quarter-periods of this new set 
of elliptic functions. Using an obvious notation, we have 

by the definition of (e,.— c,)*/®. Now {^(2)— is an odd elliptic 
function with periods 2(u^ and hence 


{#>(w2)-eiP (C2-Ci)»/* (Ci— Cj)!/® 

since (63— Sj)*/® = i(ei— Cj)®/*, (c,— = —1(61—62)*/*. It 



JACOBI’S ELLIPTIC FtmCTIONB S96 

follows, therefore, that 4(a>i, a»^) = a>g), and similarly that 

k'{ot[, twj) = « 2 ). Thus the modulus and complementary 

modulus are interchanged by the interchange of parameters. 
Again, we have 

K{cj[,oi'2) = wi(ci— Cg)'/* = — to2{f)(— **> 2 )— = ‘^2(e2— CiF*. 
which gives at once 

K{toi,w^) = 

similarly K'(ui{,(o^) = Kiuti,o) 2 )- 

Hence, when F(£«>i, Wj) is not real and greater than unity, 

K'{o>i,U) 2) = K{cOi,Ui2) 

1 

= j (l-x^)-^l^{l-kHtoito2)x^)-V^dx 
0 
1 

0 

1 

that 18 , K' = J (l-a:2)-i/2(l-jfc'V)-V2 dx, 

0 

save when k'^ > 1 This proves the required result 
Further, by using the result of § 14 43, we see that K’ is an 
analytic function of c (= k^), regular in the c-plane supposed 
cut along the real axis from — 00 to 0; the additional cut from 
+ 1 to + 00 , imposed in § 14 4, is unnecessary. The explicit 
formula for K' as a function of c is 

K' hi ^-c) 

14.45. Jacobi’s imaginary transformation 

We have just seen that the primitive periods of sn(u,i;') 
are ^K' and 2iK, and hence those of 8n(tM, k') are 2K and UK'. 
Therefore the functions sn{M,ib) and m[iu,k') have a common 
pair of periods 4K and 4iK', and this implies that they are con- 
nected by an algebraic relation which we shall now determine. 
By definition, we have 

Sn(— - Jfc'\ = — ^ g(Z |tUi, CU2)g(fU2 |u>i, t«>2) 

\a>i' j a2(alwi,aii) tu'i C“’>i*(T(2-fw2l‘*'i» " 2 ) 

K' <t(z)<x(wi) K' a{z) 

<oi Wi ax(z) 
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But iK'jK = and bo = —K'Jcn^ = iK/toy Hence 


sn 


\ COj ’ / tOi Oj{2)/ ff2(2) 



Putting ^2 = utiU, we obtain 

sn(tu, A:') = i 8c(u, k), 

which is the required algebraic relation. From this it follows 
cn(iu, k') = nc(tt, k), dn(m, k') = dc(«, k). 


that 


These three equations constitute Jacobi’s imaginary trans- 
formationf of his elliptic functions. 


Example 1. Deduce Jacobi’s imaginary transformation from the 
equation 

0 

by the substitution z = *</(!— «•)*/*. 

Example 2. Prove by the aid of Jaeobi’s imaginary transformation 
that 

8nl^.K' = f/V*. cniiK' = V(l+Jfc)/VJfc, dnltA" = V(l+*). 
the square roots bemg positive when 0 < fc < 1. 


Example 3. Prove that 
sn(«+}»A') = 


(l-|-jk)Bnw+tcnwdnw 

1+A:8n*a 


14.46. Landen’s transformation 

The theory of the transformations of elliptic functions is con- 
cerned with the expression of the Jacobian functions of para- 
meter t' m terms of those of parameter r, where 

t' = {aT+b)/{cT+d), 

a, b, c, and d being integers such that ad— be is positive A very 
simple instance! of this is provided by Jacobi’s imaginary 
transformation, in which t' = — 1/t 
The general theory of these transformations is beyond the 
scope of the present book;§ we shall consider only Landen’s 

t Fundtttnenta Nova, 34-5 
t For others, see Ex 18 on p 416. 

S See, however. Tannery and Moik, Fonctiona elhptiquea, 2 (Pans, 1806), 
196-232. 
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transformation, defined by t' = 2t. This is of historical interest, 
being the first case ever discussed, f * 

In order to determine Landen’s transformation,^ we consider 
first the connexion between Weierstrass’s Sigma functions 
a( 2 |coi, cug) and or(z|a>i, wj), where u>[ = and since 


these give 




2 ^ = 2t. 


It is easily shown that§ 


{T(z|a>j,< 02 ) = ei*»*’~’>i*or( 2 )CT(z+a>j)/a(a)^), 


it being understood that the parameters of < 7 (z) are tui and wj, 
unless the contrary' is explicitly indicated From this it follows 


that 


^(zK.Wj) = CiZ— »ji+^(z)+S(2+a>j), 


and hence that 


vl ~ icitui— = JejWj+iji, 

and 1J2 = Citoj— T]i+$(w2)+?(tai-ft«>2) = 61012+2%. 

Let us now suppose that the Jacobian elliptic functions con- 
structed from <T( 2 l<oi, <02) have quarter-periods L, iL' and modu- 
lus I Then 



L (t(z lull, 012)0(012 |oii. <02) 
u>i e-’»»‘o(z+o»2loii,ai2) 


2 L 0(2)0(2+011)0(012)0(011+012) 

oil ff (2 + W 2 )o(Z+ 01 i + 0 l 2 )o(oii) 


exp{( 2 Tj 2 +ei *<12)2+ K 2*“ 


— 771 z + J «1 oi| — I7i 012 — JCi(2 + oij )* + 7 ;i(z + 012)} 


oil <T(2+ai2Mz+oii+oi2)o(oii) 


t Landen, Phd Trana 65 (1776), 285. Landen, however, deala only with 
elliptic integrals, the idea of ‘inverting* an elliptic integral to obtain an elliptic 
function (duo to Abel and Jacobi) not having been introduced until 1826. 

X A simpler but less obvious method of 6nding Landen's transformation is 
suggested m Ex 2 at the end of this section. 

§ See Ex. 20 on p. 370. 



ass JACOBI'S ELLIPTIC FUNCTIONS 

_ ^ a{z)a-y{z) 

~ ‘"l «^2(*K(*) 



Writing Kz = we have 

K BTi(2lMjK, 1) = 2L Bn(tt, A;)cd(u, k) (i) 

It remains to determine the relations connecting the quarter- 
periods and moduh of the two sets of Jacobian functions. 

The relations connecting the quarter-periods are found by 
putting u = in this equation. This gives 

Km{L,l) — 2Lsa{\K,k)cd{\K,k), 
and hence, by § 14.3, Ex. 5, 

L = i(\+k’)K. 

Using this value of LjK, equation (i) becomes 

sn{(l-|-fc')ii,i} = (l-f-i:')8n(tt,fc)cd(M,fc) 


Moreover, since 

2LIL' = 2iajiK = ttoi/a»8 = K/K', 
we also have L' — (l-l-jfc').K’'. 

Again, if we write equation (i) in the form 

L'Bn{u,k)cd(u,k) = K' sn(L'ulK' ,1) 
and then put u = v-\-iK', we obtain 

L' dc(t;, k) _ K' 

1^ea.(v,k) ~ lsa.{UvlK' ,1)’ 

Multiplying the expressions on each side of this equation by v 
and then making v tend to zero, we have 

fc* ~ L'V 


and so 


k^K'^ fe* 1-*' 
i/'* ~ “ l-f-jfc'' 


We have thus proved that 


8n{(l-|-^:')tt,l} = {l+A')sn(«,/fc)cd(tt,ji:) 

where I = {l—k')j{l +JS:'). This is the result known as Landen’s 
transformation. 
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Example 1. Prove that, in the<notation of the previous section, 
cn{(l +*:')«, 1} = {1— (l+fc')sn*(«,l!)}nd(u,Jfc), 
dn{(l+jfc>,l} = {l-(l-Jfc')an»(M,ifc)}nd(M,Jk). 

Example 2. Show that Landen's transformation is equivalent to 

J = (1+*:') J {l-K‘eiB*er^l*de, 

0 0 
where sm^x = (14-^')8mtfxCos5,(l— 

Obtam this result also by a direct transformation of the mtegrals. 


14.5. Legendre’s three kinds of elliptic integral 
We shall now show that the problem of evaluating the general 
elhptic integral / F(i, u) di, where F{t, u) denotes a rational 
function of t and u, and v? is a quartic or cubic polynomial in 
t without repeated factors, can be reduced to the evaluation of 
three very simple types of elliptic integral. 

Since Fiji, u) is a rational function of t and u, we can write 

F(,t,u) = N{t,u)ID{t,u), 

where N and D denote polynomials in t and u. Now 
D(t,u)D{t, —u) is a polynomial m t and u^, since it does not 
alter when we change the sign of u, and so becomes a polynomial 
in t alone when we substitute for in terms of t. Thus 


uF{t,u) = uN{t,u)D{t, —u)jO{t), 

where G denotes a polynomial in t. 

If we multiply out uN(t,u)D{t, —u) and substitute for in 
terms of t, we obtain ultimately 

uN{t,‘u)D{t, —u) = 

where <I> and T* denote polynomials in t. Hence 


F(t,u) = 


u G{t) 


G{ty 


As the second term in this expression for F{t,u) can be in- 
tegrated by means of elementary functions, the problem of 
evaluating the general elliptic integral has been reduced to the 
discussion of the simpler integral 


f di 
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Let us suppose, in the first instance, that 


where a, /8, y, and 8 are, by h 3 rpothe 8 is, distinct. Making the 
transfonnationf 

z* = {(^-8)«-«)}/{(c«-8)(f-i3)}, 


we easily find that 

where Jfc* = {(«— S)(j8— y)}/{(a— y)(/3— 8)}. If, however, «* is a 


cubic in t, say 




the appropriate transformation is z* = (<— a)/(i— /3); this gives 
at once 

, . . dt 2dz 

where = (/3— y)/(o:— y). Hence, no matter whether u* be a 
quartic or cubic, we have now shown that 


J f = J E{z%(l-z^){l~kh^)}-^^ dz, 


where JR{z^) is a rational function of z*, and is a fimte con- 
stant, not equal to 0 or 1. 

The next step is to express B{z^) as a sum of partial fractions 
in z^. The general elliptic integral is thus reduced to a sum of 
integrals of the following types, 

J z*’-{(l-z*)(l-ib*z2)}-i/2 dz, 

j (l+>«*)-*{(l-z2)(l-l:2z2)}-i/2 dz, 

where r and s are integers, s being positive, and v is a con- 
stant. 

Finally, by using well-known methods of the mtegral calculus, 
it is easy to obtain reduction formulae by means of which each 
of the above integrals can be expressed in terms of one of the 


t For an alternative method which only mvolvea the use of a homographic 
transformation, see Ex. 29 at the end of die present chapter. 
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three standard forms of Legendre: 

J dz, 

J z*{(l-z«)(l-fc 22 *)}-i/* dz. 

These are called the elliptic integrals of the first, second, and 
third kinds respectively. The evaluation of the integral of the 
first kind has already been discussed in § 14.41. 


14.51. The elliptic integral of the second kind 

If we make the substitution z = sn(u, X;) in Legendre’s in- 
tegral J 2 ®{( 1 — z*)(l— dz, we find that it becomes 
j 8n^(u, k) du But since 

J dn*(M, k) du = u—k^ J sn*(tt, k) du, 

the latter integral could equally well be taken as the standard 
elliptic integral of the second kind, and this proves to be more 
convenient It is usual to write 


E{u, 1:) = J dn*(«, k) du. 


it being supposed that the path of integration does not pass 
through a pole of the integrand. When it is unnecessary to 
emphasize the modulus k, we shall denote the function more 
briefly by E{u). 

We shall now show that E(u) is an odd analytic function of 
u, regular save for simple poles of residue +1 at the points 
2mK-\-{2n-\-l)iK' . 

To prove this, we observe that dn*M is an even elliptic func- 
tion of periods 2K, 2iK' whose only singularity in any cell is 
a double pole of residue zero at the point congruent to iK'. It 
follows that the integral of dn^u round any closed contour which 
does not pass through a pole is zero, and hence that E{u) is 
a one-valued function. Moreover, since the derivative of E(u) 
is dn^u, E{u) is an odd function whose only possible siiigularities 
are the poles of dn®tf. We know, however, that, if ot is a pole 
of dn*tt, ^ 

nd 


4111 



408 JACOBI’S ELLIPTIC FUNCTIONS 

where ^(u) is regular at a; hence 

E{u) — (tt— oi)-*+<I>(tt), 

where <l>(u) is regular at a. Thus at is a simple pole of E{u), of 
residue +1. 

It should be noticed that E{u) is not an elliptic function, 
since the sum of its residues at any set of its poles can never 
be zero. We can, however, show that, when u is increased by 
2K or 2iK', E{u) is reproduced, save for an additive constant. 
For we have 

11 + as: iK 

E{'u.-\-2K)— E(u) = J dn®« du = j dn^tt du, 

u 0 

since 2K is a period of the integrand, and hence 
E{u+2K)~E(u) = E(2K). 

Putting u = —K, we find that E{2K) = 2E{K). 

Similarly we can show that 

E{u+2iK')-E{u) == E[2iK'), 

but no simpler form of the constant can be obtained at the 
present stage, smee tK" is a pole of E{u), 

14.511. The complete elliptic integral of the second kind 

The constant E{K) is called the complete elliptic integral of 
the second kind, and is usually denoted by E. If we write 
snu = sind m the equation 

K 

E = j dn®M du, 

0 

97 2 

we find that F = J (1— csin-0)^'- dd, 

0 

where c = F. From this it can be shownf that E is an analytic 
function of c, regular in the C'plane supposed cut along the real 
axis from +1 to +00i and that 

E = jTrF(— 

We write E' for E{K',k'). Since E' is the same function of 
i;' as F is of k, it is regular in the c-plane supposed cut along 

t Cf. S 14.43. 
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the real axis from — oo to 0, and can be written in the form 

Example 1 . Show that. eak-^O, 

E^in, E'-*l, (K-E)lk»-*i7T. 

Example 2. Prove that 

„dE E-K ^dK E-Kc' 

^de~ c ’ ^de~ cc' ’ 

„dE' K'-E' ^dK' K'c-E' 

dc ~ ^ de ~ cc' ’ 

where c = fc*. c' = k'*. 

Example 3. Show, by using the results of Ex. 2, that 
EK'+E'K-KK' 

IS independent of c, and find its value by making c 0. 


14.512. Jacobi’s imaginary transformation of E{u) 

To find the effect of Jacobi’s imaginary transformation on 
the function E(u,k), we wnte 

1U u u 

E{iu, k) = J dn2(t, k)dt = i j dn*(iM, k) du = i j dc*(«, k') du, 

, 0 0 0 
and so ^ 

E{iu, k)-\-iE{u, k') = i j [dc*(tt, fc')4-dn*(«, k')'\ du 
0 

U 

= 1 J j^l+^{8n(«, i:')dc(tt,l:')}j du. 

0 

From this it follows that 

E(iu,k) = iu+tan{u,k')dc{u,k')—iE{u,k'). 

In particular, by putting u = 2K', we obtain the formula 
E{2iK',k) = 2iK'-tE{2K\k') = 2i{K’-E'). 

Hence, by § 14.51, 

E(u+2iK',k) = E{u,k)+2i[K'-E'). 


14.513. Legendre’s relation 
Since the only singularities of E{v) are simple poles of residue 
+ 1 at the points 2mK+{2n-\-l)iK', 

J E{u) du = 2m, 
c 
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when C-is the parallelogram with vertioes K, K-\‘2iK', 

<—K+2iK', and —K. Hence 

K iiK' 

2»rt = J {E{u)—E(u+2tK')} du + j {E{u+K)—E{u—K)} du. 

-K 0 

When we make use of the pseudo-penodic properties of E(u), 
this becomes 

2m = -iiK{K’-E‘)+UK'E, 

or EK'+E'K-KK' = ^n. 

This relation, which is due to Legendre, is the analogue of 
the formula wj— 1^3 = J’f* which occurs in the theory of the 

integral {(z) of Weierstrass’s function p(z). 

14.514. The quasi -addition theorem for E(u) 

Let us consider the expression 

F(v) = E(u)+E{v)—E{u+v), 

regarded as a function of u By the pseudo-periodicity of E{u), 
it is an elliptic function with periods 2K and 2tK'. It has a pair 
of irreducible simple poles iK', tK'—v, and two irreducible 
simple zeros 0, —r But 8nttsn(tt-)-r) is an elliptic function of 
periods 2K and '2iK', with the same irreducible poles and zeros 
as F{u), thus snttsn(M-f r)/J’(tt) is an elliptic function without 
singularity and so is a constant 
When 1 m| is small, we have 

sn ttsn(M _ ■a8nt'-|-0(M*) _ snt? ri ,«/ 

“ “ l-dn^y^ ^ 

and therefore 

snM8n{tt-l-i’) _ snw _ 1 

F{u) ~ 1— dn*v ~ ifc^snw’ 

for all values of u 
We have thus shown that 

E{u)-\-E(v) — Fl{u-\-%') = A:®sn«sn?;sn(«-|-r), 

which is the quasi-addition theorem for E{u). There can be no 
true addition theorem, as E{u) is only pseudo-pcriodic. 
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14.515. Jacobi’s Zeta function Z{u) 

For some purposes it is desirable to have a function which is 
of the same general character as E(u), but is simply-periodic. 
Such a function is Jacobi’s function Z{u), defined by the equa- 

Z(u) = E(v)-uEIK. 

It is easily verified that 

Z(u+2K) = Z(u), Z(ii+2iK') = Z(u)-m/K, 

on taking into account Legendre’s relation. Thus Z(u) is 
simply-periodic with period 2K. 

Example. Show that 

Z(u)+Z(v)—Z(u+v) = k*8nuaav6a(u+v). 

14.52. Jacobi’s Theta function @(u) 

We now introduce Jacobi’s function ©(«), which plays a part 
in the present theory similar to that of (t(z) in the work of 
Weierstrass.f This function is defined by the equation 

V 

0(«) = 0(0) exp J Z(u) du, 

0 

where 0(0) is a constant which we shall choose later. We show 
that 0(u) is an even integral function of period 2K, whose only 
zeros are simple ones at the points 2mK-\-(2n-\-\)iK' . 

For if (X is a pole of Z(tt) we know that Z{u) = (w— a)”^-i-^(a), 
where ^(u) is regular at a., and so two detemunations of 

U 

/ Z(«) du, along different paths of integration, differ by a 
0 

multiple of 2wi. Hence log0(u) is a many-valued function, but 
0(tt) itself is one-valued. Moreover, as Z{u) is an odd function, 
0(tt) is even. 

The only possible singularities of @(«) are the poles of Z(u). 
log0(tt) = log(«— a)-t- J ^(tt) du = log(«— a)-f-0, 

where 4>(u) is regular at ac, and so 

0(«) = («— Qc)c*<“>. 


t In fcwt, we ahall show that @(Kz/ati) and v,(z) differ only in an exponential 
factor. 
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Henoe @(tt) has a simple zero at each pole of Z(«). Since, how- 
Qver, any pole or zero of 0(tt) is a polef of Z{u), it follows that 
@(«) is an integral ftinction whose only zeros are simple ones 
at the poles of Z(u). 

Finally, since Z{u-\-2K) = Z{u), we have 

0(tt+2^) = ^0(«t), 

where is a constant. If we put u — —K and remember that 
0(u) is an even function, we find that ^ = 1; thus 0(u) is 
simply-periodicf with period 2K. This completes the proof of 
the fundamental properties of 0(it). 

14.521. The Fourier series for Q{u) 

Since 0(u) is an integral function of period 2K, it can be 
represented by a Fourier series§ 

0{u) = 2 

— 00 

which converges uniformly and absolutely in any boimded 
closed domain of the -u-plane. We shall deduce the values of 
the coefficients a„ from the important identity 

Q{u-^2iK') = 

where q = 

To prove this identity we integrate the equation 
Z{v,+2iK') = Z{u)~mlK 
This gives Q(u-\-2iK') = 

where .4 is a constant of mtegration To find A, we put 
u = v—iK', we then have 

Aae-"‘^is^ = ^ Q{iK '+v) 

0(— Q{iK'—vy 

But, when ji?] is small, Q{iK'-j-v) = Q'{iK')v+0{v^), and 
Q'(iK') does not vanish, since &{u) has only a simple zero at 
iK'. Hence, when v -> 0, we obtain Aq = — 1, and so 

0(it+2iiL') = — 3“^c~"*“/*0(tt). 
t Since Z(w) ^ 0'(u)/@(u). 

^ If It weie doubly-peiiodic, it would be b constant, which is certainly not 
the case. 

S See Ex. 10 on. p. 89. 
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Substituting in this identity the two series 

©(tt) = 2 0(tt+ 2iK') = 2 qingnniulK^ 

.00 ~ao 

and equating coefBcients of ^n-iurtitiK^ 

«» = 

From this it follows that o„ = (— l)“Oo?“*i for all positive and 
negative values of n. Hence 

0(m) = Ofl 2 (— 

— 00 

The constant % is at our disposal, since, m the definition of 
Jacobi’s Theta function, 0(0) was left undetermined. We now 
fix 0(0) by taking % = 1. This gives 

0(^*) = 2 (— l)"g“'c"’’^“/^ = 1+2 ^ (—l)”q^‘cos(niru/K). 

This series provides a valuable method of computing 0(u); 
for since B,l(K'/£) > 0, we have j}| < 1, so that the series con- 
verges rapidly. 


14.53. The elliptic integral of the third kind 

Makmg the substitution z = sn(u, k) in Legendre’s elliptic 
integral of the third kind, we obtam 


J 


{1+V2^)-' 


{(l-z^)(l-Fz-‘)}i/'' 


j f du r 8n% , 

dz = — = u—v — — du. 

J l+vsn-w J l+vsn**!* 


If »' = —1 or the evaluation can be completed in terms 
of the elliptic integral of the second kind. For other values 
of V, we choose a so that v = — ifc^ sn-a, and we have to evaluate 


tt+i® 


L'®sn-o J — 


sn^tt 


an^a an^u 


du. 


We shall take as the fundamental elliptic integral of the third 
kind Jacobi’s function 


n, . r k-anaenadnaan^u 


snit 


du, 


and this can be expressed in terms of Jacobi’s Theta function. 
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For, using the addition theorems for snu and Z(u), we have 

tl 

n(tt,a) = I J i®Bntt8no{8n(«-f-o)-f-sn(«— o)} 


Hence 


u 

= J J {Z(m— o)— 2{tt+a)+2Z(o)} du. 


n(M,o) = Jlog 


-a) 


0(tt+O) 


-uZ(a). 


14.6. The expressions for E{u) and Z(u) in terms of 
Weierstrass’s Zeta function 

The function dn% is an elliptic function of periods 2K and 
2iK', with one double pole per cell at the point congruent to iK’, 
the principal part at iK' being —(u—iK')~^ If we substitute 
« = Kzitiii, and suppose that = iK'jK, we find that 
(Kluii)* da^(Kzlu>i) is an elliptic function of periods 2ati, 2 u >2 with 
one double pole per ceU. at the point congruent to tag. As the 
principal part of this function at toj is — { 2 — wj)"*, it follows, by 
§ 13i62, that t ^2 if- 

^dn*^* = n*+c*>«)+A, 




“1 “i 
where A is a constant. 

When we integrate the expressions on each side of this equa- 
tion, we find that 


^e{^] = l{z+W 2 )+Az-r] 2 , 

Wi 


the constant of integration being determined by the fact that 
E{0) = 0 To find the constant A, we put z = This gives 

EKjw^ = ijg = Aa»i— Tjj— Tjj = Au>i+-q^, 


and so 


A = 


EK 


Vi 


<Ul Wi 

We have thus obtained the formula 

EK 


=C(«+a>2)-h 

"1 y^i/ 


wf 


,Jh 

<a, 


z~rjj, 


which expresses the elliptic integral of the second kind in terms 
of Weierstrass’s Zeta function 
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From this equation, it follows at once that 


K „{Kz\ 

-I ra 


az+o»^) 



Vi- 


14.61. The connexion between Q{u) and a{z) 

To show the connexion between Q{u) and a(z), we write the 
last equation of § 14.6 in the form 




0)1 

and integrate between the limits 0 and z This gives 

Q{Kzlwi) = 0(O)exp(-|7jiz7o)i)ff2(z). 

If we now use the result of Ex. 16 on p 378, we deduce from 
this equation that 


0(«) = 0 ri {1— 2g*““'^cos(ini/JiL)+gi^"~7» 

where q = and G depends only on q. As this formula 

is of great importance, we give in the next section a proof of 
it which is independent of the theory of Sigma functions and 
which gives incidentally a very simple expression for 0. 


14.62. The infinite product formula for 0(t4) 

If Ijl < 1, the iniimte product 

F(t) = n 

1 

converges uniformly and absolutely in any bounded closed 
domain not containing the origin. Hence F{t) is regular in every 
annulus 0 < a < | ^ /3 and can be represented there by a uni- 

formly and absolutely convergent Laurent series 

m = iant\ 

Moreover, since qtF(^t) = —F(t), we can show, as in § 14.621, 
that o„ = (— l)"g“’oo. It remains to determine Oq. 

Now the function 
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is an.inte^al function, expansible as a Taylor series 

where fej = Since J’(0 =f{t)f{t~^), we can express in 
terms of the coefficients by multiplying together the series 
for /(I) and/(t-^) and then equating powers of 1"; this gives 

On = ftn+ 6 l 6 n+l+ 62 ^n+ 2 +" • 

But if we substitute the Taylor series in the identity 
~f(t) and equate coefficients, we find that the 
coefficients b„ are connected by the recurrence formula 

from which it follows that 


Cn = (l-S-")- 


where 

Hence (- l)"?»’oo = o„ = (- 1)"^ + X , 

ICn ^ I 

and so Ooss-i-f- 


V? 


,2(nr+r') 


^ ^r^n-tr 

As Oq is independent of n, it is necessarily equal to the limit as 
n tends to infinity of the expression on the right-band side of 
this equation. 

Since Igl < 1, c„ tends to a finite non-zero limit as n -► oo, 
and so l/c„ is a bounded function of n Hence we have 


j2(Rf+r') 


^ ®rCn+r 


<AlgrZl9lK 


r«l 


GO 

where A is independent of n. Since 2 I?!*’’* is convergent, this 

r"»l 

inequality shows that 


T (72(»W+»') 

hm y « = 0, 

CrC«+i- 


and so Oo = Um l/c„ == i/jj (1— 3*“). 

»-►» ' 1 

We have thus shown that 
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Putting t — exp{niulK), we obtain 

0(«) = ;p{(l-3®“)(l-2g2"-ico8(7m/ir)+3*”-*)}. 

the required formula for 0(«). 

14.63. Jacobi’s Eta function H(u) 

Closely associated with Jacobi’s function Q{u) is his Eta 
function, defined by 

H{«) = —tq^l*exp{l7nu/K) Q{u+iK'). 

The relation between 0 (m) and H{m) is a reciprocal one; for 
0(«) = -tg^l*exT^{iniu/K)-H.{u+iK'), 
as the reader will easily verify by using the formula for 
Q(u+2iK') 

H(u) is an odd integral function which possesses simple zeros 
at the pomts of the set 2mK-\-2niK'. The effect of increasing 
« by 2K or 2tK' is given by the equations 

H(m+2A') = H(«+2»A') = 

Thus H(tt) is a simply-periodic function of period 4K. 

Example. Show that 

(I) H(m) = 2 f ( - 1 8m{(n + i)7ru/K}. 

fi-0 

(II) H(a) = 23 V*sm(Jirw/A') O {(l-?'")(l-2j*"co3(7m/iir)+3«»)}. 


14.64. The expression of Jacobi’s elliptic functions in 
terms of ©(«) and H(«) 


It follows at once from the formulae of §§ 14 521, 14.63 that 
the function H(m)/ 0(«) is reproduced with multipliers — 1 or + 1 
when u is increased by 2K or 2iK' respectively, and so is an 
elliptic function of periods 4A and 2iK'. In any cell it has two 
simple zeros (the zeros of H(u)) at points congruent to 0 and 
2K, and two simple poles (the zeros of ©(«)) at points congruent 
to iK' and 2K-\-iK'. Hence snti@(u)/H(u) is an elliptic func- 
tion with no singularities, and so is a constant whose value 
0(A)/H(A) is found by putting u = K. We have thus shown 


that 


snu = 


0(A)H{it) 

H(A)0(u)' 
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Similarly it can be proved that 


cnu 


_ Q(0)H(it+ir) , 0(q)0(«+a:) 

H(^)0(tt) ’ 0(ir)0(tt) ■ 


Example. Prove that 

Vifc = -H(K)IQ{K). V*' = 0(O)/0(X), 

and deduce that 

snu = ^(l/A;)H(u)/0(u), cnu = ^lk'/k)lHu+K)/®{u), 
dnu = ^k'Q(u+K)/Q{u). 

Show also that ^{2Kln) = ®(K). 


14.7. The numerical evaluation of elliptic functions 

The simplest method of computing the numerical values of 
Jacobi’s elliptic functions, when q is given, is provided by the 
formulae of § 14.64, which express them as quotients of 0 and 
H functions. For, in the formulae 

Vifcsnu = 


etc., we have Ig| < 1 so that the initial terms of these rapidly 
convergent series give very accurate approximations to the 
values of snu, cnu, and dnu 

Usually, however, it is the modulus k, and not q, which is 
given. When this is the case we have to determine the values 
of K and q before we can calculate the values of the elliptic 
functions Now it is possible to calculate K and K' in terms 
of h by using the hypergeometric scries 

K = K' = !;!-**) 

when |X;^| and |1— are less than unity, and thence to find 
q from the formula q = But as fc® and 1— A* are never 

small simultaneously, at least one of these series converges far 
too slowly to be of much use. 

An alternative procedure, due to Weierstrass, gives q im- 
mediately in terms of k. We know that 

Vi' = = l-2g+2g*-2g*+ - 

0(A) l+2gr-f2s‘-l-22»+... 


l-f-2 2 (—1 )’*?“’ cos 


n»*l 
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1-V/fc' 2?+2g*+2j*8-|-.„ 

1+Vjfc'~ l+2^‘+2gi6+... ■ 


If we write 2e — (1— Vi:')/(1+VA:') and apply the ordinary 
methods for the reversal of series, we find thatf 


q = c+2«6+15c»+150eW+- . 

the first term omitted being of the order of This series is 
convergent when je | < a condition which is certainly satisfied 
in the case of greatest practical importance, namely that in 
which k lies between 0 and 1. 

The power of this method for calculating q is seen firom the 
fact that, when 0 < ^ e < 1/23 The second term in the 

series for q is thus less than 10“* and can, in general, be omitted.l 
When q has been found, K is then calculated from the formula 

V(2A77r) = 0(A) = l-i-2q+2q*+2q^+.. , 
and finally K' from the equation 


irA' = Alogj-^ 


Having found q, A, and A", the computation of Jacobi’s elliptic 
functions can be readily carried out § 


14.8. The four Theta functions 

In his later work, Jacobi denoted the functions H(m), H(«+ A), 
0(tt+A), and 0 (m) of the Fundamenta Noca by ^i(z,q),&^{z,q), 
i? 3 (z,g), and ^i(z,q) respectively, 1| where 2Az = ttu. For our 
purposes Jacobi’s older notation was preferable. 

Another method of introducing the elliptic functions of Jacobi 
is to determine, from first principles, the properties of the four 
Theta functions defined by means of infinite series, and thence 
to deduce the whole theory of Jacobi’s elliptic functions, defined 
as quotients of Theta functions For an account of this very 

t Sec Wvierstrass, U'erAc, 2 (1895), 276, or Schwarz’s account of Weier- 
straas's lectures, Fonneln und Lthrsatze zum Oebrauche der elbpttechen Funk- 
tumen (Berlin, 1803), 54 

t If i < A’ v.' 1, it IB probably beat to interchange k and k' and determine 
and thence find q 

§ For an example of this, see hittakcr’a discussion of a problem in rigid 
dynamics, soluble m terms of elliptic functions, m his Analytical Dynamto* 
(Cambridge, 1917), 144-9. 

{l This notation, which is a slight modification of Jacobi's, is the one now 
in general use. Jacobi himself wrote J(z, q) for 9^(z, q) 
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beautiful theory, we must, with regret, refer the reader else* 

where.t 
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MISCELLANEOUS EXAMPLES 

1. Show that snu, cnu.anddnu tend to sinw, cos u, and 1 respectively 
as A: -> 0, and to tanhu, sech u, and sechu respectively as ib -> 1. 

2. Prove that 

/ cn*it Jl:'*snH* y / dn*u fc*fc'’sn®uy 

\snudnu cnudnu/ ' Vsnucnu ' cnudnu/ 

are elbptic functions of penods K, iK'. 

3. Show that, if 2 = 8n*(«?,)b), where 0 < ifc < 1, the curves m the 
2-plane on which the real and imaginary parts of tc = ti-hm are constant 
form two orthogonal families of Cartesian ovals, whose equations are 

\z— 1 1— j2|dn(2u,A;) = cn(2u,jl;), 

[2— l|cn(2v,A:')+|*ldn(2t),ifc') = 1. 

4. Prove that, if 0 < ifc < 1, the transformation z = Vfcsntc maps 
conformally the mtenor of the rectangle with vertices w = ±^K±,iiK' 
on the mtenor of the circle |2| = 1, provided with cuts along the real 
axis from VA; to 1 and from —\kto —1. 


5. Show that the part of the w-plane withm the ellipse u*ja*+v*lb*=l, 
where to = ti+iti, is mapped conformally on the mtenor of the circle 
Is] = 1 by the relation 

„ \2K w 1 

2 -= VAsn[-arcsm-^^^j-^J. 

where Jacobi’s parameter q is given by g = {a—b)*J[a+b)*. (Schwabz J) 

6. Prove that 


{l-(-8n(«-)-v)}{l-|-en(M— »)} = (cnv-|-snwdnti)*/A 
{l-l-cn(M-f ii)}{l+cn(u— »)} = (onM-t-cnti)*/A 
{l-|-dn(u-f-t))}{l-f dn(u— ti)} = (dn«-f dnt»)*/.D» 
where D = 1— A:*sn’Msn*». 


t See, for example, Whittaker and Watson, Modem Analysts (Cambndge), 
Chapter XXI, or Tannery and Molk, Fonctiona elliptiquea, 2 (Pans, 1896). The 
notation in the latter book is slightly different from that given above. 

$ See Forsyth, Theory of Functions (1918), 614-16. 
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7. Show that 

an(u+»)cn(M— t))+8n(«— t>)cn(M+t>) 

= 2snMcnMdnv/(l— 
cii(tt + «)cn(« — w) 4- 8n(u + »)8 ii(m — ») 

= (cn*ti— sn*t)dn*M)/(l— fc’an*M8n*«). 

8. Show that, if tanh V = AssnHi, tanhF = tan*®, then 

tanh(l7— F) = Jfc8n{M+®)eai(M— v). 

Deduce that 

sn( V + w)Bn( V — to) + 8n(«; + u)8n{u; — u) + sn(u+ ®)sn(u — ») + 

+Jfc*sn(«+io)sn(io+u)8n(u4-®)8n(»— ti>)8n(w— M)an{M— ») = 0. 

(Gt.athhkr.) 

9. AB IS a fixed diameter of a circle. P, Q are variable points on the 

circle such that APAB = am(M+'»), LQAB = am(u— ot), where a is a 
constant. Prove that the chord PQ envelopes a circle. ( Jacobi, f) 

10. P, Q are points on the ellipse x*/a*+y*lb* = 1 of eccentric angle 
am(u4;a). Show that, if a is constant and u variable, the locus of the 
pole of PQ IS the elhpse 

^<sa*et+^sn.*{K—a.) = 1. 

o* o’ 

11. Prove that snfiC = cdl^*, cnfK = k'ad\K. Deduce that 
snJX+cnfiC = 1. 

12. Show that anM4-acnM+/SdnM+y, where a, jS, y are constants, 
IS an elliptic function of periods 4iiC, 4»X' and of order 4 and that the 
sum of the afiixes of its zeros in any cell is congruent to 0 (mod 4X, 4tK"), 
Deduce that, if Wi+Mi+Rs +«4 = 0, 

'«i Cj (f, 1|=0, 

j»i c« i! 

|*s ^ 

*1 1 

where = snw„ c, <= cnu^, d, = dnu^. 

Hence or otherwise show that 

=3 0 (Cayley.) 

*1 — *1 *4 

13. Detemune the periods and order of the elliptic function 

8n«8n(M+iC)+asn(u+/iC)+)8snM4-y, 

t This result is of importance in Jacobi’s discussion of Poncelet’s ponstio 
polygons (Journal fur Math. 3 (1828), 376). See also Forsyth, Messenger of 
Math. 12 (1882), 100. 
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where a, fi, y are constants. Hence show that, if tij+Ui+Hi+u^ = 2K, 

Si Cj Si di Cl di — 0. 

•l®l 

SjCj s^di Cg di 

S 4 C 4 •idi C 4 di (Oxford. 1923.) 


14. Prove, by using LiouviUe’s theorem or otherwise, that, if 

«, + tt, + tt,+tt4 = 0, 

ifc'*— ]fc*ii'*fli«jSjS4+jfc*CiCjC4C4— <ii(i|(i,d4 = 0. 

(Gudebmahv.) 

15. Deduce from Ex 14 that, if t4i+U4+t<t+U4 = 0, 

(I) S4 Cg C4 '™" dj dg — A^Cg CgSg Sg'^dg dg. 

(II) dgdgegC4*(~A ®SgSg = CgCgdgd4~f~A ^SgSg. 

(ui) Sg Sg dg dg ~*~ C| Cg ^ dg dg SgSg “"Cg Cg 

(H J S Smith ) 

16. Show that, if snu, cnu, and dnu are denoted by s, c, and d 
respectively, 

l-8n3u l+«/l-2« + 2AV-A*««\» 
l+snSu" l-«'l + 2«-2AV-AV/ ’ 

l-cn3M l-c/A'*+2A'*c+2A*c*+A*c*\* 
l+cn3w“ l+c\A'»-2A'*c-2A*c>+AW ’ 
l-dn3M l-d/A'‘+2A'»d-2d’-d«y 
l+dn3u“ 14-dW*-2A'*d+2d»-d‘/ ’ 


17. If the nine roots of cn3u = a, regarded as an equation m cnu, 
are Cg,Cg,...,c,, prove that 

3ifc« n Cr+*'* i c, = 0 
1 1 

18. By considering the four transformations ( 1 ) t' = t/(1+t), 
(11) t' = — 1/(1+t), (ill) t' = — (1+t)/t, (iv) r' = l+T, prove that 


sn^Aui^j = A8n(u,A), 
sn^iA'u.^J = tA'Ec(u, A), 
sn^tAu,^! = 4ABd(u,A), 
sn^A'Ui^J = A'8d(u,A). 


Deduce the coirespondmg transformations of cnu and dnu. 
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19. Prove the results of Ex. 18 by direct transformation of the mtegral 
formula nXii.u 

u= j (l-**)-»/*(l-jfc*a*K»/*<fe. 

0 


20. Prove dauss's transformation, viz. that if A = 2Vii;/(l+A;), 

Bn{(l+l:)t<,A} = (l+I:)sn(«,fc)/{l+ib8n*(M,fc)}, 
cn{(l+l;)u,A} = cn(u,i!;)dn(t<,Ji;)/{l+ABn*(w,l;)}, 
dn{(l+ifc)u,A} =- {l-ifcsn*(u,fc)}/{l+jt!sn»(M,*)). 

Show also that, if 4A, 2tA' are the periods of sn(u,A), 

A = (l+Jfc)E:. A' = Ki+fc)^'. 

21. a and h are two real positive numbers. Two sequences of real 
numbers, a^, a|, a,,, and &i, 6,, &j,..., are defined by the equations 

«i = i(a+6). 

Of+l = l(Or+6r). *>r+l = 

Show that, as n -> 00 , a„ and b„ tend to the same finite limit, M{a, b) 
say. (This limit is called the arithmetico -geometric mean of a and b.) 

22. Provo that, m the notation of Ex. 21, 

ir '2 *'2 

I* do r . „ . . 

J (a*cos*®-fb*sin*d)*/* J (o{cos*^-f bfsm*^)^*’ 

0 0 
Deduce that, if 0 < ib < 1, 

K = l7r/Af(l,fc'). A" = \vlM(\,K). 

23. Show that the arc « of the lemmscate r* = o* cos 2B, measured from 
the pomt of polar coordinates (a, 0), is given by r — a cn(s\ 2/a, 1/V2). 

Prove that, for the elliptic functions of modulus l/\'2, q — 0'04321, 
A = A' = 1 854, correct to four significant figures. Deduce that the 
length of a complete loop of the lemmscate is 2-62a, approximately. 

24. A rigid body is performing finite oscillations about a fixed hori- 
zontal axis, under the action of gravity. Show that, if its angle of swing 
IS 2cif, its period of oscillation is AK^{llg), where k — sin Ja and I is the 
length of the equivalent simple pendulum. 

If gravity is suddenly reversed when the pendulum is at the end of 
a swmg, show that the new penod is 4K'^{l/g). 


25. Show tliat 


, 1 , dnw— A;cnu 

snuau == tj • 

2k dnu-f-lbcnu 

enu du =: ^cactan(Jbsdu), 


dnu du = amu. 


41U 


ze 
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Deduce the integrals of the other elliptic functions of Jacobi by in* 

creasing u in turn by K, iK', K+%K\ 

26. Prove that the integrals of ns*u, nc'u, ndHi, sc*u, cb*u, sd*u, ds*u, 
cd*w, dc*u can all be expressed in terms of E(u), Jacobi’s elliptic func- 
tions, and u. 

27. Show that 
d 

an M cn u dn*“‘u) 
dtt 

= {ri-|- l)dn"+*M— n(l-|-A:'*)dn''u-|-(M— l)dn"“*u. 

Hence obtam reduction formulae for 

u K 

J dn*ii du, J dn"« du. 

0 0 

Fmd also similar formulae for sn^u, cn”u. 

28. Prove that 

UK 2K 

j undhidu = J tind^wdu = 2 ^(l-t-A:'*)A’, 

0 0 

ZK 

j und*udu = g^,{2{l+A'*)£;-A-). 

0 


29. Show that any quartic or cubic polynomial in j: without repeated 
factor can be expn'ssed m the form 

w* = {A(*-a)‘+B(a:-i3)*}{C(x-a)»+D(a:-jS)«}, 
where A, B, G, D, at, and )8 are real if the coefficients of the quartic 
are real. 

Hence prove, by usmg the homographic transformation 
t = {x—a)l{x—P), 

that an elliptic integral ^R{x,w)dx can bo evaluated in terms of 
Legendre’s three kmds of elbptic mtcgral, together with the elementary 
fimctions of analysis.f 

30. Express x m terms of w when 


31. Prove that 


Z 

« = J dt. (Math. 'Trip., 1914.) 

0 


n(«,ii)— n(v,«) = uZ(v)— vZ(u). 


32. Show that 


n(u,o)-i-n(i>,o)— n(u+v,o) = ^log 


1 — Ai* sn d sn « sn « sn(M + V— o) 
1 -f A:* sn a sn M sn V 8n(u + V + a ) ’ 


t The advantage of this method of reduction is that it always gives a real 
modulus when the coefficients m ti>* are real, unlike the reduction of g 14.6. 
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33. Prove that 

n(tM,»o+jK,]li) = n(«,o+iC',fc') 

34. Show that 

n(u, o) + n(u, 6) — n(u, o+ 6) 

1— Jfc*Bna8n&8nusn(a+b— u) 


= ilog 


1 + A:' sn a sn 6 sn u Bn(a+ 6 + u) 


+ u)fc* sn a an & Bn(a 4- 6 ). 


36. By integrating round a cell of anu, prove that 

j snuexpdfwrtii/iT) du = 

Deduce that sn u is expansible as a Fourier series 

2ir o»+V* 

= Kic Z 
0 

valid in the strip |Im(M/JiC)| < RUX'/K). 

36 Provo that the expansions 

27r 0*+*“/* 

a ^ 

hold in the strip lIin(w/JiC)l < B,\{K'JK), 

37. Deduce from Exz. 36, 36 the Fourier series for cd u, sd u, and nd ft. 

38. Show that 

IT iTM 2Tr's^ 

nsw- ^'Cosec^ + ^^j— ^iSm(n+i)7rM/A, 

0 

the Fourier serie.s on the right-hand side being convergent m the strip 

|Im(M/A')| -< 2R1(/CVA’). 

39. Provo that tho expansion 

, , F , 2w* ng" 

= A :r* 2, 

n — l 

holds m the strip |Im(ft/A)l < R1(A7A). 

Deduce that the formula 

00 

IS valid m the same strip. 
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40. Prove that, if Mi+Mi+Uj+m* = 0, 

Z(mi)+Z(m,)+Z(«,)+ZK) = 

k*ClC^Cx^i^ l^dydxdxdx 


K '* dfSf 

CjCjC^— A;’* Cf Ic^'^d^d^d^d^j^^ d^ 


41. Prove that 


n0K)+nHK) 

r-l f-1 


la invariant under the transformation 2uf = Ui+U|+w, 4 'U 4 — Su,. 
Deduce that 

e(Uj)0(M,)H(u,)H(M4)4-H(u,)H(M,)©(u,)0(U4) 

and 

0(Mi+K)0(M,+iiL)0(Ma)0(«4)-H(u4+K)H(u,+X)H(u,)H(u«) 
are also mvanant. 


42. Show that, in the notation of Ex. 41, 
0(«i+JC)0(u,+E:)0(M,)0(ti4)+H(Ma+^C)H(M,+X)H(u,)H(«4) 

= 0(M;+/f)0(tiHA')0(«i)0{M;)+H(u;+if)H(MHA')H(Mj)H(u;). 

43. Prove that “»“«*) 

( 1 4 - A: sn Uj sn UjK 1 + A; sn Ua an U 4 ) 

is invariant under the transformation of Ex. 41. Deduce that 

1— A:8n(«— x)8n(i/— «) 1— A;an(<— y)sn(«— x) 1— ifcsn(<— *)8n(x— y) 
l+fc8n(l— x)sn(y— 2 ) 1+A:sn(<— y)3n(2— x) l+A:Bn{t— 2 ) 8 n(x— y) 
is equal to unity. 



CHAPTER XV 

THE ELLIPTIC MODULAR FUNCTIONS AND 
PICARD’S THEOREM 


15.1. The construction of elliptic functions of given 
modulus 

It was seen in the previous chapter that the problem of evaluat- 
ing an elliptic integral is solved if we can construct Jacobian 
elliptic functions when c, the square of the modulus, is given. 
By the first formula of Ex. 4 on p. 385, we have to show 
that, when c has any given value different from 0 or 1, we can 
find a number t whose imaginary part is positive, which satisfies 
the equation ^ 


16 $ 




where q = t”", and, moreover, that each solution of this equa- 
tion leads to the same set of Jacobian elhptic functions. 

An equivalent form of this problem is the determination of 
two parameters and wj, such that lm(w 2 /wj) is positive, 
which satisfy the equation 

p{wi+cj^\wi,(02)—p{(t>t\u>i,t0 2) 

P(<Oi Wj) — p{cU2 |tUl, Wj) 


= c. 


Actually a precise value for <t»i cannot be deternuned from this 
equation, since the expression on the left-hand side is a function 
of T = cjJoji alone; but this is immaterial, since wi disappears 
when we construct the Jacobian elliptic functions by means of 
Weierstrass’s Sigma functions. 

If, however, we reduce the elhptic integral to Weierstrass’s 
form, as in § 13.7, we are given three constants Cj, e^, and 
whose sum is zero, and have to determine toi and such that 

= P(“i). Cj = pioii), Cj = 

and Im(co 2 /cui) > 0. But when we take into account the homo- 
geneity of p(z), we find that this problem is precisely the same 
as the one we have just stated. 


15.2. The primitive periods of an elliptic function 

In § 13.2, the periods 2wi and 2(0^ of an elliptic function were 
said to be a pair of primitive periods if Im(ut/wi) is positive and 
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if every other period of the iiinotion is of the form 2 ma;i+ 27 kU{, 
uhere m and n are positive or negative integers or zero. When 
this is the case, the parallelogram with vertices 0, 2u)i, 2<i>i-{-2tu2> 
2(02 is s, primitive period-parallelogram; if the affix of a point 
within or on this parallelogram is a penod, the point is neces- 
sarily one of the vertices. 

There are obviously an infinite number of pairs of primitive 
periods. If 2(0^ and form one pair, the numbers 

2ul = 2d<ti^-\-2cuii, 2(02 ~ 26 ( 0 j-{- 2 a (02 

form another if and only if Im((02/(0i) > 0 and 

(Oj = p(0][-f ^'(Oj, (02 = r(oi+a(02, 

where p, q, r, and a are mtegers It is easily seen that 

has the same sign as ad— be, and so ad— be > 0. If we solve 

the first set of equations for (o^ and cd^, we obtain 

{ad — 6c)( 02 = fl(Oi — C(02, {ad — bc)a)2 = — fc(0i-f-d(02, 

and so - =* ~ = — s= - = {ad — be), 

p —r —q a 

From this it follows that {ad—bc){p8—qr) = 1 and hence that 
ad— be ■= 1 . We have thus shown that if 2(0i and 2^2 form a 
pair of primitive periods of an elliptic function, so also do 

2<oj 2(/(o^ 2 c(02, 2(02 2bijj^~\~2ao^2 

if and only if a, b, c, and d are integers such that ad— be = 1 . 

Out of the infinite number of pairs of primitive periods of the 
given elliptic function, we now choose a particular pair of special 
importance, in the following manner. 

There are two, four, or six periods of least modulus, (i) If 
there are two, let 2cu be the one of least argument. In the set of 
periods 2{o' such that 2(o and 2(o' form a pair of primitive 
periods, there are at most two nearer the origin than the rest. 
If there is only one such period 2w', call it 2(ot; if there are two, 
let 2ctn be the one which gives the smaller value of arg(((>7<o)- 
(ii) If there are more than two periods of least modulus, any 
pair whose sum is not zero form a pair of primitive periods; we 
take as 2a> and 2tor the particular pair which is such that 
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0 < argT < and arga» is least. The unique pair of primitive 
periods chosen in this way is called the fundamental pair of, 
primitive periods of the given elliptic function, and the corre- 
sponding period-parallelogram the fundamental primitive period- 
parallelogram. 

Obviously |t| > 1, and, if |t| = 1, then 0 < argr ^ -Jtt. 
Moreover, as 2a> and 2tu-\-2tt>T also form a pair of primitive 
periods of the function, we have |l-f-T| ^ |t|; but since 
0 < arg( 1 -1-t) < arg t when Im t > 0, the sign of equality is not 
permissible, and so |l-fT| > |t|. Similarly we can show that 
|t— 1| > |t|, where, however, the sign of equality can now 
occur. 

Therefore if 2<u and 2a>T form the fundamental pair of pri- 
mitive periods of an elliptic function, t lies in the region defined 
by the inequalities |t| ^ 1, |t-4-1| > |t|, |t— 1| > |t|. This 
region is bounded by an arc of the circle |t| = 1 and the 
straight lines RIt = the only boundary points which 
belong to the region are those for which the real part of t 
18 not negative 

15.21. The modular group of transformations 

If 2a), 2wt and 2w', 2<ti'r' are two pairs of primitive periods 
of an elliptic function, there exist, as we have just seen, integers 
a, b, c, and d, connected by the relation ad— be = 1, such that 

w'r' = acjT-\-b(a, at = CcuT-f-do). 

When, therefore, we change from one pair of primitive periods 
to another, the quotient t undergoes the homographic trans- 
formation „ , . 

, ^ ar-t-b 

CT-j-d 

A transformation of this type, where a, b, c, and d are integers 
connected by the relation ad— be = 1, is called a modular trans- 
formation. 

The set of all modular transformations forms a group, since 
it possesses the two characteristic properties of a group, namely: 

(i) Ifr' = (oT-l-6)/(cT-t-d) is a modular transformation, BO also 
is the inverse transformation t = —(dr'— 6)/(ct'—o). 
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(ii) If Ti = (OiT+6i)/(cjT+«ii), Tj = (02Ti+62)/(c2'»’i+d*) are 
two modular transformations, so also is the transforma- 

^ _ (al 02 ~^<^l^ 2 )'^'H~(fcla 2 +d^ 62 ) 

which is obtained by the successive application of the 
given transformations. 

The group of modular transformations is called the modvlar 
group. 

Two points in the r-plane are said ta be congruent with 
respect to the modular group whenever their affixes are con- 
nected by a modular transformation. If Imr > 0, there is 
evidently no point congruent to t in the lower half-plane; 
moreover, if a point is congruent to a point on the real axis, 
it is either the pomt at infinity or else lies on the real axis. We 
shall only consider the effect of modular transformations on sets 
of points in the upper half-plane, as the corresponding results 
for the lower half-plane can be obtained by a reflection in the 
real axis. 

It follows immediately from the work of the preceding section 
that if Imr' is positive, there exists a point t which is congruent 
to t' with respect to the modular group and which lies in the 
region defined by ( 1 ) |t| > 1 and -l< RIt < 0 or ( 11 ) |t| ^ 1 
and 0 ^ RIt J This region is called tho fundamental region 
of the modular group. 

We have not, however, shown that t is the only point of the 
fundamental region congruent to t'. Now if were another 
point of the fundamental region congruent to t', would be 
congruent to t; this is impossible, as we shall now show. 

Let us suppose, then, that and t are connected by a modular 
transformation tj = (oT-|-6)/(cT-l-d) and that t lies in the funda- 
mental region, we consider separately the cases c = 0, — 1, 

and c® > 1 

If c = 0, the transformation becomes = T+n, where n is 
an integer, and so Tj does not lie in the fundamental region.f 
The point at infinity is invariant under this transformation. 

Ifc®= 1, the transformation is of the form Tj — m— — 1/(t— n), 

t It must bo rememborcd bore that boundaiy points on tho luio K1 r = — | 
do not belong to the fundamental region. 



EIXIPTIC MODTTIAB FUNCTIOKIS AND PICARD’S THEOREU 42S 
where m and n are positive or negative integers or zero. Now 
the inequality [t— n | > 1 holds for all points of the fundamen^ 
region if n 7^ 0 or 1 , and for all save certain boundary points if 
n — 0 or 1. In these cases (ti— w| < 1, so that r is certainly 
outside the fundamental region. When n = 0, we have to con- 
sider the boundary points t = where Jir < 0 < and so 
Tj— m = It follows that belongs to the fundamental 

region only when m = 0 and ff = in, or when m = 1 and 
0 = Jtt; in both cases, ti is identical with t. Again, when » = 1 , 
|t— 1| > 1 save when t— 1 = this gives m = 
so that Ti lies in the fundamental region only when m = 0, in 
which case and r are identical 

Finally, when c* > 1, the transformation can be written in 
the form ^ j / 

c) 


a 

c 


But 


so that 


a 


"+c 

^ V3c® ^ 2V3 ^ 2 ’ 


hence is certainly not in the fundamental region. 

We have thus shown that, if Im t' m positive, there exists a 
unique point t which lies in the fundamental region of the modular 
group and is congruent to r' with respect to that group. 

A modular transformation t' = U{r), being homographic, 
maps the fundamental region conformally on a region of the 
upper half-plane bounded by three circular arcs (or straight 
lines) intersecting at angles in, in, 0 It is convenient to denote 
this region by V, which is also the symbol of the transformation 
producing it, we denote the fundamental region by I. 

Every point of the upper half-plane lies in at least one of the 
regions congruent to I, so that they completely fill the upper half- 
plane; we shall show that they do so without any overlapping. 

For suppose that is a point common to the regions U and 
V, produced from I by the modular transformations t' = U(t), 
t' = ^(t); let Ti be the point of I congruent to tJ. Then, if 
T = U-^t’) is the transformation inverse to t' = U(t), we have 

Ti = = U-W{r^), 
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SO that Ti is a point of I which is invariant under the modular 
ti;ansformation t' = U-^V{t). 

We have, howerver, just seen that at most one point of / is 
invariant under a modular transformation and that such a point 
hss affix or oo. Hence the regions U and V can have 

at most one point in common, and so do not overlap. 



In the above figure are shown the fundeunental region and a 
number of the regions congruent to it. In each case the dotted 
curve is congruent to the imaginary axis; it divides each region 
into two parts and corresponding parts are marked with crosses. 
At first sight, it appears that two adjacent regions would have 
a whole side in common, contrary to what we have just proved. 
This is not the case, since part of the boundary of each region 
does not belong to it 

15.22. The elliptic modular functions 

An analytic function /(t), regular save for poles when 
Im T > 0 , 18 called an elliptic modvlar functton'f if there exists 
an algebraic relation between the functions /(t) and /(t') when- 
ever T and t' are connected by a transformation of the modular 

t The standard work on elliptic modular functions is Klom and Kruko, 
Theone <Ur elltptuc/ien Modulfunktionen (Leipzig, 1800). 
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group. If /(t) s/(t') for all modular transformations, /(t) is 
said to be an atitomorphic function'\ of the modular group. , 
We can easily construct an elliptic modular function out of 
the mvariants g^, of Weierstrass’s function p{z\ai,u)r), which 
are unaltered when we replace 2a> and 2 q)t by any other pair 
of primitive periods 2a>' and 2a>V. But since 

gi(<4), cdt) = w-*g2{l,r), g^iu, otr) = w“®{)'8(l, t), 

fl 

it follows gl/gl is a function of t which is invariant when r under- 
goes a modular transformation. As can be shown to be 
regular in the fundamental region, save for one simple pole, it 
IS an automorphic function of the modular group. 

On the other hand, the function 


A(r) = 



where q = is an elliptic modular function, but not an auto- 
morphic function of the modular group. To prove this, we 
observe that, as we saw in § 15 1, 


— (®3 ^»)> 


where ej, and 63 are the values taken by p(z|ci>,aiT) when 
z — w, <uT, and w-fcuT. Now when we change to a new pair of 
primitive periods, 2to' and 2aiV say, the numbers e^, e^, 63 are 
a permutation of e^, e^, Cj Hence, when t' is connected with 
T by a modular transformation, A(t') is equal to one of the six 
functions 


A(t), 1-A(t), 

A(t) 


1 A(t) l_ 

1 — A(t)’ A(t) — 1’ A(t)’ 


obtained by permuting e^, Cj, and Since A(t) is regular when 
[ 3 I < 1, that IS, when Imr > 0, we have thus shown that A(t) 
is an elhptic modular function. 


15.23. The A-group 

A group of transformations A is said to be a sub-group of 
another group B, if every transformation of A belongs to B 
although there are transformations of B which do not belong 

t For the theory of automorphic functions m general, see, for example, 
L R Ford, Aitlomorphtc Functioru (New York, 1929), or Forsyth, Theory oj 
FunetWM (Cambridge, 1918). 
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to A. We now show that the elliptic modular function A(t) is 
an automorphic function of a certain sub-group of the modular 
group. 

We have seen that X{utJ(Oi) = if 2co{, 2 u^ form a pair 

of primitive periods of such that = e^, 

= ^2) p(cJa) = 63. This is the case if 
= d(ai-j-2c(i>2) 

where a, b, c, and d are integers such that ad— 4 hc = 1, a and 
d being oddf Writmg toj = a>iT, we find that 

A{t') = A(t) when t' = (oT-|-26)/(2cT-|-d), where a, h, e, and d are 
integers such that ad— 4 bc — 1. 

We shall call a modular transformation of this special type 
a A-transformation. The set of all A-transformations evidently 
constitutes a group, which is a sub-group of the modular group; 
we call it the A-group. The elliptic modular function A(t) is, 
therefore, an automorphic function of the A-group. 

15.24. The fundamental region of the A-group 

Two points in the r-plane are said to be congruent with 
respect to the A-group if their affixes are connected by a A- 
transformation. As two congruent points are necessarily both 
on the real axis or both on the same side of that axis, it suffices 
to consider only the effect of A-transformations on sets of points 
in the region Imr ^ 0 

We show first of all that the A-group possesses a fundamental 
region by considering the periods 2Q3 and 2Q2 of p(2|a>i,co2) 
such that = Ci, = 62, the ratio being an 

assigned number t' whose imiiginary part is positive 

The fundamental primitive period-parallelogram of (p{z) con- 
tains either one or two points of the set £2i. If there is only one, 
we caU it ui. If there are two, they are the midpoints of opposite 
sides of the parallelogram; we take as w the one nearer the 
origm. In this way, at is uniquely defined and satisfies the con- 
dition |(t)| < |to-f-Q^_„|, where is any period of ^(2). 

We next consider the points at' of the set Q2> ^ 

and 2ft>' form a pair of primitive periods of p{z). These points 
tit' lie on a straight line parallel to the line through ±a*, and at 

t It wiU be seen that the condition od— 46c = 1 itself implies that a and d 
aieodd. 
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most two of them are nearer to the origin than the rest. If there 
is only one, we call it oir. If there are two, we take as utr t^e 
one which gives the smaller (positive) value of aig(a>7«>)- Thus 
tar is uniquely defined and satisfies the condition 

where is any period of p{z). 

In this way we have found a number r which is congruent 
to the given number t' with respect to the A-group, and which 
satisfies the inequalities 

1 < \2m+l+2nr\, \r\ < I2p+(2j+1)t|, 

for all positive or negative integer or zero values of m, n, p, and 
q. Each of these inequalities is satisfied if 

1 < [2t+1(, [tI < |t+21, 

1 < |2t-1!, |t| < |t-2|. 

The point t lies, therefore, m a region bounded by the straight 
lines RIt = ±1 and the semicircles |2 t± 11 = 1; moreover, it 
is easily venfiedf that the only boundary points which belong 
to the region are those for which RIt > 0. We call the region 
defined in this way the fundamental region of the A-group. 

We have thus shown that, when Imr' > 0, there exists a 
point in this fundamental region which is congruent to t' with 
respect to the A-group. It is not, however, obvious that r is the 
only point of the fundamental region congruent to t'. If therb 
were another such point tj, t and tj would be two points in the 
fundamental region congruent with respect to the A-group, and 
this can be shown to be impossible :}; Hence, if Im t' > 0, there 
exists a unique point r in the fundamental region of the X-group 
which is congruent to r' with respect to that group. 

Each A-transformation maps the fundamental region con- 
formally on a region in the upper half-plane, bounded by four 
semicircles (or straight lines) all orthogonal to the real axis. It 
can be shown, just as in the case of the modular group, that 
these ‘guadnlaterals’ congruent to the fundamental region fill 
the upper half-plane completely without any overlapping. Two 

t By finding t when t = ±1-1- iy and when 2t' = ±l±e®*. 
i The proof is omitted, smce it is a simple modification of that given in 
§ 1S.2I m connexion with the modular group. 
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quadrilaterals can have at most one point in common, and such 
a common point is congruent to one of the points 0, 1, or oo pf 
the fundamental region.*)' 

The figure given opposite shows the fundamental region and 
a number of the regions congruent to it with respect to the 
A-group. 


15.3. The behaviour of A(t) in the fundamental region 
The function A(t) is regular in any bounded closed domain in 
the upper half of the r-planc and never takes there the values 
0 and 1. We now show that these exceptional values 0, 1, and oo 
are the limits to which A(t) tends as r moves in the fundamental 
region of the A-group up to one of the comers 0, ±1, or oo. 


Now 

where g = e”*’’. Hence, if t = u+iv, where v ^ 1, we have 


IjI = c-”” < e-” 

and so |A(t) | < 

where A is independent of u and v Therefore A(tt-l-tv) -► 0 as 
t) -> 00 , uniformly with respect to « In particular, A(t) ->• 0 
as T -> 00 m the fundamental region 

Now as T moves to the origin m the fundamental region, the 
point — 1/t tends to mfinity in the same region. But, by 
Jacobi’s imaginary transformation, we have 

A(t)= 1-A(-1/t), (i) 


and so A(t) -> 1 as t 0 in the fundamental region. 
Again, sincej; 

A(t+1)-1 ~ A(t-1)-1’ 


(ii) 


the function A(t) tends to infinity as t -> ± 1 in the fundamental 
region. 

When T lies on the imaginary axis, q is real and hence A(r) is 
also real. But A(tv) is a continuous function of the real variable 


t The proofs of these statements are omitted, as they con be easily supphed 
by the reader. 

t See Ex. 18 on p. 416. 
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v; therefore A(r) assumes all real values between 0 and 1 on the 
imaginary axis. Using formulae (ii), we deduce that A(t) is also 
real and takes all values between — oo and 0 on each of the lines 
BIt = ±1. Finally, by formula (i), we see that A(t) is real and 
takes all values between 1 and +oo on each of the semicircles 
12r±l| = 1. 

15 . 31 . The zerosf of A(t)— e 

If r is a closed contour in the upper half of the r-plane on 
which A(t) never takes an assigned value c, different from 0 or 1, 



Fio. 8 


the function A(t)— c has N zeros within P, where 

27riN = f dr. 

J A(t)-c 
r 

We suppose, in the first place, that c is not real, so that A(t)— c 
has no zeros on the boundary of the fundamental region, and 
we take P to be the boundary of that part of the fundamental 
r^on for which 

Imr ^ l/2e, |t — iej ^ e, kil — »e| ^ e, 

where e > 0. This contour is shown in the figure above. Since 

t Tbe analysis of this section is essentially the same as that given by 
WUttaker and Watson, Modem Analyau (Cambndge, 1920), 481-3. 
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A(t) -*‘0, 1, 00 as T -► 00 , 0, ±1 respectively in the fundamental 
region, we can make e so small that no zero of the fiinctien 
occurs in the part of the fundamental region outside F. The 
value of the contour integral then remains constant as e de- 
creases, we find its value by considering the limit as e 0. 

Now when t moves along the arc F'l!', its affix is — 
where ff increases. The congruent point of the fundamental 
region has affix and so describes the arc FF. It follows 

that the integrals along F'E' and EF cancel. Similarly the sum 
of the integrals along GH and H'O' is zero. 

The value of the contour integral is thus equal to the sum of 
the integrals along HH', Q'F', E'E, and FO. We consider these 
parts separately. 

Now when Imr ^ 1, A(t) is regular since |g| < c~"’. We can 
therefore express it as a power series 

A(t) = 16g(l+0i?+02g2+ .) 

which converges uniformly with respect to t when Imr ^ 1. 
Hence we have 

A'(t) = 16,n5(l+2a,?+3ajg*+.. ), 
and so the function 


A^(t) ) 

A(t)-c ~ — c+16j(l+Oig'+ai5j2-j-.. ) 

tends to zero as Imr oo, uniformly with respect to RIt, pro- 
vided that c is not zero. From this it follows that the integral 
along HH' tends to zero with c, since Imr = l/{2e) on HH'. 

When T moves along the arc E'E, the point — — 1/t de- 
scribes the straight line HH', and hence 


J A(t)—c dr J A(t) — C dr, 

US HB’ 

But, by Jacobi’s imaginary transformation, A(t) = 1— A(ti), 
“■**> f A-(t) .. f A-(r,) 

J A(t)— c J A(ti)— ( 1— c) 


E-E 


HB' 


By the same argument as before, this tends to zero with e, since 
1 —c is, by hypothesis, not zero. 

4111 rf 
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Again, when r describes the arc FQ, the point = — 1/(t— 1) 
iLoves along the right-hand half of the line HH', so that 


J A(t) — c 'dr J A(t)— c dri 

FO HK 


But, by Ex. 18 of p. 416, 


which gives 


A(t) = 1-~, 

A(ri) 


J A(t)-c j (l-c)A(r,)-l A(t,) ^ 

FO HK 

Similarly, by using the transformation tj = — 1/(t4-1), we 
can show that 


{ ^ dr ^ r ' 

J A(t)— c J (1— c)A(ti)— 1 A(ti) 

OF" KH' 

Combining these results, we find that, so far, we have shown 

that A I \// V 

. 2«W = Um , - ^ 

._o J (1— c)A(t)— 1 A(t) 


HH’ 


The integrand can, however, be written in the form 


(l+2aig+3q2g^-f .) 

(l-faij-fOgg'H. ){1-(1 -c)A(t)}’ 

and this tends to —rri as Imr^ -f-co, umformly with respect 
to BIt. From this it follows that 27riN — 27n, and so N = 1 
We have thus proved that, when c is not real, the function 
A(t)— c has one zero in the fundamental region of the A-group. 
It remains to consider the case when c is a real number not 
equal to 0 or 1. In this case, A(t)— c will have a finitef number 
of zeros on the sides EF, E'F', GH, and O'H' of F, and none 
in the part of the fundamental region outside F, provided that 
e be sufficiently small. Now F’E' does not belong to the funda- 
mental region, but is congruent to FE with respect to the 
A-group; a similar remark applies to the sides G'H' and GH. 


t It cannot have an infinite number, since A(t)— c is regular within and 
enF, 



ELLTPnC MODULAR FUNCTIONS AND PICARD’S THEOREM 485 
Accordingly these zeros occur in pairs which are S 3 riumetricaily 
placed with respect to the imaginary axis. • 

We now cut out each zero on E'F' and O'H' by an indenta- 
tion whose radius is so small that it cuts out no other zerof of 
A(t)— c. The zeros on EF and OH are then brought within P 
by circular arcs congruent to these indentations, as shown in 
the figure. We then apply the same argument to the modified 
contour, observing that the integrals along the indentations and 
the congruent circular arcs cancel, and conclude that A(t)— c 
has one zero within the modified contour. Since, however, 
points on E'F' or G'H' do not belong to the fundamental 
region, this means that the function has precisely one zero in 
that region. 

Hence it follows that, if cia any number not equal to 0 or 1, 
the elliptic modular function A(t) takes the value c once in the 
fundamental region of the X-group. 

In particular, we see that A{t) increases steadily frpm — oo to 
0 as T moves along the straight line from 1 to 1+oot, then 
from 0 to 1 as T describes the imaginary axis from ooi to 0, and 
finally from 1 to -f-oo as t moves along the semicircle joining 
the points of affix 0 and 1. 

15.32. The solution of the problem of § 15.1 

We now show that the Jacobian elliptic functions are uniquely 
determined when the square of the modulus is assigned. 

For we know that the equation A(t) = has an infinite num- 
ber of roots; each root t is connected with the root tq in the 
fundamental region of the A-group by an equation 

To = (aT+2b)/{2cT+d), 

where a, b, c, and d are integers such that ad—^ = 1. 

If we construct two sets of Jacobian eUiptic functions from 
the Weierstrassian functions §s(z\2cr+d,aT+2b) and P(«|1,t), 
the square of the modulus k has the same value for each set. 
But since the two Weierstrassian functions are identical, the 
two sets of Jacobian elliptic functions are also identical. Thus, 
when k^ is given, sn{u,k), cn{u,k), and dn(«,^) are uniquely 
determined. 

t Thu u possible, since the zeros of a regular analytic function are isolated. 
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15.4. Conformal mapping by A(t) 

“■In the fundamental region of the A-group, the function A(t) 
is real only on the sides of the curvilinear trianglef OA C. Hence 
the imaginar y part of A(t) is always of the same sign within this 
‘triangle’. To determine this sign, we observe that 
A(r) = 16?{l+/(?)}, 

where f(q) can be made as small as we please by taking Im r 
sufficiently large, and so ImA(T) has the same sign as Iraq. But 
if T = tt+iv, 

Img = Im(e"*“~’™) = siuTra e'"”, 

and this is positive within 0.4 <7. Thus tKe imaginary part o/ A( t) 
is positive within the curvilinear ‘triangle' OAC, and vanishes on 
its boundary. Similarly we see that the imaginary part of A(t) 
is negative within the curvihnear ‘triangle’ OA'C and vanishes 
on its boundary; in fact, by Schwarz’s principle of symmetry,t 
A(t) takes conjugate complex values at points which are sym- 
metrical with respect to the imaginary axis 
Since A(t) is regular and simple within the fundamental region 
and takes there every value save real values between — oo and 
0 and between 1 and +cx), the transformation z = A(r) maps 
the interior of this region conformally on the whole z-plane, 
supposed cut along the real axis from — oo to 0 and from 1 to 
-f-oo. The upper sides of the two cuts correspond to 4 C and OA 
respectively, the lower sides to A'C and OA'. There exists, 
therefore, a unique inverse function t = v{z) which is regular in 
the cut z-plane, and maps it conformally on the fundamental 
region of the A-group. 

15.41. The inverse function v(z) 

The equation z = A(r) defines r as a many-valued function of 
z. We call the function v(z), which we have just defined, the 
fundamental branch of r; any branch of t is connected with 
v(z) by a A-transformation. We now consider how these other 
branches of r can be obtained by continuing analytically the 
function i'(z) across the cuts in the z-plane. We do this by using 
certain results in Chapter XIV which depended on showing that 


t See the figure of § 15.24. 


t See § 8.4. 
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the Jacobian elliptic functions are uniquely determined when 
the square of the modulus is given; the work of the present 
chapter has completely justified this assumption. 

Now v{z) — iK'jK, where K and iK' are the quarter-periods 
of the Jacobian elliptic functions of modulus 2 ^/^. But K has 
branch-points at 2 = 1 and z — ao, and N' at z = 0 and z = 00 ; 
this follows from their expressions as hypergeometric functions. 
Hence v(z) has branch-points at 0, 1, 00 . 

To determine the nature of these branch-points, we use the 
equation ^ ^ ^ 

dz\K)~ 4iK^zil-zy 

which follows immediately from the result of § 14.511, Ex. 2. 
When |z| < 1, this equation can be written in the formf 

v'(z) = 4--|-Oo+«1*+«22®+-. 

Trtz 

the infinite series having |z| = 1 as circle of convergence. Hence 

v(z) >= i logz-j-^{z), 
ir% 

where ^(z) is regular when |z| < 1. 

The function v(z) has, therefore, a logarithmic branch-point 
at the origin. When we continue v(z) analytically once round 
2 = 0 in the positive sense, we obtain a new branch t = v(z)-l-2 
of the inverse function|; this branch maps the cut z-plane con- 
formally on the interior of the ‘quadrilateral’ CAO^Ai of the 
figure of § 15 24. 

On the other hand, we have 

d / 1 \ _ v{z) tr 

dz\v{z)j ~ v*(z) 4iK'^z{l—zy 

We deduce firom this, in a similar manner, that 

where ^(z) is regular when |1— z] < 1. 

t Since ll[{l—z)K*] la regular when |z| < 1 and haa tlie value ijn* at the 
origin. 

% It should be observed that this implies that e"*'*', regarded as a function 
of s, has no branch-point at the origin, but has a simple zero there. 
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The singularity of v{z) at 2 = 1 is therefore most simply 
ezplained by saying that llv{z) has a logarithmic branch-point 
at 2 = 1. When we continue *>( 2 ) analytically round s = 1 once 
in the positive sense, we obtain a new branch t of the inverse 
function, given by the equation 


BO that 


*>(g) 

2v{2)-i-r 


This branch maps the cut plane conformally on the interior of 
the 'quadrilateral’ OAC^A^ of the figure, which is obtained from 
the fundamental region by the A-transformation r' = T/(2T-f- 1). 

The point at infinity is the only other branch-point of v{z). 
But as a circuit about the point at infinity is the same as a 
circuit about 2 = 0 and 2 = 1 , there is no need to consider this 
any further. 

All the branches of the function t defined by the equation 
A(t) = 2 can therefore be obtained by repeated circuits about 
2 = 0 and 2 = 1 in appropriate orders. Each such branch maps 
the cut 2 -plane conformally on the interior of a ‘quadrilateral’ 
congruent to the fundamental region of the A-group. It follows 
that every transformation of the A-group can be generated by 
repeated applications of the two transformations r' = t-{-2 and 
t' = t/{2t+1). For this reason, these transformations are called 
the genercUing tranaformationa of the A-group. 


15.5. Picard’s theorem 

It is well known that a polynomial takes any assigned finite 
value n times, where n is the degree of the polynomial. As a 
polynomial is an integral function with a pole at infinity, we 
naturally ask whether every integral function actually attains 
any given value. 

The theorem of Weierstrass, proved in § 4.66, does not really 
answer this question. It merely shows that we can find a 
sequence of points at which the integral function approaches as 
near as we please to the given value. 

The answer to this question was first given by Picard, f who 


t Comptet nndua, 88 (1879), 1024-7. 



ELUFTIC MODULAR FUNCTIONB AIID PICARD’S THEOREai 439 
proved that an integral funUion actually attains every finite value, 
save one exceptional value at most. This result is known gs 
Picard’s theorem. 

We know that the equation e* = a has an infinite number of 
roots for any given finite value of a, save a = 0; but if a = 0, 
the equation has no roots at all. Thus zero is an exceptional 
value of e^. On the other hand, there exist integral functions 
with no exceptional values, the function sin z is a simple example 
of this. 

In order to prove Picard’s theorem, we have to show that an 
integral function F(z), which never takes two given values, a or 
6 say, must be a constant The simplest proof of this is Picard’s 
original proof, by means of the function v{z) introduced in 
§ 15.41. 

The function /(z) = 

6 — a 

is an integral function which never takes the values 0 or 1. We 
now consider the function t = p{f(z)}, where t lies initially in 
the fundamental region of the A-group when z = 0. 

When z describes a closed curve C, the point t — /(z) describes 
a closed curve P, since /(z) is one- valued This curve P cannot 
enclose either of the points 0 or 1; for if it enclosed the point 
< = 0 (or 1), we could make P pass through f = 0 (or 1) by 
deforming C, and this is impossible by hypothesis Thus v{t) 
returns to its original value when t describes P, and so v{/(z)} 
is a one-valued function of z. 

The point t = v{/(z)} lies, therefore, in the fundamental 
region for all values of z, and t is always finite, since /(z) is never 
zero. Hence v{/(z)} is an integral function whose imaginary part 
is positive. 

It follows that the function 

^(z) = e^uv)} 
is also an integral function. But smee 

l^(z)| = < 1, 

we see, by applying liouville’s theorem, that ^(z) is a constant. 
Hence /(z) is also a constant. This completes the proof of 
Picard’s theorem. 
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15.51. Elementary proofs of Picard’s theorem 

•Although Picard’s proof of his theorem is quite simple, it 
involves the rather difficult theory of the elliptic modular func- 
tion A(r). It is, however, possible to prove the theorem by 
elementary methods without the use of the modular fimotion. 

The first elementary proof was due to Borel.f More recently, 
other elementaiy proofs have been given by BlochJ and R, 
Nevanlinna.f These proofs are of great interest, as they have 
been the starting-points of new methods m the theory of func- 
tions.ll 

For an account of the application of the modular function to 
the discussion of the behaviour of a function near an isolated 
essential singularity, we refer the reader to Julia’s tractft in the 
Borel collection. 

15.52. Landau’s theorem 

Let /(z) be an analytic function which is regular and never 
takes the values 0 or 1 when | 2 | < If this were true for all 
values of S, no matter how large, /(») would be an integral 
function with two exceptional values, and this is impossible by 
Picard’s theorem. The set of permissible values of R possesses, 
therefore, a finite upper bound L, if R' > L, the function /(z) 
is either not regular everywhere in |z| < R' or else takes there 
one of the values 0, 1. 

In 1904 Landaull discovered a remarkable extension of 
Picard’s theorem when he found that this upper bound L 
depends only on the first two non-vanishing coefficients in the 
expansion of/(z) as a Taylor series in powers of z. 

Landau proved his theorem by elementary methods. The 
best proof, however, is that due to Caratheodory,§§ which gives 

t CompU» rendut, 122 (1896), 1045-8; Acta Math. 20 (1897), 357-96. 

t Comptea rendua, 178 (1924), 1593. An account of Bloch's method is given 
by Landau, VarateUung vnd Begrunduny einiger neuerer Brgebntaee der Ftmk~ 
tvmentheone (Berlm, 1929). 

§ Aeta Soc. Setent. Fennxcae, SO (1934), vi. See also his Borel tract, Le 
Thiorime de P%card-Sorel (Paris, 1929). 

II See, for example, Bloch’s tract in the senes, Mimonal dea sciences mathi- 
mattguea, fascicule xx (Pons, 1826). 

tt Leeona aur lea/onetiona uni/ormea (Pans, 1024). 

Btrhner Sitzung^enckte (1004), 1118-33. 

Comptea rendua, 141 (1905), 1213-15. 
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the ‘best possible’ vaiue for L\ it involves the use of the function 
v(«). We give here Caxathtodory’s proof in the case when/'^p) 
is not zero; the proof in the general case follows the same lines. 

The function /(a) = ao+Oi 2 + 022 *+..., 

where is not zero, is regular and never takes the values 0 or 1 
in the region |z| < 72. As in the proof of Picard’s theorem, we 
consider the function v{f{z)}, where v{ao} is understood to mean 
the fundamental value; this function is one- valued and regular 
in |z| < 72,. where its imaginary part is positive. 

Now the transformation w = (t— a)/(T— 5), where Ima > 0, 
maps the region Imr > 0 conformally on Iwj < 1 and turns 
r = a into «; = 0. Hence the function 


w{z) = 


v{f(z)}—a 

K/(*)}— 


where v(ao) = a, vanishes at z = 0 and is regular in jz] < 72, 
where it takes only values for which |m?| < 1. 

As w(z) satisfies all the conditions of Schwarz’s lemma (§ 8.32), 


the inequality 


KA*)}— « 


m 

72’ 


holds when |z| < 72. If we divide through by |z| and then make 
| 2 | 0, we find that 


_ ^lim 


1 

lex — a 


1 

1 






2lmv(ao) 




^ |a,||i/(Oo)| 

2 Im v{a^) ’ 

and so 


We have thus proved Landau’s theorem, that if 

f(z) = Oo-f OiZ-Haj2*+... (Oj ^ 0) 

is regular and never takes the values Oor I in the region |z| < 72, 
then B ^ L, where 

r _ 2lmv(Oo) 

loiikwr 
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If we replace L by any smaller function of a, and a^, the 
theorem is false. For we can actually construct a function 
satisfying the conditions of the theorem with R — L,'hy taking 

where a — v{a^ and A denotes the elliptic modular function of 
§ 16.22. The result contained in Caratheodory’s formulation 
of Landau’s theorem is thus a ‘best possible’ one. 
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MISCELLANEOUS EXAMPLES 


J(t) = 


j/3(l,T)-27srS(l,T) 

is an automoiphic function of the modular group, which takes every 
finite value exactly once in the fundamental region of that group. 

~ 27A*(1-A)» ’ 
where A denotes the elliptic modulcu' function A(t). 


1. Show that 


2. Prove that 


3. Show that any transformation of the modular group con be 
generated by successive applications of the transformations r' = r+l 
and t' = — 1/t. 


4. Prove that A(t) -> 1 as r -> 0, uniformly with respect to argr m 
any angle e < argr < n—e, where e is positive, 

6. Show that the only points on the real axis which are congruent, 
with respect to the A-group, to pomts of the fundamental region, are 
those of rational a£Bx. 


6. Prove that the function which is equal to vip) when Imz > 0, and 
is equal to i'(z)4-2 when Imz < 0, is regular m the z-plane supposed 
out along the real axis from Q to +co, and that it maps this cut plane 
oOnformally on the ‘quadrilateral’ COAOx of § 16.24. 
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7. Obtain a function regular in the z>plane, aupposed cut along 
real axis from — oo to +1, nrhich maps this cut plane conformally 
the ‘quadrilateral’ COC^A. 

8. The function F{ 2 ) is regular save for poles in any finite region of 
the z-plane. Show that there exist at most two values of e such that 
the equation F(z) = c has no roots. 

9. The function 

J(z) = a#+a,*»+o,^n *’»+»+..., 

where is not zero, is regular and never takes the values 0 or 1 when 
\z\ < R. Prove that E < i, where 

_ r2Imv(Oo)l»/» 

IKlIvWlJ ' 

10 The function 

f(z) = ao+aiZ+o,**4-... 

is regular and never takes the values 0 or 1 when |z| < 0 is a con- 

stant between 0 and 1. Show that there exists a function iS(a,,0), 
depending on Og and 0 alone, such that, when |z| ^ 0R, 

1/S(a^\e) < |/(z)l < S(a,.e). 
l/S{(l-ao)-»,fl} < 11— /(*)! < <S(1— Og.ff). (SCHOTTKY.) 

11. Show that, under the conditions of Ex. 10, there exists a function 
L{k, 8), depending on k and 0 alone, such that, if |ag| < k, the inequahty 
|/(z)| < L(k,0) holds when [zl < ffR. (Landau ) 
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Abel ’a Theorem on the continuity 
of power senea, 100-1 (Ex. 1) 
Abaolute convergence of infinite 
eenee, 23-6; of infinite products, 104 
Addition formula for Legendre’s 
polynomial, 304-7, for Jacobi’s 
functions E{u) and Z(u), 404-5, 
for Weierstim’s function {(z), 371 
(Ex. 1) 

Addition theorem for the exponential 
and trigonometricalfunctions, 43-4 ; 
for elliptiofunction8,373ifor Jacobi’s 
eUiptio functions, 387-0 , for Weier- 
strw’s eUiptio functions, 362-6 
Affix of a pomt m the Aigand 
diagram, 8 

Analytical continuation, 84-6 , use 
of power senes in, 86-8 
Analytic functions defined, 36 , 
represented by power senes, 37-40, 
72-3; represented by definite in> 
tegrals, 107-0, represented by 
infinite integrals, 110-16 
Argand diagram, 8-10 
Argument, of a complex number, 
6-6, pnnciple of the, 110 
Asymptotic expansions, defined, 
216-10, of the Bessel and Hankel 
functions, 330-6, of the confiuent 
hypergeometnc function, 262-6 , 
of the Gamma function, 210-24, of 
the hypwBeometnc function, 267-8 
(Ex. 12), of Legendre’s poly- 
nomial, 282-5 

Automorphlc functions, 427 

Barnes’s Integrals for the hyper- 
geometric function, 262-8 , for the 
confluent hypergeometric function, i 
261 (Ex. 4), 262 (Ex. 6) 

Bessel’s differential equation, 
313-14; complete solution of, 316, 
326-7, solution by complex mte- 
grals, 321-3 

Bmsel functions of first kmd, 314- 
21 ; of second kind, 327-0 , of third 
kind, 323-7, 331-6; Ste olso 
Asymptotic expansions. Expan- 
sions, Neumann’s polynomials 


Beta function, 212-14 
Bolxano-Welerstraes theorem on 
bounded sets of pomts, 17-18 
Bounded aeta of polnta, 16 

Calculus of residues, 117-67 
Canonical products, 170-6; for 
l/r{z), 216-16, for Weierstrass’s 
Sigma function, 352-4 
Cauchy’s mequahties, 60, integral 
formula for a function and its 
denvatives, 66-0 ; pnnciple of 
convergence, 10-20, tMt for abso- 
lute convergence of senes, 24 
Cauchy’s theorem, 60-66,- converse 
of, 70-2 

Cauchy-Rlemann conditions, 40-2 
Complex Integrals, 64-0 
Complex numbers, defined, 6; 
modulus of, 6-6, argument of, 6, 
real and imaginary parts of, 6; 
geometncal representation of, 8-10 
Confluent bypergeometrlc func- 
tion, 260-6 

Conformal representation, 180- 
204 , by means of the elliptic modu- 
lar function A(r), 436 
Conjugate complex numbers, 7 
Continuous functions, 32-4 
Contour, 64. See also Calculus of 
residues, Cauchy’s theorem 
Convergence of sequences and 
series, 10-30 

Curve, defined, 14, Jordan curve 
theorem, 16-16, rectifiable curves, 
62-4 

Cylinder functions. See Bessel 
functions 

D’Alembert’s ratio test, 24-6 
Darboux’s method of finding 
asymptotic expansions, 282-5 
Debye’s method of steepest de- 
scents, 330-1 

Definite Integrals, evaluation of, 
126-43 ; involving products of 
Legendre polynomuds, 280-2 
Derivatives of an analytic function, 
66-0 
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DUbrential equation*. Nee Linear 
differential equations, Bessel's 
equation, Hypergeometne equa- 
tion, Legendre’s equation 

Differentiation of a function of a 
complex variable, 35~6; of a defi- 
nite mtegral, 108-9 ; of an mfimte 
mtegral, 110; of on mfimte senes, 
37-40, 96-7 

Domain, 16 

Double sequences and aeries, 

27-30 

Duplication formula for the Gamma 
function, 212, 224-5; for Jacobi's 
eUiptic functions, 380 (Ex 4); for 
Weierstrass’s elliptic function, 364 
(Ex. 2) 

Elliptic functions, defined, 340; 
algebraic relation between two 
elliptic functions, 358-9, expressed 
m terms of ^(z), 371-3, expressed 
m terms of Sigma functions, 365-7 , 
expressed m terms of Zeta func- 
tions, 369-7 1 , number of zeros and 
poles, 350-1 ; numencal evaluation 
of, 412-13; order of, 351, ponod- 
parallelograms of, 349-50, relation 
between zeros and poles of, 351-2, 
residues of, 351. See also Jacobi’s 
elliptic functions, Weierstrass’s 
eUiptic functions 

Elliptic Integrals, 361-2, 373-6, 
391-2, Legendre's standanl forms 
of, 399-401 ; of first kind, 391-2, 
401, of second kind, 401-4, of 
third kmd, 407-8 

Elliptic modular functions, 426-7, 
431-8 

Expansion of an analytic function 
as a power senes, 72-3 , as a senes 
of Bessel coefficients, 340 , os a senes 
of Legendre polynomials, 276 (Ex. 
7), 296-7, as a senes of rational 
functions, 144-8, Lagrcuigo’s ex- 
pansion, 125, Laurent’s expansion, 
76-8 

Expansion of (z— u)“' as a series of 
Bessel coefficients, 337—9 , as a senes 
of Legendre polynomials, 293-5 

Exponential fonctlon, 42-6 
Exponent of convergence, 169-70 

Exponents of a Imear differential 
equation, 238 
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Eulerlan integrals, 205-6, 212-14 
Euler’s constant, 214-16 

Fourier's theorem for analytic 
functions, 89-90 (Ex. 10) 
Fundamental primitive penod- 
parallelogram, 423 
Fundamental region of the modular 
group, 424-6; of the A-group, 
426-32 

Gamma function, 205-32 
Generalised bypergeometrlc func- 
tions, 259-65; iFi(a[, pi z), 260-5 
Generating function for the Bessel 
coefficients, 320-1 , for the Legendre 
polynoimals, 277-8 

Hanlcel’s contour Integral for 
l/r(z), 226-7 

Hankel’s functions, H|,*>(z), H{f>(z), 
323-7, 331-6 

Hankel transforms, 342 (Ex. 11) 
Hardy's tests for umfoim conver- 
gence, 98-100 

Heine’s Integrals for the Legendre 
functions of the second kmd, 290-2, 
303-4 

Hermlte’s polynomials, 271 (Exx. 
31-4) 

Homographlc transformations, 
187-92 

Hurwitz’s theorem, 121 (Ex. 2) 
Hypergeometiic differential equa- 
tions, 243-6 

Hypergeometrlc functions, 246- 
59, Barnes's integrals for, 252-8; 
contiguous, 258-9 , mtegral formula 
for, 248-9, value of, at * = 1, 
249-50 See also Generalized byper- 
geometnc functions 

Imaginary transformation of ellip- 
tic functions, 295-6, of the eUiptic 
mtegral of the second kind, 403. 
Improper integrals, Cauchy’s de- 
finition of, 133-4 

Indentation of contours, 134, 135 
(Ex 2) 

Inequalities satisfied by derivatives 
of an analytic function, 09 
Infinite Integrals, 110-15 
Infinite products, 102-6. Nee also 
canonical products 
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lnflalte aeries, oonveigenoe of, 
23-6; doable senea, 28-30 
infinity, point at, 8-10, 83 
Intefiml functions defined, 70; 
expremed m infinite product, 148- 
60; general theory of, 168-79; 
liouville’s theorem on, 70 ; Picard’s 
theorem on, 438-40 
Integration, Riemonn’s definition 
of, 64-6 

Inverse functions, 121-6 
Irreducible set of zeros or poles, 350 
Isogonnl mapping, 180-2 

Jacobi’s elliptic functions, 380- 
420; addition theorems for, 387-0, 
construction of, rrith given modu- 
lus, 421, 436; defined in terms of 
Sigme functions, 380-4; expressed 
mtennsof G(u) and H(u), 411-12, 

• general properties of, 385-6 ; imagi- 
nary transformation of, 395-6, 403, 
Landen's transformation of, 396-9 ; 
moduli It and h' of, 381, 383, 389- 
01; numerical evaluation of, 412- 
13; quarter-periods K and iK' of, 
384, 392-5 

Jacobi’s lemma, 300-1 
Jacobi’s pseudo-perlodlc func- 
tions £!(u), 401-5; Z(u), 405; 
©(«), 405-7, 409-11 ; H(«), 411 
Jacobi’s Theta functions, 413-14 
Jensen’s formula, 90-1 (Ex. 15), 
168-9 

Jordan’s curve theorem, 15-16; in- 
equality, 136; lemma, 137 (Ex. 3) 

Kummer's formulae concoming 
261 (Exx 2, 3) 

Lagrange’s expansion, 123-6 
Laguerre’s polynomials, 260-70 
(Exx. 20-30) 

Landau’S extension of Picard’s 
theorem, 440-2 

Landen’s transformation of Jacobi’s 
elliptic functions, 390-9 
Laplace’s Integrals for P„(z) and 
Py(*), 276-7, 301-3 
Laurent’s theorem, 75-8 
Legendre’s dlf^^nygl equation, 
272-3 ; complete solution of, 285-7 ; 

the sssociated equation, 297-9 

( 


Legendre’s polynomials, 273-86; 
addition formulae for, 304-7 ; asso- 
ciated functions, 286-93, 297-304 
Legendre’s relation between com- 
plete elliptic mtegrals, 403-4 
Limit of a sequence of numbers, 19 
Limiting function of a sequence of 
functions, 92-6; Hurwitz’s theorem 
on the zeros of, 121 (Ex. 2) 

Limiting point, 13; maximum and 
mmimum hmiting pomts of a 
sequence of real numbers, 20-2; 
limiting pomts of the zeros or poles 
of an analytic function, 81 
Linear differential equations, 233- 
46. See aho Bessel’s equation, 
Hyjiergeometno equations, Legen- 
dre’s equation 
Liouvllle’s theorem, 70 
Logarithms, 46-9 

Maximum and minimum limits 
of a sequence of real numbers, 20-2 
Maximum modulus, the prmciple 
of, 162-3 

Modular group of transformations, , 
423-6 , fundamental region of, 424 ; 
automorphic functions of, 427 ; the 
A sub-group of, 427-31. See aleo 
Elliptic modular functions 
Modulus of a complex number, 6-8 ; 
of Jacobi's elliptic functions, 381, 
383, 389-91 

Morera’s theorem, 70-2 
M-tests for uniform convergence, 
97-8, 104-5, 111 

Nests of intervals or rectangles, 
10-17 

Neumann’s Integral for Qn(z), 
292-3 

Neumann’s polynomials, 337-40 

O, 0 , meonmg of, 36 
Order of an elliptic function, 351 , of 
an mtegrol function, 165-6, 175-8 

P-equatlon of Riemann, 243-6 
Periodic functions, expaststoir of, 
89-90 (Ex, 10), 167 (Ex. 42); 
Jacobi’s theorems on, 346-9. See 
also Elliptic functions, Exponential 
function, Jacobi’s elhptio functions, 
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Tngonometrio functions, Weier- 
stiaas’s elliptic functions 
Period-parallelogram, 349-50 ; 
pnnutive, 349, 421-3, funda- 

mental, 423 

Picard's theorem, 438-40, Lan- 
dau’s extension of, 440-2 
Poles, 79; at mfinity, 83 
Polynomials, 37; factorization of, 
120-1 See also Polynomials of 
Homute, La^pierre, Legendre and 
Neumann 

Power series, 37-40, 100-1, solu- 
tion of differential equations by, 
233-43 

Principal value of argz, 6. of a 
definite integral, 133; of an infimte 
integral, 128 , of log z, 47 
Prlngsheim’s theorem on double 
senes, 29 

Quarter-periods K, iK' of Jacobi’s 
elliptic functions, 384, 392-6 

Radius of convergence of a power 
sorios, 37-40 

Rational functions, 37, 83, expan- 
sions as sorios of, 144-8 
Rectifiable curves, 52-4 
Recurrence formulae for Legendre’s 
polynomial, 279-80 , for Legendre’s 
function <?„(s), 290 (Ex ), for 
Bossol's functions, 316-17, 325 
(Kx 2) 

Regular analytic functions, 30, 
point of a diffen'ntial equation, 
237-41 

Removable singularity, 79 
Residue at a pole, 79 , of an elliptic 
function, 351 

Residues, Calculus of, 117-57 
Reversion of series, 123-5 
Rlemann’s defimtion of an integral, 
54-5, P-oquation, 243-6, theorem 
on conformal representation, 185-7, 
160-2 

Rodrigues’s formula forP„(a), 275 
Rouch^’s theorem, 1I9->21V 

Schlftfli’s Integral for P„(z), 275, 
for P™(z), 301 , tor 318-19 
Schllcht functions. See Simple 
functions 

Schwarz’s lemma, 189-90 
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Schwarz 's principle of symmetry, 
192-3 

Schwarz-Chrlstoffel transforma- 
tion, 193-201 

Sequences of numbers, 19-22; of 
functions, 92-6, 121 (Ex. 2) 

Series. See Absolute convergence. 
Asymptotic expansions. Conver- 
gence, Expansions, Power series. 
Uniform convergence 
Sets of points in the Argand plane, 
13-20 , bounded sets, 15-18 ; closed 
and open sets, 13-14 
Sigma functions. See Weierstraes’s 
pseudo-periodic functions 
Simple functions, 184-5 
Singularities of an analytic func- 
tion, 36, 78-83, of a bnear difier- 
ential equation, 233, 237-45 
Spherical harmonics, 272-3 
Steepest descents, method of, 330-1 
Stereographic projection, 9 
Stolz’s principle of convergence 
for double series, 27 

Tannery’s theorem, 207-9 
Taylor’s theorem, 72-^3 
Theta functions, 413-14 
Three circles Aeorem of Hada- 
mard. 164 

Transformations of elliptic func- 
tions. 395-9, 403, 416-17 (Exx. 
18-20) 

Trigonometric functions , 43-6 

Uniform continuity, 33-4 
Uniform convergence, of a sequence 
of functions, 90-6, of mfimte m- 
tograls, 110-15; of infinite pro- 
ducts, 104-6, of mflnite series, 
96-102 , of functions depending on 
a parameter, 106-7 

Watson’s lemma, 218-19 
Weierstrass’s double-senes theorem, 
97. Jlf -tests, 97-8, 104-6, 111, 
theorem on isokted essential singu- 
larities, 81-3 

Weierstrass’s ellfptlc function de- 
fined, 355-6 ; addition theorem for, 
362-5; associated constants, 
< 1 , «■, e„ 361 ; diSeiential equation 
satisfied by, 359-60; expression of 
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•iUptie finotioni Iqr, S71-3: m> 
variants of, 360, 374; ier—»,)K 368; 

— <r}^ 367-8. See alio Elliptio 
fintctioiu 

Wetontrass’s pscodo-pariodlc 
fimctioil* a(t), 362-4, 366-7; 
Of(«), 368-0; {(z), 364-7; their 
oomwxion with Jooobi'a paeudo- 
penodjc functiona, 408-0 
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Zeros of aa enidtjrtie Aawtkn, 74-4^ 
118-21; of an iata(j^ Auotian, 
160-62, 166-70; of a pe^nomial, 
120-1 ; of Beaael’s ftinotiton, 317-18 
(Ezx. 3, 7); of Legendre’s poly- 
nonual, 276 (£!x. 1 ) 

Zeta function of Jaeobt, 406; of 
Biemaiin, 101-2 (Ex. 3); of 
Weierstrass, 364-7 
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